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Abstract: PbF2 single crystals are usually grown in the temperature gradient region by the Bridgman–
Stockbarger method. Temperature distribution during the growth process is particularly important
for the preparation of high-quality crystals. In this study, the temperature field during the growth
of the PbF2 single crystals was simulated based on the finite element method. The temperature
distribution and temperature gradient changes in the crucible were investigated at different growth
stages, including the seeding, shouldering, and iso-diameters stages. The calculated results show
that as the crucible position continues downward during the growth process, the axial temperature
gradient increases and then decreases from the bottom to the top of the crucible, with almost flat
isotherms near the solid–liquid interface where the axial temperature gradient is larger. At the
shoulder below the crucible, the solid–liquid interface was improved by adjusting the tilt angle.
Furthermore, based on a novel design of the heat-insulating baffle, the concave solid–liquid interface
in the iso-diameter stage can be effectively adjusted to realize a lower radial temperature gradient.
This study provides theoretical guidance for the optimization of the growth of high-quality PbF2

crystals by the Bridgman method.

Keywords: Bridgman–Stockbarger method; PbF2 single crystal; finite element method; temperature
distribution; solid–liquid interface

1. Introduction

Fluoride crystals are excellent media for laser operations because of their wide trans-
mission spectrum range, low refractive index, and low phonon energy [1–4]. Lead fluoride
(PbF2) crystals are a cubic crystalline system with excellent physicochemical properties and
have been widely studied in recent years [5]. The PbF2 crystals exhibit a high refractive
index (1.82) and a wide band gap (5.07 eV), providing an excellent Cherenkov radiator [6].
Moreover, the melting point of PbF2 is low (1100 K), and its solubility in water is only
6.4 × 10−2 g/100 g, which is significantly lower than that of materials such as BaF2 and
LiF, allowing its stable existence in air. The PbF2 crystal, as a result of its abundant raw ma-
terials and low cost, is a fluoride crystal with an excellent overall performance. Compared
with CaF2, SrF2, and other fluorides, PbF2 has a lower phonon energy of 257 cm−1, which
gives it a longer energy level lifetime and makes it more favorable to be used as an ideal,
high-efficiency laser matrix material.

The Vertical Bridgman (VB) method is usually used to grow PbF2 crystals. The
VB method is a crystal preparation method invented and perfected by Bridgman and
Stockbarger et al. in 1925 and 1936, respectively [7,8]. It uses externally heated and melted
solids inside the crucible to form a stable solid–liquid (S-L) interface at the interface between
the melt and the crystals by designing a suitable temperature gradient environment. In the
crucible, there are high-temperature, temperature gradient, and low-temperature zones
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from top to bottom. As the crucible continues to move in a vertical downward direction,
the formed S-L interface and temperature distribution changes. In the areas with large
temperature gradients, the melt can be driven to solidify to the crystal and simultaneously
affects the temperature field distribution by releasing heat and changing the ratio of the
melt/crystal existence [9–11]. Therefore, the conditions of the temperature field are one of
the crucial conditions that ensures the normal growth of crystals in the actual crystal growth.
If the temperature field conditions cannot match the requirements of the crystal growth on
the thermal environment, it will directly lead to the generation of streaks and cracks, and
the grown crystals will have many defects. These defects may restrict the higher demand
for crystals in high-tech fields and affect their industrial applications [12,13]. Consequently,
it is important to reduce crystal defects, improve the controllability of crystal growth, and
further explore the conditions to improve the quality and yield of crystal growth.

In the 1950s, the simulation of the unstable radial and linear flows in the gas phase
by G.H. Bruce and D.W. Peaceman et al. [14] marked the advent of numerical simulation
techniques. In the current crystal growth field, simulation has become an integral part of
engineering design and optimization. Traditional experimental research usually tends to be
more macroscopic and easily limited by experimental conditions, which is not conducive
to the repeatable qualitative study of growth patterns. Numerical simulation software can
be used to calculate in advance. While the process is unqualified, only the relevant im-
provement of each parameter condition in the model is needed and verified by calculations.
Various physical problems can be solved through numerical calculations and the display
of visual graphical results, which can improve research efficiency, save costs, and provide
theoretical guidance for the subsequent growth of crystals [15–17].

At present, many domestic and foreign scholars are committed to studying the tem-
perature field system of the crystals grown through the VB method. S.H. Hahn and J.K.
Yoon [18] used numerical analysis to study the VB crystal growth and designed a reflector
with a tilt angle of 37◦ to realize the transition of the S-L interface shape from concave to
convex. Lu et al. [19] showed changes in the temperature field of VB-grown CaF2 crystals
and the effect of different temperature gradients on the S-L interface. X Yang et al. [20]
investigated the influence of heat transfer characteristics on the vacuum-directed solid-
ification process at different drop rates in the VB system and proposed a scheme to op-
timize the growth of polysilicon by using a slow and then a quick drop of the crucible.
A.G. Ostrogorsky et al. [21] obtained a convex S-L interface and excellent radial uniformity
by designing a rotating immersed thermal insulation baffle. Yingwu Jiang et al. [9] explored
the effects of the low-temperature zone, cooling water, and furnace rise rate on the temper-
ature field of a LiH single crystal grown through the VB method. In general, the stable and
suitable temperature fields and S-L interface have crucial roles in the growth of high-quality
crystals. However, there have not been any systematic studies on the S-L interface and
the temperature gradients in the axial and radial inside the crucibles at different growth
stages for growing PbF2 crystals via the VB method. The optimized design regarding the
adjustment of the crucible shape and baffle shape to the S-L interface at different growth
stages needs to be further developed. The VB crystal growth method has the feature that
the crucible can be self-designed, and the growth process is automated and simple, which
allows directional growth by pretreatment at the bottom of the crucible [22]. Nonetheless,
in the experiment, the crystals were grown in a closed crucible, leading to inconvenient
direct observation of the crystal growth, which is not conducive to the control of the whole
crystal growth process. After the traditional theoretical analysis and practical experiment,
the research method that combines theoretical calculations and traditional experiments has
been increasingly favored by domestic and foreign researchers and has become one of the
important tools for the development of modern science and technology [23–25].

In short, the growth of PbF2 single crystals depends on the temperature field distri-
bution and the regulation of the S-L interface. This work takes the VB growth furnace as
a background to establish a systematic radiative heat transfer model for simulating the
temperature field of PbF2 single-crystal growth. The temperature field inside the crucible
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at different stages and the distribution of the temperature gradient at different positions
during the crystal growth process were investigated to analyze the shape and to change
the rules of the S-L interface. In addition, after designing the crucible shape and the shape
of the heat-insulating baffle, the concave S-L interfaces in the shouldering and iso-diameter
stages were improved. Control of the temperature field at different stages during the crystal
growth through the VB method was achieved, providing theoretical guidance for higher
quality PbF2 crystal growth experiments.

2. Model and Methods
2.1. Bridgman–Stockbarger Model

The device diagram of the VB growth system is shown in Figure 1. It is mainly
composed of a temperature-controlled thermocouple, alumina insulation, a descending
rod, 304 stainless steel plate, and a vacuum system.
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Figure 1. Schematic diagram of the Bridgman–Stockbarger method used to prepare PbF2 crystals.

The specific growth process is as follows:

(1) Furnace loading: The graphite crucible with well-mixed raw materials was placed in
the corundum tube. After sealing, the tightness of the furnace was checked and the
tube was pumped to a vacuum using a mechanical pump.

(2) Growth: First, the temperature was set at 200 ◦C for 4 h to exclude the moisture in
the raw material. Then, the temperature was increased to 980 ◦C, and after 1 h at a
constant temperature, the furnace tube in which the crucible was located was slowly
lowered at a rate of 0.5 mm/h, so that the polycrystalline material began to solidify
and to grow in the temperature gradient zone.

(3) Post-processing: When the graphite crucible descended to a predetermined height, its
descent was stopped, and it was cooled down to room temperature at a cooling rate
of 20–25 ◦C/h. The graphite crucible was then annealed at a constant temperature of
620 ◦C for 20 h to reduce the thermal stresses generated during the crystal growth.

2.2. Simulation Methods

Based on the crucible descent method of the crystal growth furnace designed by our
laboratory, a corresponding simulation model was established. Considering the basically
symmetric distribution of the whole furnace device, a 2D axisymmetric model was created
to improve the calculation efficiency. Figure 2 shows a schematic diagram of a 2D axially
symmetric model. The r is the length along the radial direction of the crucible, and the axial
length of the crucible is 10 cm. The raw material was placed in a graphite crucible with a
low thermal conductivity; the thermal barrier was carbon felt; and a water cooler made of
stainless steel was located underneath the crucible. During the growth, the surroundings
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of the crucible were evacuated to a vacuum. A heating source was only provided above the
thermal barrier but not in the low-temperature zone, which ensured that the temperature
gradient in the high-temperature region was smaller than the low-temperature region,
thereby forming flat or convex S-L interfaces. This calculation studies the thermal field of
the crucible at different positions as the growth progresses. There are growth stages from
the seeding and shouldering to three different positions of the iso-diameters, corresponding
to the axial coordinates of the start of the crucible in the order of 9.5, 8.5, 7, 5.5, and
4.5 cm. The outermost layer was an alumina insulation layer to reduce the heat loss from
the furnace and to facilitate the formation of a symmetrical and uniform temperature
gradient field. The outer wall of the entire temperature field was made of 304 stainless steel
plate to form a box to protect the entire machine and to support the internal circuitry and
mechanical structure.
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Figure 2. Structure of PbF2 single crystal growth device. (a) A 2D axisymmetric structure (1, graphite
crucible; 2 and 3, vacuum; 4 insulating baffle; 5 heater; 6, alumina insulation layer); and (b) a divided
grid.

Finite element grids can be used to characterize the geometry and the solution domains,
discretizing large regions into smaller units based on the geometry. The size and shape
of the grid units usually affects the numerical stability of the model. This study exploited
the physical field control grids, as shown in Figure 2b. The complete grid contained 7351
triangle domain units, 559 boundary units, and 45 vertex units. The average unit quality
was 0.8379, and the grid area totaled 158.4 cm2. It can be seen that under the adaptive
grid refinement process, the grid in the boundary and minor geometric regions is denser.
It can be seen that under the adaptive grid refinement process, the grids in the boundary
and fine geometric regions are denser, which is due to the larger error at this location, so
the software can effectively improve the accuracy of the calculation by re-gridding the
geometry using more refined units based on the initial grid and subsequently re-solving
the model based on the new grids.

In this study, the temperature distribution at the symmetry axis (r = 0) is axisymmetric,
and the diffusion equation for the radiative heat flux is as follows [26,27]:

qr,λ = − 4π

3βλ
∇Ib,λ (1)

The heat flux of the radiation depends on the temperature gradient and can be expressed
as follows:

qr = −Kr∇T (2)
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where Kr is the highly nonlinear coefficient of conductivity. The formula for the radiative
heat transfer is as follows:

Kr =
16n2σT3

3βr
(3)

where βr is the Rosseland average extinction coefficient, σ is the scattering coefficient, and
n is the refractive index. In the process of heat transfer in a solid, the temperature (T) is the
dependent variable. The heat transfer equation for the temperature field is as follows:

ρCp
∂T
∂t

+ ρCp
→
u ·∇T +∇·→q = Q + Qted (4)

→
q = −k∇T (5)

where the thermal conductivity k and density ρ are determined by the properties of each
material. When the pressure or volume is fixed, the constant pressure heat capacity Cp
varies with T. Heat transfer occurs in a fluid flowing with a certain velocity, and the vector
→
u is the velocity field in the thermal convective conduction mechanism. The heat transfer
equation is used to express the dependence of the temperature on space and time in the
solution area. The following equation is the basic form of its transient state:

∂T
∂t

+∇·(−k∇T) = 0 (6)

The equation is a typical parabolic partial differential equation whose solution has the
characteristic of initial temperature smoothing, which means that the heat is conducted
from high to low.

This study uses the commercial software COMSOL 5.6 to simulate the thermal field
distribution in the growth of PbF2 single crystals by the heat exchange crucible descent
method [28], which mainly involves the modules of radiative and solid heat transfer in
the participating medium. A parametric solver and adaptive grid dissection are used to
solve the temperature field and solid–liquid interface variations in the crucible at different
growth stages.

3. Results and Discussion
3.1. Effect of the Crucible Structure on the S-L Interface in the Shouldering Stage

Three different solid–liquid interface types may be formed when growing PbF2 crystals
with the VB method, namely, convex, flat, and concave interfaces. The temperature of the
melt above the interface and around the crucible is higher than the melting point, which is a
convex interface. A concave interface appears when the temperature around the crucible is
lower than the center of the crucible. While the temperature around the crucible is equal to
that inside, the heat flow passes axially inside the crucible, which is a flat interface. The S-L
interface during the crystal growth should be as slightly convex or ideally flat as possible,
otherwise the quality of the crystals may be reduced or there might even be crystal burst.
To achieve high-quality crystals, we first adjusted the shape of the crucible shoulder at the
beginning of the growth.

The melting point of PbF2 is about 827 ◦C, which is 1100 K. Figure 3 shows the position
and shape of the S-L interface at the bottom of the crucible with different shouldering
angles and lengths. It can be seen that before tuning the shape of the shoulder, the S-L
interface was obviously concave and the arc length difference (∆L) between the concave
and flat interfaces was 0.19 cm. This is due to the fact that the slant shoulder at such an
angle scatters more than it absorbs heat, which results in the overcooling of the crucible
wall. Spontaneous nucleation may occur on the overcooled crucible wall, forming crystals
on the wall. Therefore, the tilting length at the bottom of the crucible was adjusted to 45◦ to
avoid such issues. Under identical conditions, the calculated S-L interface is shown on the
right side of Figure 3. It is observed that the ∆L between the concave and flat interfaces
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after the structural optimization was reduced to 0.08 cm, making the S-L interface almost
flat, thus greatly improving the previous concave interface. The subsequent calculations
were carried out on the basis of the optimized crucible shape.
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3.2. S-L Interface and Temperature Distribution in Different Stages
3.2.1. S-L Interface and Isothermal Distribution

In the crystal growth process of the VB method, a suitable temperature gradient is
the basis for growing crystals, and it is necessary to take the temperature gradient and
the descent position into account collectively. During the initial melting, the temperature
inside the crucible should be raised above the melting point and kept constant for a while
to ensure that the polycrystalline material is fully melted. As the heating time goes on, the
crucible rises, and the temperature field and S-L interface position also change significantly.
Therefore, based on the growth process of the crucible descent method, the temperature
fields at different crucible positions, including the seeding, shouldering, and iso-diameter
stages, were calculated separately. The results are shown in Figure 4, and the legend
shows the distribution of the temperature values in K. After setting the heater program,
the temperature inside the crucible rose. Since the crucible was positioned slightly above
the heater at the start, the high temperature was distributed in the mid-upper part of the
crucible. At the start of the seeding, due to the water cooling near the bottom and the good
thermal conductivity of the graphite crucible, the isotherms in the crucible were ideally
convex at the top and flat at the S-L interface at the bottom. With the time of heating, the
crucible moved upward and the S-L interface moved to the shoulder of the crucible. It can
be seen that through the previous optimization of the crucible tilt angle, the S-L interface
turned flatter and the radial temperature gradient was smaller, which is conducive to
high-quality crystal growth.

The iso-diameter growth stages are shown in Figure 4, 3.1–3.3. Since the crucible
has moved downward, the highest temperatures are distributed above the crucible, while
the low-temperature region is below the crucible. As the crystal keeps growing, the high-
temperature region in the crucible becomes shorter, and the heating receptive surface
gradually decreases. The part of the crucible in the low-temperature zone continues to
lengthen, and the heat dissipation area gradually increases, which leads to reduced heating
above the crucible and increased heat dissipation below it. This dynamic change process
will affect the thermal balance within the crucible. It can be seen from Figure 4 that the
position of the S-L interface of 3.1–3.3 gradually moves upward as the crucible continues to
descend and changes from slightly concave to a flat interface.
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3.2.2. Axial Temperature and Temperature Gradient

Figure 5 shows the temperature distribution from the bottom to the top of the crucible
on the center axis of the crucible. As can be seen from Figure 5a, the highest temperature
region gradually moves to the upper part of the crucible as the crucible position shifts
upwards. The position of the S-L interface at 1100 K is also gradually shifted upward with
the abscissa at 0.58 cm, 1.66 cm, 3.89 cm, 5.09 cm, and 5.93 cm, which correspond to the
position of the S-L interface in Figure 4.
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At conditions of thermal equilibrium, the growth rate of crystals is proportional to the
temperature gradient. Therefore, maintaining a stable temperature gradient is an essential
condition, especially at the S-L interface. If the temperature gradient in the growth region
is too large, though the component overcooling can be suppressed, the large temperature
gradient will make the just-grown crystals withstand a large temperature difference in
short distances, which will result in a relatively large thermal stress, and will easily crack
the crystals, thus being unfavorable to the control of the crystallization quality. As a result,
while the temperature gradient is stable, a suitable temperature gradient should also be
ensured to guarantee the smooth growth of the crystals.

During the crystal growth through the VB method, crystallization occurs near the S-L
interface where there are large temperature gradients. The axial temperature gradient in
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Figure 5b is calculated from Figure 5a. The S-L interface position in Figure 5a essentially
agrees with the position of the maximum temperature gradient in Figure 5b, which is
consistent with the actual growth. It can be seen that in the axis direction of the crucible
center, although the temperature trend is basically rising gradually, the temperature gra-
dient changes in a curvilinear manner. Especially at the beginning of the growth, since
the crucible is located higher up in the furnace, the temperature at the top of the crucible
decreases slightly in comparison to the region of the highest temperatures, and the associ-
ated temperature gradient increases again but is still smaller than the highest region of the
temperature gradient in the crystallization position and does not interfere with the normal
growth processes. While in the iso-diameters growth stages, the maximum temperature
gradient region gradually moves toward the top of the crucible as the crucible position
increases, which ensures the successful growth process of the crystals.

3.2.3. Radial Temperature Distribution at Different Positions

During the crystal growth, the crucible moves upward and the radial temperature
inside the crucible changes. Moreover, the radial temperature distribution in the crucible
varies in the upper, middle, and lower parts of the crucible at different growth stages.
At different growth stages, the radial temperature distribution comparison at different
locations in the crucible is shown in Figure 6. In the seeding, the temperature is generally
a slightly concave isotherm with low, middle, and high edges. Moreover, the radial
temperature gradient below the crucible is small and an almost flat isotherm. In the
shouldering, the radial temperature in the bottom of the crucible is high in the center and
low at the edges with a slightly convex isotherm. The radial temperature in the middle
and top of the crucible is low in the center and high at the edges with a slightly concave
isotherm.
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As shown in Figure 5b, the crystallization region with a large temperature gradient
on the axis in the isotropic growth stage of 3.1 and 3.2 is in the middle of the crucible, and
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the region with a large temperature gradient in the isotropic stage of 3.3 is gradually closer
to the top of the crucible. While the radial temperatures of the isotropic growth stage in
3.1 and 3.2 in Figure 6 indicate that the radial temperature difference in the middle of the
crucible at this stage is −13.67 K and −15.66 K, respectively, the temperature gradients
are both slightly smaller, which indicates that those isotropic temperatures are relatively
flat. In the iso-diameter growth stage of 3.3, the absolute value of the temperature gradient
in the middle of the crucible increases, but the growth region has been shifted to the top
of the crucible at this period. The temperature distribution on top of the crucible in stage
3.3 shows a slightly convex isotherm with a low center and high edge. The maximum
temperature difference is 13.23 K, which has a small temperature gradient and is favorable
for the growth of crystals.

3.3. Effect of the Thermal Barrier Shape on the S-L Interface in the Iso-Diameter Stage

In the calculations of Section 3.2.1, the S-L interfaces are essentially flat, whereas the
shape of the interface at the iso-diameter growth stage of 3.1 is still slightly concave. In
order to explore the effect of the heat shield on the S-L interface at this stage, the shape
of the insulating baffle was optimized, which is shown in Figure 7. The shape before
the optimization of the insulating baffle was rectangular, corresponding to a concave S-L
interface at stage 3.1, with a maximum distance of 0.14 cm in the axial direction. Due to the
existence of the barrier, there is no direct radiant heating source, and the crucible dissipates
massive heat from the upper to the lower cold cavities, causing overcooling on the crucible
wall, which in turn produces a concave interface. S.H. Hahn et al. [21] found that the
addition of a reflective screen with a certain inclination to the insulating baffle improves
the shape of the S-L interface. Therefore, an insulating baffle with a certain tilting angle
was designed, and the calculated results of the S-L interface shape under this condition
are shown on the right side of Figure 7. Compared with the position and shape of the S-L
interface before the optimization of the insulating baffle, it can be seen that the position of
the interface is slightly decreased, which is due to the fact that a baffle with a certain slope
can accommodate more heat in this region, so that the temperature at the S-L interface,
which has a large temperature gradient, is slightly increased; therefore, the melting point of
PbF2, 1100 K, can be reached at a lower position. Furthermore, after optimizing the shape
of the baffle, the temperature of the crucible walls increased slightly due to the increase in
the heat accommodation area near the underside of the baffle. As a result, the maximum
axial distance difference of the S-L interface is shortened from 0.14 cm to 0.08 cm, and the
radial temperature gradient is reduced, as shown in the calculation results in Figure 7.
The above computational results demonstrate that the novel optimized insulating baffle
improves the concave interface of the iso-diameter stages.
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4. Conclusions

In this paper, the growth of PbF2 crystals through the VB method was investigated
using numerical simulation and theoretical analysis, including the S-L interface and temper-
ature field distribution in the crucible during different growth stages, such as the seeding,
shouldering, and iso-diameters stages. By adjusting the tilting angle of the shoulder below
the crucible, the S-L interface shape turned from concave to flat in the shouldering stage.
The temperature distribution and temperature gradient distribution in the axial direction
were also systematically analyzed, finding that the S-L interfaces were all distributed in a
region with the larger temperature gradient and gradually moved to the position above
the crucible during the growth process. Further, the radial temperature distributions in
the top, middle, and bottom of the crucible at different growth stages were analyzed, and
it was found that the radial temperature gradients at the S-L interface were all smaller at
the iso-diameter growth stage, which is conducive to better crystallization at these growth
stages. Additionally, to optimize the slightly concave S-L interface in the iso-diameter
stage of 3.1, a novel design shape of the thermal barrier was designed, and its validity was
verified via theoretical calculations.
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