Mathematical Derivation of Existence and Stability of Equation 2-4 Partial
Equilibrium Points

Part I. Stability analysis for equations 2

(i) Stability of boundary equilibrium E,(P;;,I;*,0)

The Jacobian matrix for equation 2 is

GA-R-1)-Bl-cP-m —(c,+A)P 0
J= Bl BP,—m, —d 0
_(01+C2)P2 —C2P2 Cz(l_ Pl - Pz - I)_Clpl _Czpz —m,

the Jacobi matrix of the equations at E,(Py;, I;", 0) is

Clo'l—m1+0'2—0'3 _dl_ml_o-3 0
]@0=< NG 0 ° )
0 0 €201 — My — 03
_ ca(m+d)—B(ci—my) mq+d _ B-d _ ca(myi+d)—B(c1—my) _
where 0; = B ren 5 +1= fic,’ 0 = Btc, y O3 =
d
C1(n;1+ ) It is easy to determine o, < 0,03 >0, , and by J(E,), it has two

eigenvalues 4,, A, satisfying the equation

A—(cqo0y—my+o0y,—03) dy+my+o0;
0y A
ie, A2 = (¢i00 —my + 0, — 03)A — (dy + my + 03)0, = 0, Combined with the
existence condition forE,,it is easy to see thati, + 1, = c;00 —my + 0, — 03 =

_cifd+cymyBrcimy+cid ) .
B(B+cy) <0,50 1, <0,1, <0, both eigenvalues have negative

real parts; the third eigenvalue of J(E,) is A" =c,0y —m, —03 =

(c2—mp)B%—(c1+C2) Bd—(my+my) By —(my+d)ci

B(B+ca) . It is calculated that when
o < [Bm; + ¢1(my + d)](cy + B) A,
: BB~ d) -

have 1* < 0, the equilibrium E,(P;;,I;",0) is locally stable; opposite, E, is

unstable when ¢, > ¢,;, A* > 0.



(i) Stability of the internal equilibrium Es5(Py;, I, P;)

The eigenvalue of the Jacobi matrix of equations 2 at the positive
equilibrium Es(P;;,1;", P;;) have three, two of them are A;,4,, satisfy the
characteristic equations

/12+a1/1+a2=0,

m1+d

5 C1s
a; = [c;(1 =P, = I") = BI,” — ¢, P;; — my](BPf; —my —d) + (¢ + PRI
= (¢ + B)PLBI,

where a; = —[¢;(1 = P{; = I;") = BI," — ¢, P{; + BP{; — 2m; — d] =

After calculating, there ared; + 1, = —a; < 0,4; - 4, = a, > 0,s04; < 0,4, <0.
The third eigenvalue is A3 = ¢,(1 — P{ — P; — ") — ¢, P{ — c,P; — m,, to make
A3 <0, only ¢, > ¢y, since the equilibrium E5(P;;, [;", P;;) is locally stable,
which, combined with its existence, is asymptotically stable as long as E5 exists.
In addition, Es as the only internal equilibrium point, local asymptotic stability

is also global asymptotic stability.
Part II. Existence and stability of equilibrium of equations 3.

(1) Existence of the endemic disease equilibrium

The endemic disease equilibrium must be the solution of following equation

(C1P1+6C11)(1_P1_1)_ﬁP11_m1P1:O
C2P2(1_P1_PZ_I)_(C1P1+6C11)P2_m2P2:0

from the second equation of (S1), have P;; = mlTer, substituting P;; into the first

equation of (S1), have
AD*+BI+C=0 (52)
Where A= 6C1 > O, B = 6C1(Pf1 - 1) + (Cl + ﬂ)PikI, C = Cl(Pl*I)Z - (Cl - ml)Pl*I.

Thus equation (S3) has at most two positive roots, for ease of discussion,

denoted as

F() =AD*+BI+C (S3)



my+d ci(my+d)—(ci-my)B

B B

Clearly,f(0) = C = -f(1) > 0, and axis of symmetry [* =

B

24°
It is not difficult to derive the existence of positive roots of equation (S3) as

follows,

c1(my+d) 5> (c1+B)(m,+d)
ci-my c1(B-my—d) ’

(1) When f(0) >0 and [* >0, ie. B < the

number of positive roots of equations (52) depends on 4, 4 = B? — 4AC.
When 4 < 0,equations (52) have no positive roots.
When 4 = 0,equations (52) haveone positive heavy root,

When 4 > 0,equations (S2) have two positive roots.

1(m1+d)

(2) Whenf(0) < 0,i.e. B > , (52) have only one positive root I;;

- . c1(my+d) (c1+B)(my1+d)
— * = , 0>
(3) When f(0) =0 and [* > 0, there is f po— B ) !
equations (S2) have only one positive root;
However, this paper assumes 0 < § < 1, but § > tPm*d) > 1 when
c1(B-my-a)

B < %, Thus, there is only one case, equation (52) have only one positive

ci(my+d)

root when f > ——— 4 , denoted as I}, which substituted into the third

C1—

equation of equation (S1), have P;; =1 ——=— (1 + )Pl, — (1465 )I, To

make it positive, we have

cl(ml+d)+,8m +5cl,BI A
P pemd

Summarizing the above, the existence of the endemic disease equilibrium

Cy) (S4)

for the equations 3 as follows:

Cl(m1+d)

(1) Equilibrium E,(Py,I*,0) exist when 8 >

c1—mq ’

(2) Equilibrium E5(Py,I", Py) exist when B > Gmtd) ,Cy > Cy,

C1—my



« _ —BHA . .
iy ’P2’=1_%_(1+%)P11_(1+6%)11,

m1+d

B

wherePy; =

A = B%? — 4AC, A, B, C see above.

(i)  Stabilization of endemic disease equilibrium

For the equilibrium E5(Py, I}, P;), which the Jacobi matrix of the equations

3 as

Gl-R -1)-cR -G +p)l"-m 56 (-R -1")-dal" - (¢ + AR 0
J= B’ BR —m —d 0
7(C1+C2)Pz* 7(5C1+C2)P2* Cz(lfpl*fpz*fI*)*Cla*fczpz*fécll**mz
the characteristic equation is

A=A)f)=0 (S5)

Where A* = Cz(l - PlI* - PZI* - II*) - C1P11* - C2P21* - 6(:11]* —m,,
f(l) = /12 + a1/1+ azy a1 = _Cl(l _Pll* - II*) + Clpll* + (ﬁ + 6C1)II* +m1,

a, = —BIf[6c;(1 = Py —2I7) — (c1 + )Py ']

Clearly, one of the characteristic roots of (55) is A", and the other two

characteristic roots A, , A, satisfy

M+ A, =—a, 44, = a,, (S6)
which constructs Py;"A* = ¢, Py;" (1 — Pyy" — Pyy" — I}) — (c1 Py + 8¢y d))Pyy" —
MyPy" — 3 (Py1")? = —c3(Py")? < 0,50 4* < 0; from C = ¢, (Py;")? — ¢, Py," +
m,P;;", wehave a; = # + ¢, Py;" + (¢y + B + 6¢y) If. Combined with the

condition for the existence of the equilibrium pointEs(C < 0), for a; > 0,we

need —6(1 — Pj; — I}) — % = al-Py- 1 )C_;}P“_BI’ — < §, which clearly holds.
I 17

From B = 8¢, (Py;" — 1) + (¢ + B)Py;, so a, == —BI; (—B — 26¢,1}) =
BI;VA = 0 (I} takes a positive value to ensure its nonnegativity, and the
equality sign holds only for A = 0). Therefore, all eigenvalues have negative

real parts, hence equilibrium E5(Pf, I, Py) is a locally stable.

For the stability of equilibrium E,(Py}, 1}, 0), equivalent to take P;; = 0 in



the above process. Correspondingly, only the first eigenvalue changes to:

AT):C2(1_P11*_II*)_Clpll*_é‘Clll*_m2 (87)
We haveld; < 0 when ¢, < ¢;;, and the remaining two eigenvalues 4;, A, remain

unchanged (same as (S6), (S7)), both are less than zero. Hence, E,(P;;, I}, 0).
In summary,
(1) When ¢, < ¢y, the equilibrium E, (P}, I}, 0) is locally stable;

(2) The equilibrium E5(P;}, I}, P;) is locally stable as long as it exists.

Part III. Stability of equilibrium points of the Equations 4.

B1 B; B3
Bo’ By’ Bo

The internal equilibrium Ej ( ) = (P{, 1", P;))

where, By = (¢; + B)(cic + ¢38)s By = (cq + B)(c2d + c,my — cmy),

B, = cic(c; —my +my) + (¢, — ¢;my)f — cicp(my +d), By = (c; —myp)B% —
WP +uzs py =cid + cpd + eymy + cymy — cmy — ceypty = coymy — cfmy —

cZd.

Only the stability analysis of E,, E5 are given here, the rest of the other

equilibrium will not be repeated.

The Jacobian matrix for the Equations 4 is

q@-R-1)-Bl-cP-m —R-pR 0
J= pl—cl cl-PR-R,—1)-cl+pR-m —d —cl
_(C1+C2)P2 _Czpz Cz(l_ Pl_ Pz - I)_C1P1_C2P2 -m,

as a result, the Jacobi matrix at equilibrium point E, = (P}, [;",0) = (%,%, 0)
0 0

as
Oy 3 O3
€10g —my+—pF——¢ —(B+c)— 0
%] ]
( 5)04 d+04 +03[3 Oy
= c—pB)— c10, — My — —c+—= —c
J(ED) 02 i ! 03 02 02
0 0 7
c,0, — M, ——=¢C
201 270



where: gy =2 -2 41 = ﬁ(i_d), o, = Bcy — Bc+ %> 0,
2

02 02
o3=pd—pfc+cd+cimy+my—cmy >0, 0, =c;d+cymy —cmy + fmy —

fc; < 0.By J(E,), there is an eigenvalue

o Cc—my)B2—u B+
A*=C20'1—m2——3C1=(2 2)B i B+us
02 B(B—c+c1)

Where /11 = Cld + Czd + C1m1 + C1m2 - sz - CC1 ’ MZ = CClml - C12m1 - Clzd,
if

cf (my+d)+p[c;(my+d)+Bmy—cci—cmy+cymy]—-ceymy

BB-a) = Cu

c, >

then 2" > 0. So that the equilibrium E,(P;;,I;", 0) is unstable.

B1 B; B3

The local stability of the equilibrium Es = (5,739 = (P11, I",P3) is

discussed below, and the Jacobi matrix of the equations 4 at Es(P;;,I;", Py;) is
Ay A O )

](Pflrll*»Pz*I):<A21 Ay Ays
Azy Azp  Asg

where Ay =c;(1 =P —I,") — ¢ Py — BI;” —my, Ayp = —ci Pl — BPy, Ay =
—cl" + Bl Ayp =c(A =P — Py — 1) —cly” + BP{; —my —d, Az =—cl
Asy = —c1P3p — oPyy, Asp = =P, Ass = (1= P — Py — 1)) — ¢ Pfy —
c,P;; — m,. Its characteristic equation is:

MB+a2+a,A+a;=0
Where a; = —(A1; + Azz + Az3), ag = A1142; + A11433 + AgpAzz — Agzdsz —
A1p421, a3 = —A114A22A33 — A12A21A33 — A12A23431 + A1145343;,

According to the Routh-Huriwitz criterion, E5(Py;, I, P5;) is locally

asymptotically stabilized when a; > 0, a3 > 0, a;a, — a3z > 0.



