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Abstract: This work provides a comprehensive analysis of the maximum chromatic axial split of
two-element hyperchromats, with the distance between the two lenses being a key variable. Purely
refractive and diffractive systems are considered, as well as hybrid layouts combining refractive and
diffractive elements. In order to achieve extreme chromatic axial splitting and accordingly a mini-
mum equivalent Abbe number for lens combinations, a three-step procedure was used. In the first
paraxial step, purely optical quantities such as focal lengths of the lenses, inter-lens distances and
dispersion properties of the lenses were investigated. In the second step, which also takes place in
the paraxial domain, additional geometric boundary conditions such as the radii, diameters and
thicknesses of the lenses are taken into account. The results of this step serve as an input for the final
optimization using optical design software, which derives practical solutions for minimum equiva-
lent Abbe numbers with diffraction-limited image quality. As a significant result, the comparison
with directly cemented lens doublets shows that the introduction of a distance between the elements
allows for a much stronger chromatic decomposition for refractive, diffractive and also hybrid com-
binations. Quantitatively, the minimum equivalent Abbe number for refractive systems is reduced
from 2.5 (without spacing) to 1.79 (with spacing). For hybrid combinations, a corresponding reduc-
tion from 0.4 to 0.29 is achieved.

Keywords: hyperchromat; equivalent Abbe number; chromatic aberration; chromatic axial split;
dispersion

1. Introduction

Taking a weakness of one system and turning it into a strength in a different appli-
cation is a powerful and creative approach to finding new technological innovations. A
striking example of this approach is the maximization of axial wavelength dispersion in a
lens system which is highly undesirable in classical imaging systems. This working prin-
ciple is used for example in confocal microscopes [1,2], endoscopy [3], thickness measure-
ment [4,5], surface profiling [6] or tunable light sources [7]. To achieve high system per-
formance in these applications, the equivalent Abbe number must be as low as possible.
The equivalent Abbe number is the Abbe number that a glass of a thin single lens would
have to achieve the same chromatic aberration of the complete optical system [8]. The
smaller the Abbe number, the larger the axial wavelength spread becomes. When the
equivalent Abbe number of a lens group is lower than the lowest Abbe number of the
optical elements involved, the system is said to be hyperchromatic. The introduction
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should briefly place the study in a broad context and highlight why it is important. It
should define the purpose of the work and its significance.

The aim of achieving optical systems with large axial chromatic focus shifts has al-
ready been the subject of various studies. Hillenbrand [9] demonstrated certain design
strategies for developing hybrid hyperchromats aiming at large longitudinal chromatic
aberrations. However, the approach presented here has only been proven for a hybrid
system and a purely diffractive system. Purely refractive systems have been neglected,
and the influence of lens materials on axial color distribution has not been addressed.
Zhang et al. [10] presented various doublets that are suitable for the creation of hyper-
chromatic systems. The doublets discussed are only used in combination with other opti-
cal elements and the systems are not optimized for imaging spot quality. For their study,
the authors used only refractive components and the choice of materials is only qualitative
and not formula based. In our preliminary work [11], we investigated purely refractive
and hybrid doublet systems with the aim of obtaining extremely low equivalent Abbe
numbers. However, this article did not consider certain layout variants such as purely
diffractive systems, nor did it consider the possibility of using a distance between the
lenses and dimensioning it appropriately to further reduce the equivalent Abbe number.

This paper investigates how previously neglected lens configurations, especially lens
spacing, allow the development of stronger hyperchromatic effects. As a verification of
this assumption, the calculation of the equivalent Abbe number in the paraxial region is
shown in Section 2 of this paper. The calculation is based on the focal lengths, the Abbe
numbers of the materials and the distance between the optical components. Using paraxial
assumptions, it is possible to obtain approximate solutions that are sufficient for a quali-
tative assessment of the behavior of different hyperchromats and are suitable as starting
parameters for subsequent optimizations. Based on these evaluations, a three-step proce-
dure was used to achieve a minimum equivalent Abbe number for lens combinations. For
the first step in Sections 3 and 4, numerical calculations were performed with respect to
geometric constraints to determine the smallest possible equivalent Abbe number of an
optical system. The second and third steps in Sections 5 and 6 take into account additional
geometric constraints such as the radii, diameters and thicknesses of the lenses. The re-
sults of these numerical calculations are transferred to the optical design program “Zemax
OpticStudio” and optimized with respect to aberrations and geometric limits. These con-
siderations have been carried out for purely refractive, purely diffractive and hybrid sys-
tems combining refractive and diffractive elements.

2. Paraxial Consideration of the Equivalent Abbe Number for the Refractive,
Diffractive and Hybrid Cases

To achieve a low equivalent Abbe number for a hyperchromat, it is necessary to study
the influencing variables that are implemented in the calculation. The equivalent Abbe
number V, is the quotient of the focal length f of the system and the longitudinal chro-
matic aberration da’ [12].

_f
A da
The required focal length of the entire optical system, consisting of two separate ele-

ments, is easily calculated from the partial focal lengths of the individual elements f;, f,
and the distance d between them [13].

)

f1*f
_ 12 (2)
fi+f,-d

In this contribution, the chromatic focal shift da’ was calculated from the difference
between the image distances of the second lens for the short a,” and long reference wave-
lengths a,c” [14].
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6a'=321:,‘azc, (3)

These image distances were calculated for the short reference wavelength (Ap =
486.13 nm) and for the long reference wavelength (A = 656.27 nm) of the optical system
at an object distance of infinity [15]. In addition, the calculations in Formulas (4) and (5)
use the total focal length of the system (fg, fc) and the focal length of the first lens (f;g,
fic) at the corresponding wavelength.

d

agp’= (1' f—) *fr 4)
1F
d

a'= (1' f—) *fe )
1C

The focal lengths of the two lenses (f, f;) are defined only for the central reference
wavelengths (A = 587.56 nm). For different wavelengths, the focal lengths of a thin lens
are calculated from the corresponding refractive indices (n,, ng, nc) and their lens radii
(R,, Ry) [16]:

1 ,R/*R,

B I\d-l RZ_Rl (6)
1 _Ri*R
=" - @)
nF'l RZ'Rl
1 R R,
- *
c nc-l RZ_Rl (8)

By substituting Formula (6) into Formulas (7) and (8), the dependence on the lens
radii is eliminated and the change in focal length can be computed as follows:

(ng-1)f

— ©)
(ng-1)f

e (10)

To calculate the different refractive indices for different wavelengths, the assump-
tions in Formulas (11) and (12) were defined. In the formulas the refractive indices for the
reference wavelengths (n, nc) are obtained by using the refractive index for the center
wavelength (n,) and the difference between the refractive indices of the longest and
shortest wavelengths (An). The errors resulting from these assumptions are small enough
to be negligible for paraxial considerations. However, in the later Sections 5 and 6, the real
dispersion curves of the materials are used for the optimizations to make the results even
more accurate.

An
np=ng+— (11)

2

An
Nc=Ng-—- (12)

Furthermore, the Abbe numbers of the optical elements are needed to calculate the
wavelength-dependent refractive indices. The Abbe numbers for refractive lenses V . are
material dependent and usually have a positive value, meaning that the lenses have higher
focal lengths for longer wavelengths and are calculated using the refractive indices. For
optical glasses, achievable values range from 8 for zinc selenide to 95 for calcium fluoride
[17,18].
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Vref= = (13)

If the longitudinal chromatic aberration is to be investigated outside the reference
wavelength range from Ap to Ac, the Abbe number must be modified [19]. n,,, ng and
ny are the refractive indices at the center, shortest and longest wavelengths, respectively.

npy-1
Vref, mod™ ﬁ (14)

In contrast to refractive elements, diffractive optical elements exhibit an inverse dis-
persion, which is independent of the material and always results in a constant value for
the Abbe number. It can be obtained from the middle A, the shortest A; and the longest
wavelength A; of the spectral range [20]. For the visible spectral range, the Abbe number
for diffractive elements is -3.45. The very low absolute value of the Abbe number and the
associated high dispersion effect make them very interesting for the design of hyperchro-
mats.

A/ Am _ /\d
N ApAc

—-3.4534 (15)

If Formula (13) is rearranged according to the refractive index difference An and
substituted into Formulas (11) and (12), then the refractive indices at the reference wave-
lengths can be calculated as follows:

I\d-l
- 16
ng=ng+ %\ ( )
nd-l
nC=nd+W (17)

By inserting the Formula (16) to (9) and Formula (17) to (10), the focal lengths of the
lenses (i=1;2) at the different wavelengths (f, fic) canbe computed using only the Abbe
number V; and the central focal length f;.

2V, 18

iF— 2>(-Vi+1 =L ( )
22XV, .

v i=1;2 (19)

The next section examines the factors that influence the equivalent Abbe number of
a two-element system. For this purpose, the axial color separation achieved for different
configurations will be the subject of consideration and discussion. The aim is to find the
optimal settings for a variety of optical systems with extremely low equivalent Abbe num-
bers.

3. Investigation of Optical Key Factors for Purely Refractive Optical Systems

As mentioned before, the equivalent Abbe number in the paraxial region for a two-
element system depends on the Abbe numbers of the lens materials, the focal lengths of
the individual lenses and the distance between them. Figure 1 shows the schematic of the
lens configuration and indicates the characteristic quantities. Here d is the distance be-
tween the lenses and f;, f,, V; and V, are the corresponding focal lengths and Abbe
numbers. The total length of the system L is defined as the distance between the principal
plane of the first lens and the system’s focal position with the largest distance to the lens
combination. Depending on the sign of the equivalent Abbe number, negative or positive,
the focus position with the largest distance correlates with the shortest or the longest
wavelength. The image distances of the configuration for the defined wavelengths are
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denoted by ayr’, a4’ and apc” and refer to the principal plane of the second lens. The
axial chromatic shift da is indicated by the difference between a,r’ and ayc'.

f1,v1 f2,v2

ba

L

Figure 1. Layout of the system with variable parameters.

For the following simulations, some plausibility assumptions are made for the deter-
mination of extremely small equivalent Abbe numbers. First, the focal lengths of the two
lenses varied from -100 mm to -10 mm and from +10 mm to +100 mm. Since the overall
system should have a sufficiently large numerical aperture, it is also necessary to aim for
large lens diameters. For large diameters, however, it is difficult to achieve small focal
lengths, so a lower absolute limit is considered here. In addition, four different lens mate-
rials have been selected, including both standard lenses widely used in optical systems
and special materials with extreme dispersion properties. P-SF68 [21] and N-FK51 [22],
which have the lowest and highest Abbe numbers, respectively, among conventional
glasses that can be molded by precision molding [23], were selected as standard materials.
As unconventional materials, ZnSe and CaF2 were selected which have extremely low and
high Abbe numbers but are still suitable as lens materials.

To introduce an appropriate reference length, only solutions with a total system
length (L) of 100 mm or less are considered. Furthermore, potential results are limited to
optical systems with positive focal lengths over the entire wavelength range. In addition,
the image distances of the smallest and longest wavelengths must be positive to ensure
that the chromatic focal shift occurs behind the lenses.

After defining the boundary criteria, the next step is to investigate the effect of the
distance between the two lenses on the absolute equivalent Abbe number. Here, the com-
binations of lenses with different Abbe numbers are considered. For this purpose, a soft-
ware code was written in Matlab [24] using Formulas (1) to (5) with the introduced as-
sumptions. For each lens distance (varied in 0.1 mm increments) and material combina-
tion, the focal lengths of the two lenses were varied in 0.1 mm increments and the lowest
attainable equivalent Abbe number was determined. The maximum lens distance consid-
ered was limited by the maximum total system length of 100 mm. In total, the equivalent
Abbe numbers of about three billion different optical systems are calculated and studied
for each material combination (=3 x 10¢ focal length combinations x 103 lens distances).

Figure 2 shows the graphs for the smallest possible absolute equivalent Abbe num-
bers as a function of the distance between the lenses. In the figure, three different types of
lines are displayed which belong to the following Abbe number ratios: solid lines: Vi =Vy;
dashed lines: V1> V2; dotted-dashed lines: V1< Va.
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Figure 2. Paraxially calculated absolute equivalent Abbe numbers for purely refractive doublets as
a function of lens distance.

Figure 2 shows that the optimum distance corresponding to a minimum equivalent
Abbe number depends on the ratio of the Abbe numbers of the first and second lenses. If
both Abbe numbers are equal (solid lines), the distance between these two elements
should be very large. If the Abbe number of the first element is smaller than that of the
second (dotted-dashed lines), the distance should be as small as possible. In the case where
the first Abbe number is larger than the second (dashed lines), the influence of the distance
is small and only a slight decrease in the equivalent Abbe number is observed at large
distances. In addition to determining the optimum lens distance, Figure 2 also allows the
selection of the appropriate material for hyperchromatic lenses. The smallest equivalent
Abbe numbers over a large lens distance range are obtained for a combination of a high
value for the Abbe number of the first element and a small value for the second element.
However, Figure 2 also shows that for a properly chosen distance, it is only important that
one of the lenses” Abbe numbers is as small as possible. Therefore, all combinations, in-
cluding the material with an Abbe number of eight, achieve almost the same lowest abso-
lute equivalent Abbe number of 0.8 but at different distances. For distances above 90 mm,
the equivalent Abbe number rises sharply for all curves. This is due to the fact that the
condition of a total length of less than 100 mm cannot be met with a positive and negative
lens, but only if both focal lengths have positive values. However, this configuration is not
suitable for forming highly dispersed systems. In summary, Figure 2 shows that one lens
should have an Abbe number as low as possible and the other as high as possible. Alter-
natively, both lenses should have very low Abbe numbers.

As explained above, the minimum values of the equivalent Abbe number were ex-
amined in a general overview; the concrete influence of the focal lengths of the individual
lenses was not considered. To analyze the influence of the focal lengths, three combina-
tions of Abbe numbers for both lenses were used: Vi = V2, V1> V2 and V1 < Va. For these
configurations, the material combinations with the lowest achievable equivalent Abbe
numbers from Figure 2 were used. As a reference, the lens distance was set to 15 mm
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100

because all configurations in Figure 2 achieve small equivalent Abbe numbers at this dis-
tance. A self-coded script varied the focal lengths (f, f;) and calculated the absolute
equivalent Abbe number for each focal length combination. Each of the plots in Figure 3
shows the results for a particular combination of Abbe numbers. The absolute equivalent
Abbe number obtained is shown as a function of the focal length in a color-coded graph.
The darker the color in the diagram, the lower the equivalent Abbe number. Equivalent
Abbe numbers greater than 10 are shown in yellow.

f2 [mm]

V,=V,=8 V,=95,V ,=8 V,=8,V,=95
100 100
50 50
= £ ™
E o E o0
u—N “_N
-50 -50
-100 -100 :
100 -100 -50 0 50 100 -100 -50 0 50 100
f, (mm] fy [mm]
absolute equivalent Abbe number
2 3 4 5 6 7 8 9 >10

Figure 3. Paraxially calculated absolute equivalent Abbe numbers for purely refractive doublets as
a function of the focal lengths for different Abbe numbers.

From Figure 3, it can be seen that the choice of the focal length of the lenses as well
as the choice of the distance depends on the ratio of the Abbe numbers. For the combina-
tion where both Abbe numbers are equal, the lowest absolute equivalent Abbe numbers
are obtained with a positive first lens and a negative second lens. With the same choice of
focal lengths, it is also possible to obtain low absolute equivalent Abbe numbers if the
second Abbe number is smaller than the first. In the reverse case, if the first Abbe number
is smaller, the focal length f; should be positive and f, should be negative. Any configu-
ration with a positive focal length f; less than the lens distance will result in a negative
unusable image distance. Thus, the value of the first focal length must always be higher
than the distance between the lenses. Since the combination of two negative focal lengths
always results in a negative total focal length, these combinations can also be excluded. In
the case where both focal lengths are positive, only very high values of the equivalent
Abbe number (>8) are obtained. It can also be seen that the resulting equivalent Abbe
number is more sensitive to changes in the focal length of the lens with the lower Abbe
number than to changes in the focal length of the material with the higher Abbe number.
When both Abbe numbers are equal, the magnitude of the first focal length is more im-
portant than the second.

From the study of the parameters that affect the equivalent Abbe number of a refrac-
tive system, it can be concluded that the choice of focal length and lens distance depends
on the ratio of Abbe numbers. Regardless of the ratio of the Abbe numbers, it is necessary
to select one material with the highest possible Abbe number and a second material with
the lowest possible Abbe number to obtain the lowest possible values for the equivalent
Abbe number of the optical system. Furthermore, the lens with the higher Abbe number
should have a negative focal length and the other element with the lower Abbe number
should have a positive focal length. It is also important to note that if the focal length of
the first lens is positive, the lens distance should be very short, and if the focal length of
the first lens is negative, the lens distance should be very long. All of these conditions are
also valid for standard lens materials with moderate Abbe numbers. The most important
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finding, however, is that refractive systems have the potential to achieve much lower
equivalent Abbe numbers than single diffractive elements with values as low as 0.8
through sophisticated designs.

4. Investigation of Optical Key Factors for Purely Diffractive and Hybrid Optical
Systems

In this section, the optimum design parameters for optical systems including diffrac-
tive elements will be discussed. It is expected that the use of DOEs will result in a large
reduction in the equivalent Abbe number, since the absolute Abbe number of diffractive
elements is much lower than that of refractive elements. The procedure for studying the
factors influencing the equivalent Abbe number for hybrid and purely diffractive systems
follows the one discussed previously for purely refractive systems. The same precondi-
tions were used as in the previous chapter.

For the initial consideration of the influence of the distance between the two ele-
ments, five different combinations were investigated. Each of these combinations had at
least one diffractive element. As before, the distance and the two focal lengths f; and f,
were varied for these different combinations. Again, the lowest absolute equivalent Abbe
number for varying focal lengths f; and f, was calculated for each distance. Figure 4
shows the resulting minimum absolute Abbe number as a function of element spacing for
all five combinations. In the legend, the value of V = -3 for the Abbe number indicates the
DOE. For the different curves, the same presentation is chosen as before: solid lines: V1 =
V2; dashed lines: V1> V2; dotted-dashed lines: Vi< V2

absolute equivalent Abbe number

0 10 20 30 40 50 60 70 80 90
d [mm]

Figure 4. Paraxially calculated absolute equivalent Abbe numbers for purely diffractive and hybrid
doublets as a function of lens distance. The value of V = -3 corresponds to a DOE.

As with purely refractive systems, the shape of the curves depends on the ratio of the
Abbe numbers. With a first diffractive and a second refractive element (dotted and dashed
lines), the smallest equivalent Abbe numbers are achieved at very small distances. In con-
trast, two diffractive lenses (solid line) result in small equivalent Abbe numbers for large
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distances. With a refractive lens as the first element and a DOE as the second element
(dashed lines), the value of the absolute equivalent Abbe number remains nearly constant
with a slight decrease at long distances. The small differences between the dashed and
dotted-dashed lines also suggest that the Abbe number of the refractive lens has only a
minor effect. As expected, the axial color separation of these hybrid and purely diffractive
systems is significantly greater than that of purely refractive systems. It should be noted
that under the condition of limiting the total length of the system to a maximum of 100
mm, it is not possible to implement configurations with small equivalent Abbe numbers
for lens distances greater than 86 mm.

After analyzing the dependence of the equivalent Abbe numbers on the distance be-
tween the lenses in refractive—diffractive systems, the influence of the focal length will be
examined in the Figure 5. Again, three different configurations were investigated, differ-
ing in the number of diffractive elements and the sequence of the diffractive and refractive
optics. As a reference, the distance between the two elements was set to 15 mm, resulting
in small values for the equivalent Abbe number for all curves in Figure 4. The equivalent
Abbe number was calculated by software code for each pair of focal lengths. The color
scale ranges from blue for very small equivalent Abbe numbers to yellow for the upper
limit (>4).

V.=8,V_=-3 V,=3,V,=8

f2 [mm]

100 100

f2 [mm]
f2 [mm]

00
-100 -50 0 50 100

100
f 1 [mm]
absolute equivalent Abbe number
1 1.5 2 2.5 3 3.5 >4

L — ' ' )

Figure 5. Paraxially calculated absolute equivalent Abbe numbers for purely diffractive and hybrid
doublets as a function of the focal lengths for different Abbe numbers.

The plots for the different Abbe number combinations show very similar behavior to
the ones of the purely refractive systems. Again, the choice of two positive focal lengths is
not useful because the absolute equivalent Abbe numbers are highest in the first quadrant
of all diagrams. Furthermore, the combination of two focal lengths from the third quad-
rant does not yield useful results, because it is impossible to achieve a positive total optical
power with two negative lenses. When two diffractive elements are used, the minimum
absolute equivalent Abbe numbers occur in the second quadrant and very low values are
still obtained in the fourth quadrant. It is, therefore, possible to select a positive or negative
value for the first focal length in combination with an inverted focal length for the second
lens. If only the second element is diffractive, the first focal length should be negative and
the second positive. In the case where only the first element is diffractive, the lowest ab-
solute equivalent Abbe numbers are obtained for a positive focal length f; and a negative
focal length f;.

The results of this chapter have shown that the hybrid and purely diffractive systems
have great potential to achieve equivalent Abbe numbers that are much smaller than those
of the purely refractive systems with values as low as 0.3. However, it is important to
know how to dimension the individual parameters in order to take advantage of this
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potential. As a general rule, when designing hyperchromatic hybrid systems, the DOE
should have a positive focal length and the refractive element a negative focal length. Alt-
hough the Abbe number of a refractive lens should be as low as possible, choosing a ma-
terial with a higher Abbe number has been shown to have little effect on the hyperchromia
of the system if the lens distance and focal lengths are chosen correctly. Therefore, it is
suggested that for these systems it is more important to choose a material with a high
refractive index for the refractive element rather than a low Abbe number in order to
achieve shorter focal lengths without increasing spherical aberration.

5. Numerical Finding of Global Minima and Optimization for Refractive System

In the previous chapters, the design of extreme hyperchromatic systems was treated
using a straightforward qualitative paraxial approach. Important aspects such as lens di-
ameters and thicknesses, which are necessary for real implementation, were not taken into
account. To substantiate these results, the quantitative parameters of a double lens system
with the lowest possible equivalent Abbe number are determined by numerical calcula-
tion using a software code programmed in Matlab. The results are then transferred to an
optical design program where they are optimized for aberrations and geometric condi-
tions.

The wavelength range considered extends from A to Ac so that the corresponding
Abbe numbers for the materials involved can also be used. To limit the possible results,
the maximum total axial length of the system is again 100 mm with an entrance pupil
diameter of 10 mm. As an additional filter, a minimum f-number of eight was specified to
prevent large spherical aberrations that cannot be adequately corrected by a two-lens sys-
tem with spherical surfaces [25]. Since the previous considerations indicate that small
equivalent Abbe numbers are expected at small focal lengths, the maximum focal length
(f; ax) Was limited to 100 mm. The minimum focal length (f, . ) was derived from the
minimum radius of the lens (r; . ) and the refractive index of the lens material (n,) (i =
1,2; first and second lenses). The following formula assumes a thin biconvex lens shape
for positive lenses and a biconcave for negative lenses.

£ = Ti min
imin 2*(ni_1) (20)

The minimum radius (r, . ) of such a lens with a fixed lens thickness (t,) can be
achieved if the lens diameter (D_; ) and the edge thickness (t,) are as small as possible.
Geometric conditions, such as the minimum lens diameter of 5 mm and the minimum
edge thickness of 1 mm, have been defined, taking into account the manufacturing limits

of standard lenses [26]. Figure 6 shows a biconvex lens with the values needed to describe
its shape.

~+
o

]

min

e e 4

4

Figure 6. Dependence of the lens radius for a biconvex lens on the diameter, the edge thickness and
the total thickness.

The smallest possible radius of such a lens can be calculated from the angle of the
isosceles triangle (¢) spanned by the radius of curvature and the minimum lens diameter
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(D,,,) using the chord theorem [27]. The minimum diameter of the first lens was assumed
to be the diameter of the entrance pupil, and a minimum diameter of 5 mm was used for
the second lens.

D

I'min™ 2%

min

sin @ 1)

The angle ¢ is obtained from trigonometric conditions using the sag height of the

curvature (h) and the diameter of the lens (D, ).

=2+ tan! (222) . (22)

From the minimum edge thickness (t,) and the lens thickness (t,), the curvature
height (h) can be calculated.

h= (23)

By substituting Formulas (22) and (23) into Formula (21), the smallest possible radius
of a biconvex lens (r_. ) is obtained as a function of the minimum lens diameter (Dpip),
the minimum edge thickness (t,) and the lens thickness (t,).

Dpin+(t1-te)?
Toin= Dinint(tite)” (24)
4 (t-to)

In order to find the optimum layout, the program computes the values for the focal
lengths (f;, f;) and the distance (d) for the lowest equivalent Abbe number. All the con-
straints considered and defined for the design are listed in Table 1:

Table 1. Boundary conditions for numerical calculations.

Parameter Value

Considering wavelength range 486 nm (=Ar) — 656 nm (=Ac)
Maximum total axial length of the system 100 mm

Entrance pupil diameter 10 mm

Maximum diameter of the lenses 15 mm

Minimum diameter of the lenses 5 mm

Assumed thickness of the lenses 1.5 mm

Minimum edge thickness of the lenses 1 mm

Minimal f-number 8

Using the defined limits, the program combines all possible focal lengths for each
distance varied from 0 to 50 mm in steps of 0.1 mm and calculates the equivalent Abbe
numbers. For these calculations, Formulas(1) through (5) have been implemented in the
software code. After all combinations have been calculated, the distance (d) with the low-
est absolute value of the equivalent Abbe number and the values for the corresponding
focal lengths (f;, f;) are collected. Using this approach, the six different material combi-
nations from the previous chapters have been studied. The results are shown in Table 2.
For each pair of materials, the table comprises refractive indices (niq4, nyq), Abbe numbers
(V1, V,) of the selected lens material, calculated optimal focal lengths (fy, f,), lens dis-
tance (d), absolute axial chromatic shift (6a) and the minimum absolute equivalent
Abbe number (V,).
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Table 2. Results of numerical calculations for purely refractive systems.
No. Lens 1 Lens 2 b 2 d oa Va
(mm) (mm) (mm) (mm)
ZnSe CaF
1 Vi nid V2 n2d 1554 -1470 3.30 49.44 1.88
8.07 2.61 95 1.43
P-SF68 N-FK51A
2 Vi nid V2 nad 2493 -13.00 14.00 36.04 435
21 2.01 84.5 1.49
Cak» ZnSe
3 Vi nid V2 n2d -57.80 37.02 2890 12.37 3.48
95 1.43 8.07 2.61
N-FK51A P-SF68
4 Vi nid V2 n2d -51.60 36.68 2290 5.99 8.36
84.5 1.49 21 2.01
ZnSe ZnSe
5 Vi nid V2 nad 1584 400 1240 7857 1.44
8.07 2.61 8.07 2.61
P-SF68 P-SF68
6 Vi nid V2 n2d 2493 -6.50 1920 54.95 3.83
21 2.01 21 2.01

As a result, equivalent Abbe numbers have been obtained that are well below the
Abbe numbers of the lens materials involved. It should also be noted that these minimum
values are obtained for finite lens distances. Although the geometric boundary conditions
are included in the calculation of these optimized parameters, it is still a simplified parax-
ial consideration. In order to obtain solutions for realistic lens configurations that take
aberrations into account, the previously calculated values serve as a starting point for op-
tical optimization using optical design software (Zemax) [28].

Using the initial values for focal lengths, distances and material properties and taking
into account the previously introduced geometric constraints (diameters, radii and thick-
nesses), the software performed an optimization. The central optimization criteria were a
minimum equivalent Abbe number and a Strehl ratio of at least 0.8 which indicates a dif-
fraction-limited system [29]. By systematically varying the lens radii and distances, the
final values listed in Table 3 are obtained. As an example, Figure 7 shows the optical model
and ray trace of the optimized variant for configuration 1, as well as the spot diagrams for
the reference wavelengths. The black circles in the spot diagram represent the diffraction
limit.

Table 3. Parameters of optimized purely refractive systems.

f1 f2 d Oa
No. Lens 1 Lens 2 (mm) (mm) (mm) (mm) Va

ZnSe CaF2
1 ru(mm)re (mm)r2 (mm) r2 (mm) 22.17 -14.04  8.39 59.10 2.07
-12.00 1750 -19.00 7.73
P-SF68 N-FK51A
2 ru(mm)r2 (mm) rz (mm) r2 (mm) 23.10 -13.68  9.68 34.82 4.30
1421 34.68 -1850 10.67
CaF2 ZnSe
3  ru (mm)ri2 (mm) r21 (mm) r2 (mm) -27.57  23.32 4.98 29.88 2.38
-51.31 1331 2236 61.21
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N-FK51A P-SF68
4 ru (mm) riz (mm) r21 (mm) r2 (mm) -32.01  27.90 9.49 10.21 6.43
oo 1558  28.04 oo
ZnSe ZnSe
5 1 (mm)riz (mm) r2 (mm) r2 (mm) 14.27  -6.49 6.90 67.16 2.09
1157 2141 -4154 7.90
P-SF68 P-SF68
6  ru (mm)riz (mm)r2i (mm) r2 (mm) 19.53  -9.93 9.31 34.63 4.87
1317 3770 -18.00 23.36

(b) ) (c) ) (d)

0.01 mm
0.02 mm
0.04 mm

Figure 7. Cross section of a calculated ray trace for the refractive system configuration 1 after opti-
mization (a). Different line colors correspond to reference wavelengths F(blue), d(green) and C(red).
Spot diagrams in the target planes for the three reference wavelengths F (b), d (c), and C (d). Note
the different scales of the spot diagrams.

As a minimum, the lowest equivalent Abbe number of 2.07 was determined for con-
figuration 1, which is four times lower than the Abbe number of highly dispersive ZnSe
and still 40% lower than the Abbe number of a diffractive element. In configurations 3 and
4, the first element is a negative lens that converts the incoming parallel beam into a di-
vergent outgoing cone. Therefore, the second lens must overcompensate for the negative
optical power of the first lens, which is associated with small radii of curvature and sig-
nificant spherical aberration. In addition, the diameter of the second lens must be larger
than that of the first lens. For these reasons, configurations 3 and 4 are not preferred solu-
tions. In conclusion, the best choice for a purely refractive system is a positive lens with a
low Abbe number for the first element and a negative lens with a very high Abbe number
for the second element as in configurations 1 and 2. By choosing this approach, it is even
possible to obtain an extreme hyperchromatic system with an equivalent Abbe number of
4.3 using conventional materials, as shown in configuration 2.

To demonstrate the advantages of the presented strategy, in particular the ability to
separate the two lenses, a comparison was made with a previous approach where both
lenses were in direct contact. Specifically, the pure refractive system with the lowest equiv-
alent Abbe number was selected from [11], which combines a ZnSe and a CaF2 lens in
direct contact. With the same boundary and geometric conditions for both cases, in par-
ticular a total system length of 130 mm with equivalent Abbe numbers of 2.5 and 1.79 were
obtained. This represents a 33% reduction for the new strategy compared to the previous
reference approach. The most important parameters for the previous reference system and
the optimized systems, including the lens distance, are listed in Table 4. The difference
between the equivalent Abbe numbers of 2.5 and 1.79 becomes particularly clear when
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comparing the spectral decomposition shown in Figure 8 (Figure 8a reference system, Fig-
ure 8b optimized approach). Although the equivalent Abbe number is only 40% smaller
in the optimized case compared to the reference setup, the length of the spectral spread is
almost twice as large. Note that in both cases the focal point for the long wavelength (A.)
has the same distance from the respective lens one, but the focal lengths for the short (A)
and medium wavelength (A,) are different.

Table 4. Comparison of the parameters of the doublet and the modified hyperchromatic refractive
system.

Doublet System Modified System

Lens 1 material CaFz ZnSe
Lens 2 material ZnSe CaF:
Lens 1 focal length -46.51 mm 23.39 mm
Lens 2 focal length 55.98 mm -14.54 mm
Lens distance 0 mm 8.79 mm
Absolute axial chromatic shift 40.36 mm 84.29 mm
Absolute equivalent Abbe number 2.5 1.79

Figure 8. Cross sections of the calculated ray tracings of the reference system (non-separated lenses)
(a) and the optimized hyperchromatic refractive system (b). Different line colors correspond to ref-
erence wavelengths F(blue), d(green) and C(red).

6. Numerical Finding of Global Minima and Optimization for Diffractive and Hybrid
Systems

For the design of purely diffractive and hybrid systems, the same sequence of numer-
ical calculations, in particular the same boundary conditions of Table 1 and subsequent
optical design optimization was chosen. In order to numerically calculate the parameters
for the systems with the lowest possible equivalent Abbe numbers, it was necessary to
estimate the minimum focal length of the diffractive elements. The focal length of a dif-
fractive element (f,,) is given by the incident height of light, which is equal to half the
diameter of the lens (D) and the resulting angle of diffraction (c).

D
[ — 25
Al ryv— (25)

The diffraction angle of a DOE is dependent on the desired diffraction order (m), the
central wavelength (Ay) and the smallest producible grating period (g). For our pur-
poses, we have assumed a minimum period of 5 um for which a blazed profile with suffi-
cient diffraction efficiency can be guaranteed [30].

o=sin™ (‘“TAd) (26)

Substituting Formula (26) into (25) gives the following equation for the minimum
focal length of a DOE. The focal length will be at a minimum when the diameter of the
lens (D) and the grating period (g) are as small as possible.
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Dinin*g” J 1-(%)2 7)

fdif_min= Z*m*/\d

With this approach, the lowest equivalent Abbe numbers were also calculated nu-
merically from the possible focal lengths and distances for the hybrid and purely diffrac-
tive variants. Five different combinations were selected. The calculated results for the re-
spective configurations are listed in Table 5. All equivalent Abbe numbers obtained are
significantly lower than the Abbe number of a single diffractive element and do not vary
significantly between 1.31 and 1.51. In addition, the results of Table 5 show that all com-
binations are characterized by a positive focal length of the first element and a negative
optical power of the second element. As in the purely refractive case, a diffractive or hy-
brid solution with a first negative optical power seems unsuitable for a system with a low
equivalent Abbe number. However, a direct translation of these configurations into an
optical design show that these approaches are not applicable. Figure 9 shows the ray trace
and spot diagrams of configuration 1 from Table 5. Obviously, the imaging quality is far
from the diffraction limit (black central circle in the spot diagrams).

Table 5. Results of numerical calculations for purely diffractive and hybrid systems.

f1

d

Oa

No. Lens1 Lens 2 (mm) (mm) (mm) (mm) Va
ZnSe DOE
1 Vi nid V2 nad 28.04 -21.30 14.20 61.09 1.31
8.07 2.61 -3.45 -
P-SF68 DOE
2 Vi nid V2 nad 2583 -21.30 11.40 54.72 1.46
21 2.01 -3.45 -
DOE ZnSe
3 Vi nid V2 na2d 49.05 -3890 34.00 54.18 1.48
-3.45 - 8.07 2.61
DOE P-SF68
4 Vi nid V2 nad 4385 3420 28.40 57.43 1.39
-3.45 - 21 2.01
DOE DOE
5 Vi1 nid V2 nad 4225 -21.20 31.00 59.79 1.51
-3.45 - -3.45 -

(a)

0.2 mm

(b)

0.2 mm

0.2 mm
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Figure 9. Cross section of a calculated ray trace for the hybrid system configuration 1 before optimi-
zation (a). Different line colors correspond to reference wavelengths F(blue), d(green) and C(red).
Spot diagrams in the target planes for the three reference wavelengths F (b), d (c), and C (d).

Although the system in Figure 9 does not appear to be suitable for a hyperchromatic
implementation, the results in Table 5 show that diffractive and hybrid systems in princi-
ple have a high potential to achieve much lower equivalent Abbe numbers. For diffraction-
limited imaging qualities, the results of the numerical calculations for the initial systems
were again optimized by the optical design software. The following tuning procedure as-
sumes similar boundary conditions and aberrations as before. For the treatment of the
diffractive structure in the simulation software, the surface type “binary 2” with a normal-
ization radius of 100 mm and a quadratic phase term (p? value) was specified [28], and the
beam formation was assumed with first-order diffraction. The results of the optimization
process are shown in Table 6. Exemplarily, the color separation achieved for configuration
1 can be seen as a ray trace in Figure 10a, and the high image quality of the optimized
system is shown in Figure 10b—d as the corresponding spot diagrams.

Table 6. Parameters of optimized purely diffractive and hybrid systems.

f1 f2 d da
No. Lens 1 Lens 2 (mm) (mm) (mm) (mm) Va
ZnSe DOE
1 ru (mm) riz (mm) p? 1696 -10.89  6.51 76.75 0.93
14.03  26.93 4.909 x 100
P-SF68 DOE
2 run (mm) r2 (mm) p? -81.31 36.48 6.30 39.18 1.45
o 81.74 -1.466 x 100
DOE ZnSe
3 p? r21 (mm) r2 (mm) 28.61 -55.52  1.00 54.10 1.04
-1.869 x 106 -299.5 128.1
DOE P-SF68
4 p? r21 (mm) r2 (mm) 31.92  -51.78 5.87 52.42 1.21
-1.675 x 106 -112.7 97.35
DOE DOE
5 p> p? 6493 -3690 5599 40.21 2.06
-9.235 x 105 1.449 = 106
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Figure 10. Cross section of a calculated ray trace for the hybrid system configuration 1 after optimi-
zation (a). Different line colors correspond to reference wavelengths F(blue), d(green) and C(red).
Spot diagrams in the target planes F (b), d (c), and C (d) for the three reference wavelengths. Note
the different scales of the spot diagrams.

The lowest possible equivalent Abbe number (0.93) is obtained for configuration 1
with a positive ZnSe lens as the first element and a negative DOE as the second. The re-
verse order, first a positive DOE followed by a negative ZnSe lens, also results in a rather
low equivalent Abbe number (1.04). These approaches result in an equivalent Abbe num-
ber that is approximately two times lower than the previously discussed optimized refrac-
tive systems. However, the extremely low equivalent Abbe numbers were not only
achieved by using ZnSe as a material with exceptional dispersion properties. For example,
for the combination of a positive DOE for the first element and a negative lens of P-SF68
for the second element; an equivalent Abbe number of 1.21 was obtained, which is about
two-thirds less than the value for a single DOE (configuration 4). In summary, for a strong
hybrid hyperchromatic system, a highly dispersive material (very low Abbe number)
must be chosen for the refracting element, and a first positive element must be combined
with a second negative element.

As before for the purely refractive system, a comparison is also made for the hybrid
version with a reference system consisting of a single element combining a DOE and a
refractive surface. The reference system is derived from our previous study [11]. Com-
pared to the optimized reference system, the design strategy presented here, which allows
a distance between the two optical components, enables a reduction of the equivalent
Abbe number by 27% from 0.4 to 0.29. A comparison of the parameters and ray trace of
the reference and the improved systems is shown in Table 7 and Figure 11, respectively.
By comparing the ray trace of the refractive system in Figure 8b) and the hybrid system in
Figure 11b), it can be seen that the systems show different behavior in the distribution of
the chromatic focal shifts. In Figure 8b), the focal point of the reference wavelength d is
almost in the middle of the focal points of F and C, which means that the optical system
has an almost linear chromatic focal shift. In Figure 11b), the axial distance from the focal
point of the reference wavelength is much closer to C than to F, indicating that the change
in image distance is not linear with the change in wavelength. Whether a linear or non-
linear behavior is required always depends on the application of the hyperchromat.
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Table 7. Comparison of the parameters of the doublet and the modified hyperchromatic hybrid sys-
tem.

Doublet System Modified System

Lens 1 material/element ZnSe ZnSe
Lens 2 material/element DOE DOE
Lens 1 focal length -50.00 mm 37.77 mm
Lens 2 focal length 34.62 mm —27.71 mm
Lens distance 0 mm 1.00 mm
Absolute Axial chromatic shift 277.35 mm 289.19 mm
Absolute equivalent Abbe number 0.4 0.29
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Figure 11. Cross sections of the calculated ray tracings of the reference system (non-separated
lenses) (a) and the modified hyperchromatic hybrid system (b). Different line colors correspond to
reference wavelengths F(blue), d(green) and C(red).

7. Conclusions

The main focus of this work has been the development of double-lens systems with
extremely low equivalent Abbe numbers and associated strong axial spectral decomposi-
tion. These included purely refractive and diffractive systems as well as hybrids of refrac-
tion and diffraction. Through a two-step paraxial study, optical quantities have been in-
vestigated with respect to geometric constraints. It has been shown how the Abbe num-
bers of the materials, focal lengths and especially the lens distance must be designed in
order to achieve systems with ultra-low equivalent Abbe numbers. The results of these
numerical calculations were transferred to an optical design program where the systems
were optimized considering aberrations. This led to hyperchromatic systems with high
axial color shifts and imaging qualities. Purely refractive systems were developed with an
absolute equivalent Abbe number of 2.07 and hybrid systems with a value of 0.93, which
is > 3 times lower than the absolute value of the Abbe number of a single diffractive ele-
ment. It should be noted that the equivalent Abbe numbers were always obtained under
certain boundary conditions. By adjusting these boundary conditions, for example, by in-
creasing the total axial length of the systems or by using aspheric lens shapes, it is possible
to obtain even lower equivalent Abbe numbers. This potential has been demonstrated by
the optimization of two systems from our previous work [11], where a reduction from 2.5
to 1.79 was achieved for a refractive system and from 0.4 to 0.29 for a hybrid combination.
Therefore, the strategies presented are also suitable for designing systems with boundary
conditions that differ from those used in these studies. Overall, the results of this work are
excellent for improving the performance of optical applications based on the operating
principle of axial spectral decomposition.
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