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1. Introduction

The study of eigenvalues of geometric operators plays a major role in ascertaining the ge-
ometrical and topological properties of the underlying manifolds. This area of research became
attractive after Perelman’s work [1]. He presented a functional 7 = [,,(R+ [V f[?)e~/du. It
is shown that this functional is nondecreasing under the Ricci flow with a backward heat-type
equation. It explains that the first eigenvalue of —4A + R (R is the scalar curvature) is non-
decreasing under the Ricci flow. Later, many authors studied properties of eigenvalues for
different geometric operators on evolving Riemannian manifolds and other manifolds. For
example, Cao, in [2], studied eigenvalues of (—A + %) and obtained that the eigenvalues
of (-A+ %) are nondecreasing under the Ricci flow for manifolds with a non-negative
curvature operator. In Ref. [3], he considered the first eigenvalues of geometric operators
under the Ricci flow. Bracken and Azami obtained some results on the evolution of the first
eigenvalue recently [4-6]. Other remarkable work can be found in [7-10]. We call the smooth
function u : M — R a harmonic function if Au = 0. Harmonic functions play a significant
role in Dirichlet boundary value and Neumann boundary value problems. The function
u is called biharmonic if A’u = 0. Here, A? is known as the biharmonic operator. The
biharmonic function has application to continuum mechanics and elasticity theory. It is
known that every harmonic function is biharmonic, but the converse is not true. As a
generalization, the function u is called p-biharmonic if A%u = 0for p € (1,+00), where Af,
is known as the p-biharmonic operator (an elliptic operator of fourth order), defined by
A%u = A(|Au|P~2Au). For p = 2, the p-biharmonic operator reduces to a harmonic opera-
tor. In Ref. [11], Khalil et al. researched the spectrum for the p-biharmonic operator. It was
proved that the spectrum of the p-biharmonic operator with Dirichlet boundary conditions
and indefinite weight includes at least one nondecreasing sequence of positive eigenvalues.
The spectra of the Neumann p-biharmonic and Dirichlet problems were considered in [12].
In the last decade, there are many results on the p-biharmonic operator that can give us
motivation. For example, Benedikt and Dribek studied the principal eigenvalue of the
p-biharmonic operator in [13,14]. In Refs. [15-18], Khalil et al. researched the singular- and
double-eigenvalue problems for the p-biharmonic operator. Work regarding the boundary
value problems of the p-biharmonic operator can be found in [19-21]. Other properties
of the p-biharmonic operator from different viewpoints can be seen in [22-25]. Recently,
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in [26] Abolarinwa et al. studied the demeanor of the spectrum of the p-biharmonic oper-
ator on a closed complete Riemannian manifold when the manifold evolves by the Ricci
flow and found evolution formulas and some monotonic formulas along the Ricci flow.
Abolarinwa [27] extended this to volume-preserving Ricci flow and found some useful
applications on closed surfaces within restrictions on Euler characteristics, and also, on
locally homogeneous 3-manifolds in Bianchi classes. Furthermore, in recent years Khan
and Li et al. obtained some interesting results relevant to soliton theory [28], submanifold
theory [29], singularity theory [30], classical differential geometry [31-33], and tangent
bundle problems [34-38], etc. These papers give our inspiration and motivation in the
present and future research work. In future work, we are going to find more new results
combined with the techniques and the results in those papers. In Ref. [39], Azami studied
the first eigenvalue of the A% — Ap, where A, is the p-Laplace operator, on a closed Rieman-
nian manifold along the Ricci flow, and by the application of some geometric conditions
it was proved that the first eigenvalue is nondecreasing under the Ricci flow. In Ref. [40],
Li and Tang established the existence of more than three solutions to a Navier boundary
problem adhering to the (p, 9)-biharmonic systems. Recently, in [41] the authors considered
a system called a (p, q)-biharmonic system, given by

Nou = Aa(x)ulP"2u + Ac(x)[ul*o|PHu, in O,
A%v = Ab(x)|0]7720 + Ac(x)|u|** o[ 1o, in O,
u=Au=0,v=Av =0, on Q.

Here, O ¢ RN, N > 1 is a connected set and bounded; A > 0is a parameter;
p>1,q>1max{pq} < %, « > 0,and B > 0; a,b, and c are positive functions defined in
Qandc # 0in Q.

Fourth-order PDEs are very useful in different fields of science, such as engineer-
ing [42—-44], signal processing [45-48], nuclear physics [49,50], etc. As an example, these
kind of PDEs arise in traveling waves of suspension bridges. To study the mechanical
vibrations of plates, the eigenvalue problems of biharmonic systems plays an important
role. Interested readers are directed to [41] for additional information.

Consider dy as the Riemann volume measure of an n-dimensional closed Riemannian
manifold (M", g). We now consider the (p, g)-biharmonic system below:

Af,u = Au|¥v|Po, in M,
A?v = Aul®v|Pu, in M, 1)
(u,0) € WP(M) x W>1(M),

where o > 0, B > 0, % + ﬁqil = 1, and W27 (M) is the Sobolev space, and study its
eigenvalue on (M", g), evolving by the Ricci flow. Mainly under the normalized Ricci flow
and Ricci flow, the variational formula for the first eigenvalue of the system (1) is derived.
Along the Ricci flow we also deduce certain monotonic quantities.

2. Preliminaries

In this section, we first present the eigenvalue of the (p, q)-biharmonic operator and
recall some standard evolution equations.

Definition 1. A is said to be an eigenvalue of the system (1) if 3 is a pair of functions (u,v) €
W2P(M) x W21 (M); u # 0, v # 0 such that

Bul~28ubpdp = A [ |ul*olPgod,
]\l 2aungdp = A [ jul*ofPgodn

2)
Av|172AvApd ——/\/ “lo|Puypd
/|v\ vApdyu |u|*|o|Pupdp
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holds. Here, (¢, ) € (W, (M) N W2P(M)) x (Wy'(M) N W29(M)) = E and W, " (M) de-
notes the closure of the set C° (M) in the space WP (M). The pair (u,v) is termed an eigenfunction
corresponding to the eigenvalue A.

Let us consider the following two functionals:

a+1 g+1
AGwo) == [ Jaupdu+ B2 [ aofidp, 3
(0) = % [ ulrap+ B [ o ®
and
B(u,v):/ lul*|o|Puvdy. (4)
M

The first positive eigenvalue of (1) is characterized by
AMu,v) =inf{A(u,v): (u,v) € E, B(u,v) =1}. (5)

A one-parameter family of metrics g(t) is said to satisfy the Ricci flow [51] if the
equation below holds:

0

5¢8ii = —2Rij, (6)

with g(0) = go. Here, R;j stands for the Ricci tensor. Hamilton [51] showed the existence of
solutions of the Ricci flow and also proved its uniqueness.

If (M",g(t)) is a solution of the Ricci flow (6) on the closed manifold (M", gp), then

a+1

At u(t),o(t) = ”

1
/M|Au”dy+ﬁ;/M|Av|‘7dy, @)

is the evolution of the first eigenvalue of (1), where (u(t),v(t)) is a normalized eigenfunc-
tion, i.e., B(u,v) = 1 is associated with the eigenvalue A.

The next lemma contains some evolution equations which are standard in the theory
of Ricci flow. Their proofs are omitted here but an interested reader can consult Ref. [52].

Lemma 1. Under Ricci flow, the following equations hold:

(1) %(d#) = —Rdp (2) %A” = 2RIV Vju + Auy
9 i _ oRil Ly |2
(3) 8" = 2R (4) atR = AR + 2|Ric]

where g'l is the inverse matrix of gij, dp is the volume element, A is the Laplace operator, and R is
the scalar curvature.

3. Variation Formula

Before continuing, we note that, as far as we are aware, it remains uncertain if the first
eigenvalue of the system (1) or its associated eigenfunctions possess C!-differentiability
along the Ricci flow.

Then, for the procedure we adopt in this paper we need to introduce smooth functions
defined at fp € [0, T) and a continuous eigenvalue.

Lemma 2. For a given time ty € [0, T), there exists C* functions u(to) and v(to) satisfying

], I lolPuodpgy = 1,

such that at ty, (1o, vo) = (u(to),v(to)) is the eigenfunction corresponding to A1 (to). Here, A4
denotes the first eigenvalue of the system (1).
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Proof. At time fy, set (up,v9) = (u(tg),v(to)) to be the eigenfunction corresponding to
A1(tp). Consider the following smooth functions along the Ricci flow:

h(t) = ug (det(g(to))) B and w(t) = v (det(g(to))> W.

det(g(t)) det(g(t))
Moreover, these functions can be normalized as follows:
u(t) = h(t)

==

(S ()0 (8) PRt () dpggs) )

and

w(t)
(ot I8 oo () P(EY0() g )

Clearly, the above functions u(t) and v(t) are smooth along the Ricci flow and can be
shown to have satisfied the condition

/M [l o[ Puvdpg ) = 1.

o(t) =

ey

O

Proposition 1. Suppose (M",g(t)) is a solution of (6). For any t1,ty € [0, T) (with t; being
sufficiently close to tp), € > 0, and g(t1) and g(ty) satisfying

(1+e)g(t) < glt2) < (1 +e)g(tr),

we have i
Mg(t2)) = A(g(h)) < (1+€) 7 — (1+€)2)A(g(h)),
for p > q > 1. In particular, A(t) is continuous.

The above lemma is an adaptation of lemma 3.1 in [53] and their proofs are similar, so
the proof of Proposition 1 is omitted.

Proposition 2. Suppose (M",g(t)) is a solution of (6). Let A1(t) be the first eigenvalue of the
(p, q)-biharmonic system (1) under the flow. For any to, t; € [0, T) such that ty < t1, we have

t
A(t1) > Aq(to) + /t 1 G(t)dt,
0
where
B 3 1
G(t) :=2(a+1) /M |AulP2Au(RIV YV ju + EAut)dyg(t)

- B g 1
+2(+1) '/M |A0|72A0(RYV; Vv + EAvt)dyg(t)
a1

g+1
/MR|AM|pd]lg(t) — T _/M R|Av|qdyg(t)

Proof. By definition

x+1 +1
MO = 2 [ 1su) g+ B [ 18001 dpg,
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Using the functions u(t) and v(t) defined in Lemma 2, the time derivative of A(t)
under the Ricci flow (6) yields

dA d 1 1

Applying Lemma 1 and the evolution (|Au(t)|?); (see (12) below), it then follows that

G(t) :2(a+1)/ |Au|P’2AuRijViVjudy—a+1/ R|AufPdp
M p /M
+2(B+1) /M|Av|‘7_2AvRijViVjvdyﬁj;l MR|AU\qu‘

+(a+1) / |AulP~2AuAu,dp
M

+(B+1) / |Av|T2AvAvdy,
M

which is the same as G defined in the statement of the proposition (see the detailed compu-
tation in (13) below). Integrating both sides of (8) with respect to t on [ty, t1], we obtain

M) — Alt) = /t“ G(t)dt.

Since in this case A(t1) = A1(t1) and A(ty) > A1(tp), we arrive at

ty
M) = Malto) + [ G0 9)
O

Remark 1. The above inequality (9) can be used to establish the monotonicity and differentiability
of A1 (t) in the flow interval [0, T). Here, if it can be established that ft';l G(t)dt > 0in any small
neighborhood of t1, then we have

M (tl) > A (to),

forany ty < t1, with ty being sufficiently close to t1. Two conclusions can easily be drawn as follows:
(1) Since t € (0, T) is arbitrary, then A (t) is strictly increasing on [0, T); and (2) invoking the
classical Lebesgue theorem, based on the monotonicity and continuity properties, A1 (t) is almost
everywhere differentiable along g(t),t € [0, T).

3.1. Variation in Eigenvalue along the Unnormalized Ricci Flow

We now introduce a new quantity

_a+1

At u(e) o) = 2 [ jsu(t) Py + B [ 8000y,

where u(t) and v(t) are smooth functions satisfying the normalization condition

/M |u|"‘|v|ﬁuvdyg(t) =1

The function A(t, u(t), v(t)) is a smooth function with respect to the variable t. If (u,v)
are the corresponding eigenfunctions of A(fy), then A(ty, u(ty), v(tp)) = A(tp). In general,
A(t,u,v) # A(t) but are equal at t = t.

The variation formula for the eigenvalue A(t) along the Ricci flow is therefore
as follows:
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Proposition 3. Suppose (M", g(t)) is a solution of (6) on the smooth closed manifold (M", go).
If A denotes the evolution of the first eigenvalue of the (p, q)-biharmonic system (1), then

a+1
p

+2(B+1) /M |Av|‘7*2AURijViVjUdy - ‘8;;—1 /M R|Av|Tdu

%/\(t,u(t),v(t))h:to = 2(a+1) [ |8 2RI,
M

" RlAulPd
| Riauldy

—|—A(t0)/ Rul*[o|Puody, (10)
M
where (u(t),v(t)) is a normalized eigenfunction associated with the eigenvalue A(t).

Proof. Differentiating (7) with respect to t at t = tp, we have

d a+1 d B+1 [ o
— Ly = _ P [— — q
M0, b == [ S+ B [ S (1ol "
_zx—l—l/ R|Au|pd‘u—w/ R|Av|Tdp.
p M q JMm
We have 5
= (18ul?) = plAulP2Au{2RIV,V ju + Auy}. (12)

Thus, from (11), we obtain

d _ i a+1
E/\(t,u(t),v(t))h:to =2(a+1) /M |Aul? zAuR”V,Vjudy - /MR\AuV’dy
+2(,B+1)/ |Av|q*2AvRijViV-vdy—M/ R|Av|1du
M ] g Jm
+(¢x+1)/ |AulP~2AuAu;dp
M
F(B+1) / |A0|T2A0Avdyi. (13)
M

From
ul®lolPuvdu =1

we obtain
(w+1) [ JulolPoud+ (+1) [ |ul*folfuodp = [ Rlulloffuod.  (14)
M M M
So,
(a+1) / |AuP~2Aubudp + (B +1) / |Av|T2AvAv,du
M M
=+ 1) [ Alul*lolfoudu+ (8+1) [ Alul*folPuvidy
= /\/ R|u|*|v/Puvdy, using (14). (15)
M
Finally, using (15) in (13), we obtain (10). O
Theorem 1. Suppose (M", g(t)) is a solution of (6) on the smooth closed Riemannian manifold
(M", go) and A(t) is the evolution of the first eigenvalue of the system (1), with the associated

normalized eigenfunction (u(t),v(t)). If Ryin(0) > 0and R;; > yRg;; with F << i where
k = min{p, q}, then the quantity
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min

A (Ryb, (0) — 2™ (16)

is monotone nondecreasing on [0, T ), where T = min{T, 2Ryin(0) }. Moreover, A(t) is differen-
tiable almost everywhere on [0, T).

Proof. Using the fact that R;; > YRg;j, from (10) we have

a+1
p

1
2 1/Aqu—ﬁ—/RA‘Id
+v(ﬁ+)M|v| Ko M|U|F

+ A(to) / Rlu|*|o|Puody
JM

> 2py 1) [ Rlauan

d
S (D), 0(0) ity = 29(x+1) /M |Aul? Ry —

R|Au|Pd
/. Risulay

ﬁ+1/

20y — )P [ Rjaoj9d

+ (297 - 1) 7 |Ao|Tdp

—l—)\(to)/ R|ul*[o|Puody. (17)
M

From Lemma 2 and using the inequality |Ric|?> > 1R?, we have

%R > AR + %Rz. (18)

The solution to the ODE 4o(t) = 20%(t), 0(0) = Ry (0) is

1
0= Ry - 28 w

Then, by using maximum principle we have

R 1) 2 0() = ‘(0)1)1_2{ telo,T) (20)

where T' = min{T, ZRyin(0)}. Hence, from (17) in a sufficiently small neighborhood of tq

we obtain
L > 21@( L >A(t). 1)
dt (Ruin(0)) 1 = 7t
Taking integration of the above inequality on [t1, fo], we obtain
fo dt
Alto) = A(t) exp {2k /t1 O %t}, (22)
ie.,
M) Ry (0) = 200)™7 > (1) (R, (0) — 211)™. @3)

Hence, the quantity A(t)(R ! (0) — 2¢)"% is monotone nondecreasing on [t1, o). Since
to is arbitrary, A(t) (R;”.ln (0) — 2¢)"*7 is monotonic nondecreasing on [0, T'). Since A(t) is
monotone and continuous on [0, T'), then the classical Lebesgue theorem implies that A(t)

is almost everywhere differentiable on [0,T'). O
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Theorem 2. Suppose (M?,g(t)) is a solution of (6) on the closed surface (M?,go) with non-
negative scalar curvature. If A(t) is the evolution of the first eigenvalue of the system (1), then A(t)
is monotone nondecreasing.

Proof. On a surface we have R;; = %Rgi]-. So, from aa—]f = AR + 2|Ric|> we obtain

%—IE = AR + R?. Using the maximum principle, one can demonstrate that the scalar curva-

ture R remains non-negative under the Ricci flow. Now, from

A ut), 0(8))miy = T

dt
1
A

—1/ AulPRd
(r—1 M| ul M
—1/ Av|7Rd
(g—-1) M’ v H

+ A(to) / R|u|*|v|Puovdy
/M

>0

- Y

which shows that A(t) is monotone nondecreasing. [J

Corollary 1. Suppose (M", g(t)) is a solution of (6) on a closed homogeneous Riemannian mani-
fold (M", go). If A(t) is the evolution of the first eigenvalue of the system (1), then

%)\(t,u(t),v(t))hzto =2(a+ 1)/ |Au\p*2AuRijViVjudy
M

+2(B+1) /M |Av|1"2A0RIV, V jodp.

Proof. Since scalar curvature on an evolving homogeneous manifold is constant, we have

%A(t,u(t),v(t))\t:to = 2(a+1) [ |8l AuRTY, jud
M

—l—2(,B—|—1)/ |Av|‘7_2AvRijViVjvdy
M
—R("‘H/ |Au\r’dy+&/ |Av|‘7dy>
p JM qg JMm
—i-/\(tO)R/ lu|*|o|Puovdy,
M

from which Corollary 1 follows. [
3.2. Variation in Eigenvalue along Normalized Ricci Flow
Normalized Ricci flow is given by the following equation:
d 2
5811 = —2Rij + —18ij, 8(0) = go, (24)

Sy Rdp
Judu

have the following evolution equations:

where r =

is the average scalar curvature. Along the normalized Ricci flow (24), we

.0 .\ 0 i 2
Tdu=(r— 9 Ay = 2RIV V. _Z
(i) o dyu = (r —R)dp, (ii) atAu 2RV, Vju + Auy nrAu. (25)
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Proposition 4. Suppose (M", g(t)) is a solution of (24) on closed Riemannian manifold (M", o)
and A(t) is the evolution of the first eigenvalue of the system (1). Then,

ot o) et =2+ [ |Au|P_2AuRijV,Vjudylx;1 [ 18ul”Rdy

dt
D n i p+1
+2(ﬁ+1)/ [Aul|T AUR]VZ'V]'Ud]/l—i/ |Av|TRdu
M g Jum
—27“+1/ |Au\pdy—2r&/ |Av|9du
n M n M

At/ %y BypRdu.
(1) [ ul*olPuora

(26)

Here, (u(t),v(t)) is the associated normalized eigenfunction.

Proof. Differentiating (7) with respect to the time f at t = t;, we have

A0y = [ S (aundu B [ S (a0

a+1 g+1
AulP(r—R — Av|7(r — R)du. 27
FE [l Ry B [ el Ry 22)

Now,
<|Au|”> p|Au|P2 L (8uf?)

2
= plAu|P2Au{2RIV;V ju + Auy — ~rAu}. (28)

Using (28) and (27) yields

d a+1 _ i 2
E/\(t u(t),v(t))|e=¢, = ; (/Mp|Au|P ZAu{ZRlJViVju+Aut—ErAu}dy
+ % / q|Au|q_2Av{ZR’7ViVjv + Avy — %rAv}dy
M
x+1 g+1
+ /A’”—Rd—k—/A"—Rd
[ = R+ L [ aofne—rya

=2(a+1) /M |Au|7’”2AuRijViVjudy _ard / |Au|PRdp

2(,B+1)/ |Au|1"2A0RIV, Y jodp — 7/ |Av|Rd

M

+(0c+1)/ |AulP2Aubudp + (B+1) / |Au|T2 AvAvidp
M M

a1 B41
Pdy —orP T2 q
2r— / |Au|Pdy — 2r - / |Av|7du + rA(t). (29)

Differentiating [, |u|*|v|Puvdy = 1 we obtain
(a+1)/M|u|“\v|ﬁutvdy+(ﬁ+l) /M\u\“|v|ﬁuvtdy - —/M|u|“\v|ﬁuo(r—zz)dy. (30)

Thus,

(oc+1)/ |Au\p*2AuAutdy+(ﬁ+l)/ |Au|T2AvAvidp :A/ |u|*|v|PuvRdp
M M M
—rA. (31)

Substituting (31) into (29) we obtain the result. [
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Theorem 3. Suppose (M?,g(t)) is a solution of (24) on closed Riemannian surface (M?,go). If
A(t) is the evolution of the first eigenvalue of the system (1), then

SAC (1), 0(0)) bty =(p — D

—r(a+1) /M |AulPdpu —r(B+1) /M |Av|Tdu

)\(to)/ |u|*|o|PuvRdy, (32)
M

- +1 n
AulPRdp + (g — 1 5—/ Av|7Rd
[, 18 Rap -+ (g =) P [ Aol Rdy

where (u(t),v(t)) is the associated normalized eigenfunction.

Proof. On a closed surface, we have R;; = %Rgij. Thus, from (26), we have

d

GA 0,0y = @+ 1) [ Riaurdp—

/M|Au|dey
L
+ (ﬁ+1)/MR|Au|‘7dy - /SZ/M |Av|7Rd
—r(zx+1)/M|Au|”dy—r(,8+1)/M\Av\qdy
/\(to)/M|u|"‘|v|ﬁude;4. (33)
Hence, the result follows. O

Corollary 2. Suppose (M",g(t)) is a solution of (24) on a closed homogeneous Riemannian
manifold (M", go). If A(t) is the evolution of the first eigenvalue of the system (1), then

%/\(t (t),0(6)) ity =20+ 1) [ [MulP 2 BRIV V udp
M

2B+ 1)/ |Au|‘7_2AvRifViV'vdy

(X+ /|Au|7’dy 2r /|Av|qdy

Proof. This result has the same proof of Corollary 1. [

4. Conclusions and Future Expectations

Harmonic functions plays a significant role in Dirichlet boundary value and Neumann
boundary value problems. As we know, a smooth function u : M — R is called a harmonic
function if Au = 0. The function u is called biharmonic if A2u = 0. Here, A2 is known as the
biharmonic operator. The biharmonic function has application to the continuum mechanics
and elasticity theory. It is known that every harmonic function is biharmonic, but the
converse is not true. As a generalization, the function u is called p-biharmonic if A%u =0
for p € (1,+o0), where A%, is known as the p-biharmonic operator (an elliptic operator
of fourth order), defined by Aju = A(|Au|P~2Au). For p = 2, the p-biharmonic operator
reduces to a harmonic operator. Based on these definitions and motivations, in this paper
we studied the variation formula of the first eigenvalue of the (p, 4)-biharmonic system
on a closed Riemannian manifold. We also obtained some monotonic quantities. In future
work, we want to perform interdisciplinary research addressing soliton theory, singularity
theory, submanifold theory, etc., to find more new results. We will take advantage of those
theories and results presented in [13-25] to adapt and improve the approaches to develop
flexible methods to study the eigenvalues of geometric operators. To study the mechanical
vibrations of plates, the eigenvalue problems of biharmonic systems play an important role.
Therefore, in the future research we also want to explore the applications in engineering,
nuclear physics, signal processing, etc.
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