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Abstract: In the framework of quantum field theory, we analyze the neutrino oscillations in the
presence of a torsion background. We consider the Einstein—Cartan theory and we study the cases
of constant torsion and of linearly time-dependent torsion. We derive new neutrino oscillation
formulae which depend on the spin orientation. Indeed, the energy splitting induced by the torsion
influences oscillation amplitudes and frequencies. This effect is maximal for values of torsion of the
same order of the neutrino masses and for very low momenta, and disappears for large values of
torsion. Moreover, neutrino oscillation is inhibited for intensities of torsion term much larger than
neutrino masses and momentum. The modifications induced by torsion on the CP-asymmetry are
also presented. Future experiments, such as PTOLEMY, which have as a goal the analysis of the
cosmological background of neutrino (which have very low momenta), can provide insights into the
effect shown here.

Keywords: quantum field theory; neutrino mixing; torsion

1. Introduction

Theories of gravity beyond General Relativity (GR) have a long and complex history [1-11].
Stimulated by the need of dealing with the shortcomings of GR, providing an explanation
for the dark components of the universe [12-26] , and possibly to set a viable framework for
the quantization of gravity, there is by now a plethora of such theories. Some, as the early
attempt to incorporate Mach’s principle by Brans and Dicke [27], involve additional fields other
than the metric [28,29]. Other theories generalize the Einstein—Hilbert action, eventually
including higher-order curvature invariants [30-32]. Quite a natural generalization of GR
emerges when one considers a non-symmetric connection, allowing for the possibility of
torsion [33—44]. Gravitational theories including torsion might be able to account for dark
matter and dark energy [45]. Torsion couples naturally to the spin density of matter,
inducing a spin-dependent splitting of the energy levels [46] and spin oscillations [47].

Neutrinos, on the other hand, have a prominent role in cosmology and astrophysics [48-63].
Their comparatively small interaction rates and the abundance in which they are produced
make neutrinos a precious source of information on the cosmos. They are possibly linked to the
original baryon asimmetry [64], to dark matter [65,66], and dark energy [67]. Neutrinos also
pose several challenges to the standard model of particles, and many aspects of neutrino
physics, including the basic mechanism behind flavor oscillations [68-88], the origin of
their mass and their fundamental nature [89-96], are yet to be clarified.

In this paper, we analyze the propagation of neutrinos on a torsion background and
study its impact on flavor oscillations. Neutrino oscillations in the presence of torsion
have been studied in the quantum mechanical framework [97,98]. We here approach the
subject from the point of view of quantum field theory and quantize the neutrino fields
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on a torsion background. In the paper, we consider neutrino as a Dirac particle, but we
expect that similar results are obtained for the Majorana particle. We focus on the simplest
generalization of GR including torsion, the Einstein—Cartan theory. We consider the cases of
constant torsion and of torsion linearly depending on time, and we assume that spacetime
curvature is absent. We show that the energy splitting induced by the torsion term leads
to spin-dependent neutrino oscillation formulae. Indeed, the spin orientation affects the
frequencies, as expected also in the QM framework, and the oscillation amplitudes which
in QFT are ruled by the Bogoliubov coefficients. This last effect is a pure consequence of
the non-trivial condensate structure induced by neutrino mixing in QFT.

The spin dependence of the oscillation formulae is maximal for intensities of torsion
comparable to the neutrino masses. On the other hand, much larger values of torsion
carry out to flavor oscillations which are identical for the two spins since they become
essentially independent of the spin. Another effect is that a torsion large enough can
effectively inhibit the flavor oscillations since, in this case, the energy differences due
to the various masses become irrelevant with respect to the common torsional energy
term. The presence of torsion is more relevant on neutrino oscillations in non-relativistic
regimes, for which the QFT effects are also more emphasized. Some phenomenological
consequences of the theoretical results presented here could then be provided, in the future,
by experiments that analyze non-relativistic neutrinos, such as PTOLEMY [88,99]. On the
contrary, such effects cannot be detected in other experiment such as DUNE since there,
relativistic neutrinos are studied. We additionally discuss the modifications induced by
torsion on the CP asymmetry, which is a byproduct of the Dirac CP-violating phase in the
mixing matrix. We also show that the CP asymmetry depends on the spin orientations in
the presence of the torsion background. Note that in the present work, we do not consider
the Fermi-like four-interaction among neutrinos which would be induced by integrating
out the (non-dynamical) torsion in Einsten—Cartan. Rather, we assume the presence of a
background torsion term without specifying its source. However, the background field
can be seen as the mean torsion field generated by the spin density of a generic fermion
field. The Fermi-like four interactions among neutrinos can have effects on the neutrino
cross-section; however, this study lies beyond the scope of our paper. Moreover, as it is
the case for generic four-fermion interactions [100], the interaction induced by torsion may
possibly lead to neutrino condensation phenomena. Indeed, the interaction generated by
the presence of torsion can be diagonalized by a Bogoliubov transformation that, in the
infinite volume limit, produces a new vacuum state belonging to a representation which is
inequivalent with respect to the original one. The new vacuum is a condensate of fermion
pairs and shares many properties with superconductivity and superfluidity. However,
the detailed analysis of condensation effects induced by torsion will be performed in
future works.

The paper is structured as follows. In Section 2, we introduce the concept of spacetime
torsion and we quantize a Dirac field on torsional background. In Section 3, we analyze
three-flavor neutrino mixing in the presence of constant and time-dependent torsion, and
in Section 4, we derive new oscillation formulae depending on the orientation of the spin.
In Section 5, new expressions of CP violation are shown. The last section is devoted to the
conclusions, while in Appendix A we report some useful formalae for the computation
and in Appendix B the analysis of currents and charges for flavor mixing in the presence
of torsion.

2. Spacetime Torsion and Dirac Field Quantization

Here, we briefly recall the notion of spacetime torsion, then we quantize the Dirac
field minimally coupled to the torsion in the framework of the Einstein-Cartan theory. We
study the cases of constant and time-dependent torsion.
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2.1. Spacetime Torsion

In general relativity, the requirements of metricity of the covariant derivative and of
symmetry uniquely determine the connection coefficients (Christoffel symbols) in terms of
the metric as follows:

1
Th = Egpo(augw + v — o) = Ty -

A more general theory, the so-called Einstein—-Cartan (or Riemann-Cartan geometry),
is obtained if the assumption of symmetry is relaxed, keeping only metricity. In this case,
the connection coefficients acquire an antysimmetric part given by

f;ﬂv - fﬁy = Tﬁv ; f;ﬂv = rfw + Kﬁv ’ (1)

where tensors Tﬁv and K,y = %(pr + Tyvp — Tvp,,) are known, respectively, as torsion
and contorsion. It is also convenient to introduce [34] trace vector V), = Tﬁp, axial vector
TH = P11 Typy and tensor qfw in terms of which the torsion is expressed as

1 1
Topw = 3 (Vugov — Vigon) — gequTo + qopv

and the scalar curvature reads as

_ 4 1 1
R=R=2V,V' = 2V V¥ 4 Sqpuq™ + S, Ty T .

Here, R is the general relativistic Ricci scalar given in terms of the metric. Notice that
the covariant derivatives in this context are the usual ones involving only the Christoffel
symbols. The vacuum action for Einstein-Cartan is given by the natural generalization of
the Einstein—Hilbert action. It is written as

1 )
Sec=-= /d4x./—gR, @)

with x = 8?—4(;. The torsion-related terms in Equation (2) form a total derivative, not
contributing to the field equations. As a consequence, the vacuum theory is equivalent to
general relativity. On the other hand, the situation changes in the presence of matter, where

a coupling of the form 5 / dhxy/—gKE, Tl ?3)
Tm = TV = 88uvsp

appears. The spin tensor, here denoted with X", is constructed out of matter fields. We
point out that the field equations obtained by varying the total action with respect to
contorsion simply lead to algebraic constraint Ky, o Xy, expressing the proportionality
of torsion and spin angular momentum. In the following, we are in Dirac spinors minimally
coupled to torsion. The spin covariant derivatives, in presence of torsion, become modified
as follows [46]: _ 1 s
Dy = Dyp + 7 Kas |1 1" ] 9 @
where D, is the general relativistic spin covariant derivative and the Lorentz indices on the

contorsion tensor result from contraction with tetrads K4p, = e‘ie‘ngw. Then, the spinor
action is simply given by

Sp=Sp+Srp = /dwfg{;(l/}ymmp — Dy iyty) — mt/_Jl/J] n 3/d4x\/?gTHSV 5)

where Sp is the Dirac action in general relativity and Stp = 3 f d*x /= gT,S* is the action
term due to Dirac—torsion coupling. Moreover, S¥ = %1[17” 1°1 is the Dirac spin vector. We
remark that in all the above expressions, the spacetime dependence of the curved gamma

matrices is kept implicit, y# = ¥ (x) = e/, (x)7.
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2.2. Dirac Field Quantization on Constant Torsional Background

From now on, we assume that some astrophysical source other than the Dirac field
itself generates a background torsion. As far as minimally coupled Dirac fields are con-
cerned, the information about torsion is stored in the axial vector field, T#(x). Since we are
specifically interested in the effects of torsion on Dirac fields, we assume that spacetime
curvature is absent (although the most general case can be treated in a similar fashion,
see, e.g., [65,101-106]), so that the covariant derivatives in (5) are replaced with standard
derivatives and the gamma matrices reduce to the flat ones. Under these assumptions, the
Dirac equation becomes

. 3
iy = mp— STy (6)

Canonical quantization proceeds as in flat spacetime, and the Dirac field may be
expanded on any complete set of solutions of Equation (6). We see that the expansion
closely resembles that of flat spacetime when a constant torsion background is considered.
It is important to remark that lepton charge Q = [ d®x97%y is conserved as a consequence
of the U(1) gauge invariance of Action (5).

In this subsection, we deal with the simplest possible torsion background. We consider
a constant axial torsion directed along the third spatial axis. The study of time-dependent
torsion background is carried out below. The Dirac equation for constant torsion reads

iv'oup = myp— T37 P, 7)

and is solved [46] in momentum space by spinors

1 0
0 1
ul =N+t ka wb=N-| ik (®)
k Ef +m+ k E; 4~
k1+iky k3
Ef4+m+ E- +in
k3 kl lk2
E;+rﬁ+ E. it~
4 kq+iko ! _ k3
v, = N[ Ef+mt vi=N" E+i | . 9)
1 0
0 1

All the details for the calculation of the above solutions are contained in ref. [46]
These solutions are formally the same as in flat space, except for a spin-dependent mass
term m* = m + %T?’. The torsion indeed has the effect of lifting the degeneracy in energy

between the two spin orientations, Efﬁ = VE2 4 it By fixing the normalization to

u?uﬁ =1= UE vﬁ, factors N* are determined as N* = Eiz;g#
Setting u’(t ) = ¢ i tu% and o.(t) = et tvﬁ, the Dirac field is expanded as

3 .
Z/dk (u(Byar + " (D)™ (10)

with the coefficients obeying the canonical anticommutation relations. Since the solutions
to Equation (6) are similar to those obtained in flat space time, to derive the neutrino
oscillation formulae in the presence of torsion, we can follow a procedure analogous to
the one presented in ref. [73] where the oscillation formulae for neutrinos in quantum
field theory in flat space are found. Here, we obtain new oscillation formulae, showing a
behavior different with respect to the ones of ref. [73]. The differences are all contained in
the Bogoliubov coefficients which characterize the amplitudes of the oscillation formulae
and which depend on spin orientation.
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2.3. Dirac Field Quantization with Time-Dependent Torsion

We now quantize the Dirac field coupled to a certain class of time-dependent of
torsional backgrounds, namely with the T° spacetime constant and spatial components
Ti(t), i = 1,2,3 having an arbitrary time dependency (yet retaining constancy with
respect to the spatial variables). This class of backgrounds allows for a simple non-trivial
generalization of the constant torsion treatment presented above. For concreteness, we
treat in some more detail the case of a linearly time-dependent torsion, i.e., T = «'t for
some constants &'. The Dirac equation is formally equivalent to (6)

(9" — m) ¥ (x) = T2 ()77 ¥ (3)

except for the explicit dependency of the torsion on time. In order to derive the solution of
the Dirac equation with torsion, we write the spinor in the following form:

/d3 /\Mp/\ t x)+B ﬁ M\(i’,f)).
We use ansatz
upA(t x) = e'r ( fp((){\(:/\(( )) ) (11)
for positive energy and
ip-x p(t g p
- R )

for negative energy. Here, §)(p) denote the helicity eigenspinors, satisfying
(G- p)ér(p) = ACA(P) for A = £. Then, the solution of the Dirac equation is determined
by solving the following system:

w50 ) =yl o (50 )=o) o

The eigenvalues of the matrix in Equation (13) are hj , = yAT p' £ \/ m?+ (p+ 17/\T0)

M4/ m2+ (p+17/\T0)
A = Cl( ) and 0}

and the eigenvectors are v = P yATo

r =
1
mfy/m2+(p+77/\T0)2 + +
Cy P yATO , with normalization relations (v}) v} =1e (v)) v} = 1.
1

If [/ (), (t')] = 0for t # ¥, then the system of Equation (13) can be solved by
means of a simple exponentiation:

(U)ol afroml(0)

It is here that the requirement of the constancy of T° becomes relevant, since condition
[/ (t), o (t')] = 0is fulfilled for T° independent of time (i.e., T° = aY). The solutions can
be explicitly written as

foalt) = exp{—inx\ﬁi fot dTTi(T)} exp{ —iwy t}Cy
gp/\

70 o g ) (15)
sa(t) = %exp{—mx\p’ I dTTZ(T)} exp{ —iwy t}Cy

for some constant C; , and w), )\ = \/ m? + (p+ 17)\7"0)2. In the specific case of T' = «'t,
one has

{ faalt) = exp{—z EnAalp }exp{ 1prt}Cp)\ 6

ga(t) = % exp{—lﬂ?ux p }exp{—lwp,Af}Cﬁ,A '

(w At+m
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By 1mpos1ng normalization condition

‘ ’é’pA ‘2 = ﬁ, we determine
p,)an
@) \/(@patm) 4 (prpaTo)”
Therefore, the solutions are given by Equations (11) and (12), where f and g are given
in (16), and ¢s are given in terms of polar angle 6, ¢ of p as

Cir =

£a0) = (oo ) v
)= (e ) "

3. Flavor Mixing with Torsion

In this section, we analyze the three-flavor neutrino mixing in the presence of torsion,
in particular we consider the cases of constant and time-dependent torsion. In the two
cases, the neutrino fields with definite masses ¥}, = (v1, v2, v3) satisfy equation

. 3
IW}IaHTm - Mg¥m = —§T373')/5‘I’m ’ (19)

with My = diag(my, mp, m3). The fields with definite masses are expanded as in Equation (10),
except for acquiring an additional label j = 1, 2, 3 distinguishing mass (qu zxﬂ ..). The

flavor fields are obtained by performing the appropriate SU(3) rotation on the mass triplet.
We choose the CKM parametrization of the PNMS matrix to link the triplet of flavor fields
1/)} = (vg, Vy, I/T) to the fields with definite masses ‘I’TTH As shown in ref. [73], the rotation to

flavor fields can be recast in terms of mixing generator Iy as v¥ = I, ! ()v%(x)Iy(t) , where
(0,i) = (e,1),(n,2),(t,3),and Iy(t) = Ip3(t)[13(t)12(t) . For reader convenience, we report
in Appendix A the explicit form of the formulae used in the computations.

We note that generator I, ! (t) introduced here is formally identical to generator G, L(h)
presented in ref. [73], where the mixing of three families of neutrinos in flat space-time is
studied. The difference consists in the fact that while G, L(t) of ref. [73] is expressed in terms
of the Dirac fields in flat space-time, 19_1 (t) contains Dirac fields which are the solution of
the Dirac equations for fields in the presence of torsions (constant and time-dependent). As
we see below, this leads to two new sets of Bogoliubov coefficients, one for constant torsion
and one for time-depending torsion, which are dependent on the spin. At the operational
level, I, ! () shares the same properties as G, ' (). However, it is essential to underline that,
despite the formal analogy, the result obtained here presents completely new behaviors,
since the new neutrino oscillation formulae, which are derived below, have amplitudes
and frequencies depending on the spin orientation. This effect, due to the torsion, is also
dependent on the form of the torsion and can in principle affect neutrinos produced in the
nuclei of spiral galaxies or in rotating black holes.

In the following, adopting the procedure used in ref. [73], and taking into account the
presence of torsion, we show the intermediate steps to derive the new oscillation formulae
and we show the different behaviors of the oscillation formulae for the adopted torsions.
We start by recalling some properties of mixing generator I, L(t) shared with Gy HON 0 L)
is a map between the Hilbert space of free fields 1, 3 and that of interacting fields H,, +:
Iy l(t‘) : Hip3 — Hep,r- At finite volume, vacuum |0>1,2,3, relative to space Hjp3, is
connected to vacuum |0), , , relative to space H,,,r, in the following way: [0(¢))

I, (#)]0); 5, where |0) eu,r 18 the vacuum for the flavor fields. The explicit form of I L)
is reported in Appendix A. The action of the mixing generator defines the plane wave
expansion of the flavor fields,

d3k + 7
0=L [ s, 0+ T, W] ewtiEn =123

eu,T
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where the flavor annihilators are given by

ar (1) = I (t)al Tg(t)
A (20)
(=11 (1" T (Dla(t)

—kveo

By definition, they annihilate flavor vacuum txﬂ |0) =0=p i |0) s and, the above
—MVo
transformations being canonical, they satisfy the equal time canonical anticommutation

k

relations. The explicit relations of the the flavor annihilators, for k= (0,0, |k|), are

“%VE (t) = 612613“ | T 81213 ( (FQQ;E(t)) *06%,2 +e (Z§§ k( )) ﬁrjm)
H”m(%ﬂﬂ%ﬁ%@&w)ﬁﬁf
“?UV (t) = (C12623 - €i5512523513> Ay — (512023 + e”‘5612523513> X
< () =& (20 (0) B ) +szmena (T (1) T, +€ (22(0) 7 )
“%VT (t) = 62301304k 3 <C12523 +é 512623513> ((T;;.,;(fn “% ) (Z;g Lt )) ﬁr_gz) +

+ (512523 —e 5C12C23513) ((F;g%(t))zxirl <Zggk( )) rjﬁ,l) ,

BTy, (B) = crac1ap g, (t) +512€13<( gt )) By~ ( ;rz‘g(f))“g;)Jr
s ((Ta() By = (Zia())rt)
iy, ()= (012023 —e ‘5512523513)[51?2 (512523 +te C12523S13)
< (0B + (S(0)agh ) +s2sens ((Tapl) By = ¢ (S50 )ah)
B, (1) = exsciaf gy = (crasm e Psnacassns) (0B, + (2550 o) +
+ (252 — e Peraemsia) (M) B+ (S0 )

Bogoliubov coefficients I :r% and Z?jr%, appearing in the expressions of the flavor anni-

hilators, are given by the inner product of the solutions of Dirac equations with different
masses. In order to distinguish the case of constant torsion from that of time-dependent

torsion, we use notation 1"” =5 z’]’% and Zl’]’ 2= l’]’ﬁ for constant torsion and FY;E = H:]’E
and Zl’]’ 2= Y” for time- dependent torsion. The explicit form of the Bogoliubov coefficients

in the two cases analyzed are reported below.

3.1. Bogoliubov Coefficients with Constant Torsion

For constant torsion, the modules of the Bogoliubov coefficients are given by

-—.rs_r‘rs_s‘['r 18 | — gttt os o _rprt
=E = et T Vi k Xip| = U Vg, = €UV g
Notice that, in reference frame k= (0,0, k ), .E e and )( z Vamsh for r # s. Explicitly,
we have
mtt Akt K2 _ +4
Spe = NN (B i) (EE -+ = cos(Cz)
ki i ki

Xiit :NiNJr ﬂk3~‘i - ikBNi‘| :Sin(giit),
¢ ]
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with the spin-dependent masses and the normalization coefficients given explicitly by

[EZ it
mE =m;£37%and N = 7’“

, respectively. The sign factor is defined as e* = F1.

2E
k,i
vEE
Additionally, (Eijf'i)2 =K+ (n?ljt)2 and C;If = arctan '1 ki . The canonicity of the
2 ; uts
ijk

2

o+

r +r
ij;k

. ijk

Bogoliubov transformations is ensured by relations Zr< X

2
) = 1 where
mdr

i,j =1,2,3 and j > i. Moreover, the time dependence of & i and )( 1s expressed by
() le, ml) |

3.2. Bogoliubov Coefficients with Time-Dependent Torsion

=rs

Zgat) = Tijk

ij;k

rs _

In this case, the Bogoliubov coefficients are denoted with Hl,r]f%(t) = (u% p u%j) and
’ R’

Y's, ( ) = <u£ LU > . The mixed coefficients are zero, and explicitly, we have

ij;k ki’ kj
11540 = e —i(i) —w )} (1) (1) |10 L] @
ij;p P Pt Pl I (w;,, ++ mi) (w;,, ++ mj)
. . * [ — 702 |

H;;(t) B (271')3 exp{—i(w;,,_ — (u;,,_)t} (C;ﬂ) (Cr{j) 1+ (w;} - —iinl)n(i]l — mj) ’

Yig(t) = (2n)? exp{+it217aiﬁi} exp{—l—i(cu;,,Jr + wiﬁ) t} (C;,i)* (C;’j) ) (P + UTO) = 1+ o +1+ o | (22)
P+ ] P

Yi;;;(t) = (271)3 exp{+it2170ciﬁi} exp{—l—i(cu;,,Jr + w;,,+) t} (C;{i)* (C}‘{j) ' (p — WTO) " 1+ - - +1+ ol
pt T P i

where i,j = 1,2,3 and j > i.! The canonicity of the Bogoliubov transformations is satisfied

2 2
)1

+ [y
4. Neutrino Oscillations with Background Torsion

ijk

T

by the following relations: ), ( i

In this section, we derive the neutrino oscillation formulae in the presence of torsion
and we study, in particular, the two cases of constant and linear time-dependent torsion. By
analyzing flavor currents and charges in a way similar to what was presented in ref. [73],
and as shown in Appendix A, we can define the flavor charges in the presence of torsion

.. - 3 + + ; — T
st Qy u=Y, [dk (oci:./w(t)a%w(t) - %,va(t)ﬁ%,w(t)) ,witho = e,u,tand -,
denoting the normal ordering with respect to flavor vacuum state |0) £
The oscillation formulae are obtained by computing, in the Heisenberg picture, the
expectation values of the above charges on the (flavor) neutrino state, defined att = 0, as

1.
vl
ko

(O)> = ucq ( ) |0> At fixed momentum &, they are given by
QU (1) = (vf ()] = Qu =

v (5) = (0] = Que [0}y, (23)

and explicitly
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1—'}’7

Qvﬁve(t) =1 —sin?(261) cos* (613) { i

T
rlS k

sm (
sm (

— sin?(2613) cos?(612) [

"
1—‘23 k

- sin2(2613) sin2(912) |:

SlI'l (

AT -t

AT‘

ATt

12;k SlI'12 (012 kt):|

)
)]

) ‘Zle
)¢ o o
)

Qr t

r
z 13;k

13;k

13;k

O ot

"
+ | 23k

23:% (24)

23;k

2
: r rr rr rr
sm(zAmt e | s

)

in

r
1-'13 k

s
2012 l?t 12;%

r
> sin (2A23 ]zt

)

Qw—wy( ) =2]cp UFZE ) ) ( 13%

(‘lek ) sm(2023k ) Sm(2A13k ) + sm(

+ c052(613) sin(613) [cos ) sin(2912) sin(2653) + 4 cos? (61, ) sin 033 sin? 923} X

)

— cos? 913 sin 613 {cos 4sin(26017) sin(2923) —4

in2(C2) )|

+ cos? 613 sin(2615) [(cos2 03 — sin? 03 sin 913> sin(2615)

200 -t

rr
Z 13;k

r
Z 13;%

13;k

r r
AT -t) 013%1‘

rr
T 13; k

X | |Taz sm 2( sm 2(

‘ + |z

13;%

Sll’l4 912 sin 913 sin2 923} X

1Y r rr r
F Azs Et Z23 ik Q23 %t

x 23k

) +|

sm 2(

rrr

T
At 12;%

12;k (25)

)+

2 2
+ cos 6 cos(2617) sin 613 sin(263)] Ul"u 7| sin 2( sinz(()12 kt)]

(t) = —2Jcp UF;FZE 2sirl( ) ‘ sm( ) + ( o ) sm(
+ ( ng ) sm(ZQBk ) sm(ZA;3 Et> + sm(ZQBk )]
— cosz(913) sin(6q3) {COS &sin(2601,) sin(260,3) — 4 cos?(61) sin 6;3 cos? 923} X

)
+ cos? bq3 sin 013 [cos Jsin(26017) sin(2623) + 4

zsinz(Q’ t)
23k |

Vﬁ r rr r rr r
ok 2A = 200t r 20 ot

12k

o

rr
‘213 *

)

Z?’?’

rr
r 13k

13k

rr
Yok k‘

rr. ? sin?(A” pA ? sin?(QY .t
13;k 13;k

x 13;%

13k ) T

sin* 015 sin 613 cos? 923} X

2
rr s 20AT rr
F sin (A23k ) Z‘23k

x 23k

_l’_

-+ cos 913 sin(2912) |:(Si1’12 923 — sin2 913 COS2 923) sin(2912)

2
2
sin (A;zk )+ z{gk ng it (26)

— €08 8 cos(2617) sin 013 sin(2673)] “1’12 7 sin?(

r )}

5 #* and Jcp denotes the Jarlskog invariant

ro_Fr.
jik i;k
2

r—
ro Jik
ij;k
Jcp = Im (umujﬁu;‘ﬁu;?» . In the parameterization under consideration, Jcp is given by

where r = 4+, A7 .
ij;k

7

]Cp = 1sindsin(2612) sin(26;3) cos(613) sin(26,3) . Notice that QVp‘H/e( )+ vaﬁvﬂ( )+
Qv p‘“/'r( ) = 1.1Itis also easy to check that the above oscillation formulae reduce to the
Pontecorvo formulae in the absence of torsion in ultrarelativistic limit \H > my, my, m3.

Then, the oscillation formulae are highly spin-dependent, Qﬂfg Sy (t) # ing . (1), since
in the QFT framework, the oscillation amplitudes and the frequenc1es are spm—cfependent
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Notice that, in QM mixing treatment, the spin orientation affects only frequencies A;;, in

this case ™ =1, 2% = OF. = 0.
ij;k ij;k ij;k

In the following, we analyze the behavior of the oscillation formulae for constant and
time-dependent torsions.

4.1. Neutrino Oscillation with Constant Torsion

We report the transition formulae for sample values of torsion and momentum. We
consider values of neutrino masses 17 ~ 1073 eV, mp ~ 9 x 1073 eV, and m3 ~ 2 x 1072 eV,
in order that Am2, ~ 7.56 x 107 eV? and Am3, ~ 2.5 x 1073 eV?, and of mixing angles
such that sin?(2613) = 0.10, sin?(263) = 0.97, and sin?(26;,) = 0.861, which are compatible
with the experimental data. We also consider 6 = 71/4, and a fixed value of momentum

k =~ 2 x 1072 eV and of torsion |T®| =~ 2 x 10~* eV. In Figures 1-3, we plot QTfeﬁVa(t)

and Qiﬁe o, (t), with o = e, 11, T, as a function of time, and we compare such formulae
with the corresponding quantum mechanics ones. Such formulae can be obtained from
Equations (24)—(26) by setting Fjﬁi =1, ZZE% = 0and Q?]EE =0.

1+ 1
0.8
0.6 0.8
Qeselt) Qe-selt)
0.4r
0.6
0.2+
0 >I 1 1 1 1 1 1 1 1 1 1 1
0 4000 6000 8000 10000 0 100 200 300 400 500 600
t(ev) t(ev")
Figure 1. Color on line. Plots of the oscillation formulae in a constant torsion background: in the
left-hand panel QTﬁc Z, (t) (blue line) and Qiﬁ Z, (t) (red line) as a function of time. Torsion was
picked to be comparable to the momentum as T3 =2x107% eV. In the right panel, the detail of the
same formulae and the comparison with the corresponding quantum mechanics oscillation formulae
(dashed line) are reported.
0.6

0

H

- I 0.4
!‘\ ‘“\
Gty | | wl | I Quoult)
0.2} | " l
l.

0

4000 6000 8000 10000 0 100 200 300 400 500 600

t(ev?) t(ev™")

Figure 2. Color on line. In the left-hand panel, plots of QTﬁc_,vy () (blue line) and Qii_wﬂ (t) (red
line) as a function of time. In the right panel, details of the same formulae and comparison with the
corresponding QM oscillation formulae (dashed line).



Universe 2024, 10, 170 11 of 20

04l 0.16

N

Q) ! l, | \ "t Qerlt) 0,081

Iv .‘lu\
0 2000 4000 6000 8000 10000 0 100 200 300 400 500 600
t(ev') t(ev™)

Figure 3. Color on line. In the left-hand panel, plots of QTE_WT (t) (blue line) and Qifﬂ_,vr (t) (red
line) as a function of time. In the right panel, details of the same formulae and comparison with the
corresponding QM formulae (dashed line).

The plots of the neutrino oscillation formulae for the constant torsion background
displayed in Figures 1-3 show their strong dependence on spin orientation. The difference
is maximal when the torsion is comparable with the neutrino momentum and neutrino
masses. On the other hand, for very big values of torsion, T > m;, ||, the energy terms
are dominated by the torsion; indeed, (E%;)2 =K+ ()% ~ (jiiF)? ~ (:E%T3)2, so that
E* ~ E~. This implies that both the Bogoliubov coefficients £, x"" and the phase factors
A’, () become essentially independent of the spin, and the flavor oscillations become
independent from spin orientation. We also note that a torsion large enough can effectively
inhibit the flavor oscillations, since for T® >> m;, the energy differences due to the mass
differences (e.g., Amiy, Amy3 and Amys) become irrelevant with respect to the common
torsional energy term.

4.2. Neutrino Oscillations with Time-Dependent Torsion

The neutrino oscillation formulae, in the case of linearly time-dependent torsion for
fixed momentum k and spin (1), are given in Equations (24)—(26) with the Bogoliubov
coefficients expressed in Equations (21) and (22). By utilizing the same values of the
masses, of the angles, and of the momentum used in Figures 1-3, for constant torsion,
we plot, in Figures 4-6, the oscillation formulae for time-dependent torsion. We assume
177"0 ~ 5 x 1073 eV. We observe that, also in this case, the formulae strongly depend on
the orientation of the spin. In the computations presented here, we neglect the spin—flip
transition due to the torsion term. This analysis is carried out in a forthcoming work.

1 1
0.8
0.6
Qeselt) Qene(t) 087
0.4

0.2

0.6

0,
0 2000 4000 6000 8000 10000 0 100 200 300 400 500 600
t(ev") t(ev")

Figure 4. Color on line. Plots of the oscillation formulae in a time-dependent torsion: in the left-

hand panel, QTI,; —u, (t) (blue line) and Qi,]l 1, (t) (red line) are plotted as a function of time. In the
right panel, the details of the same formulae and the comparison with the corresponding quantum
mechanics oscillation formulae (dashed line) are reported. We consider 7T0=5x1073 eV.
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0.6
0.4 |
Qery(t) Qeosyt) 02
0.2
0 _I 1 1 1 1 1 0 1 1 1 1 1 1 1
0 2000 4000 6000 8000 10000 0 100 200 300 400 500 600
t(ev?) t(ev")
Figure 5. Color on line. In the left-hand panel, QTﬁe “, (t) (blue line) and Q%ﬂ s, (t) (red line) ae
plotted as a function of time. In the right panel, the details of the same formulae and the comparison
with the corresponding QM formulae (dashed line) are presented.
0.4
l ‘ ) h ‘ 0.08
Qartt) 1 | ' ( } Qooelt)
! A
' (1}
|
0 7I 1 1 1 1 L o 1 1 1 1 1 1 1
0 2000 4000 6000 8000 10000 0 100 200 300 400 500 600

t(ev") t(ev")

Figure 6. Color on line. In the left-hand panel, QT:Z_,VT (t) (blue line) and Qli—wr (t) (red line) are
plotted as a function of time. In the right panel, the details of the same formulae and the comparison
with the corresponding QM formulae (dashed line) are reported.

As in the general case, quantum field theoretical effects on neutrino oscillations are
relevant at low momenta and this remains true also in the presence of torsion. As it has
been discussed in reference ..., the quantum field theoretical effects may indeed affect the
capture rate of experiments dealing with low-energy neutrinos, such as Ptolemy. Other
experiments, such as DUNE [107,108], which feature much more energetic neutrinos, are
essentially unaffected by quantum field theoretical effects.

5. CP Violation and Flavor Vacuum

We now study the impact of torsion on the CP violation in neutrino oscillation due
to the presence of Dirac phase in the mixing matrix. For fixed spin orientation, say T, the
CP asymmetry A’;‘,TCP can be defined in QFT, in a similar way to what was achieved in

ref. [73]; and then, A?Ercp(t) = QTEPHVU(t) + QT%%%(t) , where p,c = e, i, 7. Notice that a

+ sign appears in front of the probabilities for the antineutrinos in place of —, because the
antineutrino states already carry a negative flavor charge Q.. For v, — vy, transition, with
r =1,], the CP asymmetry is explicitly
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A () = 4) ‘rﬂ ? sin(24% 1) — ‘Zﬂ ? sin (2005 ) + + ‘Fii (2 - ‘zﬁ *) sin (282 1)
rCPA) T RCP 7 2% 12 ¥ 12F 13% 23
+ + +

(’212 o -z ) sin (202 ) - ‘1"13 o[ sin(2a% 1) + ‘213 | sin(20f) Et)} 27)
where one has to consider T t* and Z** for spin up and F cand X > ~ for spin down. One
also has A7'-p(t) = A;’”C p(t) withr =1, |. Remarkably, the presence of torsion induces a

CP asymmetry depending on spin orientation.

Furthermore, we make some observations on the condensate structure of the flavor
vacuum in the presence of torsion. In this case, |0f(t)) breaks the spin symmetry, resulting
in a different condensation density for particles of spin up and down. Such densities are
evaluated by computing the expectation values of the number operators for free fields

4 rt rt gr
Ntxj,k zxk]vcE and N} . = pB; ﬁ on [0¢(#)). One has
2

2 2 |y+E £+

Nz =1 OINT 1000, = sO)ING 10(0)); = shacks st [ + |zt ], (28)
‘ 2
N =5 (O)IN £10(t))p = f{0(8) N £10(8)) f = (—SlzCzs + 6“5612523513) ‘Zfz + s5acs ‘Zf;,i : (29)
Nz =5 (O)IN £10(8)) ;= £ (0(£)ING_£[0(8)) s
2

= ‘—612523 +e 512623513’ ‘223](} + ‘512523 +e C12€23513‘ ‘213,( , (30)

where, r =1, .

It is important to note that flavor vacuum condensation is a general consequence of the
quantum field theory treatment of neutrino mixing [72,73]. In the presence of torsion, the
novelty is represented by the spin orientation dependent on such condensation yielding, as
shown in the above equation, distinct condensation density for different spin orientations.
The physical implications of the flavor condensation are represented by correction to the
amplitude of the neutrino oscillation formulae and by possible contributions to the dark
components of the Universe [65-67].

5.1. CP Violation and Flavor Vacuum Condensate with Constant Torsion
For constant torsion, we plot, in Figure 7, AT cp(t)and Ai” cp(t) as a function of time,

and in Figure 8, we plot N 1 and N . with i = 1,2,3 as a function of ’k‘ We use the same
values of the parameters adopted in the plots of the oscillation formulae.

A% 0 - 4

0 2000 4000 6000
t(ev")

Figure 7. Color on line. Plot of AT cp(t) (blue line) and A 5 CP( ) (red line) as a function of time for
the values of the parameters used in Figures 1-3.
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0.07}
0.3
0.06/
0.25
0.05}
NG 0% N (9 0.2
0.03} 0.15¢
0.02 0.1
0.01 0.05
0 1 1 1 1 1 1 0 1 1 1 1 1 1
0 0.02 0.04 0.06 0.08 0.1 0 0.02 0.04 0.06 0.08 0.1
k (eV) k (eV)

Figure 8. Color on line. (Left panel) Plots of j\/’l TE as a function of ‘E‘ in eV: Nj (blue solid), N, (red

dashed line) and N3 (orange dotted line). (Right panel) Plots of ./\/1 %; as a function of ‘E’ We use the
same parameters as adopted in Figures 1-3. ’

5.2. CP Violation and Flavor Vacuum Condensate for Time-Dependent Torsion

In the case of linearly time-dependent torsion, the CP violation and the condensation
densities are plotted in Figure 9 and Figure 10, respectively, for the same values of the
parameters used for Figures 4-6.

0.2

&M 0

-0.2

0 2000 4000 6000
t(ev")

Figure 9. Color on line. Plot of AT CP( ) (blue) A° 1 CP( ) (red) as a function of time for the same
parameters used in Figures 4-6.

0.07
0.06
N (k) 0.05
0.04
0.03
0.02
0.01

0 0.02 0.04
k (eV) k (eV)
Figure 10. Color on line. In the left panel, we plot V., Tk as a function of ‘k‘ Nj in blue line, N; in red

line, and N3 in orange line for the same values of the parameters used in Figures 4-6. In the right

panel, plots of ./\/l il? as a function of ‘ ’ for the same choice of parameters are displayed.
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It is worth noting that the well shape appearing in the right panel of Figure 10 is due to
the proportionality of Y 5 to (p — T°) (see Equation (22)), so that it vanishes for p = 19,

also bringing the condensatlon density to zero.

6. Conclusions

We analyzed the Einstein—Cartan theory and by studying the neutrino propagation
on a torsion background in the QFT framework. We derived new oscillation formulae
which are dependent on the spin orientations of the neutrino fields. Indeed, we showed
that the energy splitting induced by the torsion term affects the oscillation frequencies and
the Bogoliubov coefficients which represent the amplitudes of the oscillation formulae. We
considered flat space-time and two different kinds of torsion terms, the constant, and the
linearly time-dependent torsion.

The two analyzed cases share the following behavior: the spin dependence of the
oscillation is maximal for values of torsion comparable to the neutrino momentum and
masses, while much larger values of torsion lead to flavor oscillations which are almost
independent from the spin. Moreover, a large enough torsion can effectively inhibit the
flavor oscillations. Such behaviors also characterize the CP asymmetry.

The torsion effects are relevant on neutrino oscillations in non-relativistic regimes.
Therefore, experiments studying neutrinos with very low momenta, such as PTOLEMY,
could provide verification of such results in the future.
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Appendix A. Useful Formulae

For reader convenience, we report formulae useful for the computations. We consider
the PNMS matrix. Then, denoting with 1/7} = (Ve,Vu, v¢), the flavor fields and with

Y = (v1,v2,v3) the fields with definite masses, the mixing relations are

—is
C12€13 S $12C13 s1ze”’
_ ; is
Yr(x) = | —s12023 — c12523513€"°  c12023 — s12803513¢°  spzc1z | Fim(x) -
i6 6
512823 — C12023513€°  —C12523 — $12€23513€"°  €23C13

Here, ¢;; = cos 91~]~, §ij = sin 91~]~ and ¢ is the Dirac CP-violating phase.

The mixing generator Iy is given by Iy(t) = Ix3(t)[13(f)[12(t) , where

Lip(t) = exp 01 [ d°x (V1(x) 2(x) =3 (x)vi(x))],
In3(t) = exp (623 [ d®x(vj (x)v3(x) —vi(x)va(x))],
Li3(t) = exp 613 [ x(vf (x)v3(x)e ™ — vf (x)v1(x)e) ],

with v; free field solutions of Dirac equations with torsion terms.
Bogoliubov coefficients FT?‘_E and ZZT],S_E satisfy the following identities:

if;
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E ) (E50) + (T Trp) = Th2(0),
220 (Mg = (Tia()) Tz = —Z2(0),
P (O = (E(0) Tat) = T2(0),

T (D2 + (T (D) Spa() = X2,
(Zp0) =0 + (T, t))*rgg,km z;;ku

rr rr rr
Zle( )213k( ) = 212,-%(

o _ & r o
13k 12,-1?+ 235 (f i = arctan

Appendix B. Charges for Three Flavor Mixing with Torsion

Charges are introduced using the symmetries of the Lagrangian for free field operators:
L =, (x)(ivu0" — M)$n(x). The Lagrangian is invariant under global transformation of
phase factor U (1) of the type ¥}, = ¢'*¥,,. Then, a charge is introduced via Noether’s theo-
rem: Q = [ d®x¥,,(x)7"%n; it represents the total charge of the system. Considering field
transformation ‘I’m under global transformation SU(3), we obtain Noether charges Q,, ;
of the form Q,, ;(t) = [ d3x]0 (x),withj=1,2,---,8and ]Sw.(x), the time component of
SU(3) currents. The charges satlsfy SU(3) algebra: [Qy,j(t), Qui(t)] = ifjk1Qum,(t) - Note
that only charges Q,, 3 and Q,, s, which are not time-dependent. Appropriate combinations
of these charges allow to define the following quantities: Q; = %Q + Qma + %Qm,s ,
O, = %Q — Qms + %erg ,and Q3 = %Q — \%leg. The normal ordering of charge
operators for free fields are, then,

Qi =Y, [dk (oagia%,i - rjk',i r—ié,z‘) withi =1,2,3,where : - - - :
the normal ordered with respect to vacuum state |0),,. The flavor charges can be directly
derived from the above Noether charges by applying the mixing generator to them:

i Qy, (1) = I(;l(t) 2 Qi (), (A1)

with (0,i) = (e, 1), (u,2), (7, 3).

In terms of the flavour annihilators, we have

Q=L [ k(e a1 -B 0B, B),  c=ent

is used to denote

where :: - - - i1 is normal-ordered with respect to the vacuum state, indicating |0) £
Note that flavor charge Q,, can be written as the sum of the charges for definite spin

orientation as
> n=u ZQ{,U > (A2)

roo__ 3 rt v rt r . . . .
where Q) = [d°k (“E,i“%,i - —%,z"B—E,i)’ The neutrino oscillation formula at fixed mo-

mentum k and spin (1) are obtained in the Heisenberg picture by computing the following
expectation values:

0",y ()= (4], (0] Qu

kp

= e 0 @} + {7, 008, 0]

kp(t)> — (0] == Qu, :[0)f

2
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Similarly, for the antiparticle,

Q@pe%(t) = <1/£ (t)’ i Qy, v%{p(t)> —f(0| i Qy, |O>f

o

o ol 00}

Similar formulae are obtained for spin down.

Note

1

In the ultrarelativistic case (p > m;), one has:

I (t) — 1, Y5 (t) — 0

for any t. Moreover, in the absence of torsion (i.e., TH = 0) these coefficients coincide with those presented in the Minkowski
metric.
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