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Abstract: We propose a new vortex lens for producing multiple focused coaxial vortices with approx-
imately equal intensities along the optical axis, termed equal-intensity multi-focus composite spiral
zone plates (EMCSZPs). In this typical methodology, two concentric conventional spiral zone plates
(SZPs) of different focal lengths were composited together and the alternate transparent and opaque
zones were arranged with specific m-bonacci sequence. Based on the Fresnel–Kirchhoff diffraction
theory, the focusing properties of the EMCSZPs were calculated in detail and the corresponding
demonstration experiment was been carried out to verify our proposal. The investigations indicate
that the EMCSZPs indeed exhibit superior performance, which accords well with our physical design.
In addition, the topological charges (TCs) of the multi-focus vortices can be flexibly selected and con-
trolled by optimizing the parameters of the zone plates. These findings which were demonstrated by
the performed experiment may open new avenues towards improving the performance of biomedical
imaging, quantum computation and optical manipulation.

Keywords: optical vortices; m-bonacci sequence; equal intensity; multi-focus vortices

1. Introduction

Optical tweezer [1] is a technique that utilizes the radiation pressure of a laser beam
to move and control the dynamics of physical objects, such as small particles, atoms,
viruses, and other living cells without harming them. This technique is a groundbreaking
invention in the field of laser physics and was awarded the Nobel Prize in 2018 for its
wide-ranging applications in fields such as biology and physics [2,3]. Along this direction,
optical vortices with helical phase beams, which carry the new degree of freedom of orbital
angular momentum, have attracted considerable interest in recent years due to their unique
physical characteristics, including phase singularity, dark axial intensity distribution and
intrinsic orbital angular momentum [4–8]. Differing from the traditional beams, the form
of phase singularities in vortex beams during the propagation stage is exp(ilφ), where φ
represents the azimuthal angle and l represents the TCs; this is an index that indicates
the orbital angular momentum carried by each photon in the beams. The rotating phase
structure of optical vortices can be employed for manipulating the motion and rotation of
particles. Accurate manipulation of microscopic particles can be achieved using optical
vortices, such as optical rotation traps [9,10]. Additionally, applications of optical vortices
in microscope imaging can provide higher resolution and better demonstration of fine
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structures and super-resolution microscope imaging can be accomplished by manipulating
the phase and angular momentum of optical vortices [11–13].

In recent decades, various valuable methods based on a range of optical theories
have been proposed for generating optical vortices, including spatial light modulators
(SLMs) [14], spiral phase plates (SPPs) [15–17], axicons [18,19], devil’s vortex lenses [20,21],
metasurfaces [22,23] and integrated optical vortex emitters [24,25]. The SZPs proposed by
Heckenberg et al. [26] are exemplary for producing optical vortices due to their outstanding
advantages such as compact size, light weight and flexibility in design [27]. In particu-
lar, SZPs have been widely used as the typical objective lens in the extreme ultraviolet
and X-ray regions, whereas SLMs and SPPs struggle to function effectively [28]. Hence,
based on the conventional SZPs, in recent years, researchers have investigated modified
SZPs to achieve optical vortices with various physical characteristic to satisfy different
applications. For current multi-focus research, the application of some aperiodic structures
such as Cantor, Fibonacci and Thue–Morse sequences in diffractive elements has attracted
considerable attention recently [29–40]. For instance, by combing the Cantor sequence
with conventional SZPs, sequence optical vortices with a series of subsidiary foci can be
generated at the primary focal plane [41]. Realization of dual principal vortex foci and
numerous auxiliary foci along the axial direction is possible with SZPs modified using
Thue–Morse and Fibonacci sequences [42–44]. In 2021, the transparent and opaque zones
of binary SZPs were rearranged according to the m-bonacci sequence for the generation of
the equal-intensity optical vortices on two focused planes. Additionally, composite SZPs
consisting of binary phase SZPs are really also an effective way to generate multiple vor-
tices [45]. As mentioned above, these approaches can successfully produce optical vortices
with multiple focal planes along the propagation direction. However, the generation of
multiple optical vortices with approximately equal intensities remains a challenge.

In this paper, by combining two composite concentric SZPs with the m-bonacci se-
quence, we propose an effective diffractive optical element termed EMCSZPs to produce
multi-focus coaxial optical vortices with equal intensities. The focusing characteristics
of such optical elements were calculated and the corresponding demonstration experi-
ment was also carried out and accorded well with our proposal. Differing from the only
vortex that appeared at the first primary focal plane of the conventional SZPs, sequen-
tial multi-focus vortices can be generated by modulating the incident irradiance with the
EMCSZPs and the intensities of these vortices are approximately the same. Furthermore,
by appropriately selecting the parameters of the EMCSZPs, we can not only control the
distance between two pairs of twin vortices but also the values of TCs of the coaxial
optical vortices can be flexibly controlled. The EMCSZPs may open new avenues for
improving optical image processing, multi-particle trapping, manipulation and alignment
system performance.

2. Design and Method

It is known to us that the conventional SZPs combine radial Hilbert transform with
the focusing properties of Fresnel zone plates to generate optical vortices as binary optical
elements. The m-bonacci fractional sequence can be composed of m binary elements,
starting from tm,0 = {0} and tm,1 = {1}; let tm,S = {tm,S−1 tm,S−2 . . . tm,S-m} (where S ≥ m).
Beginning with the m + 1 element, the elements composing the sequence are formed by
concatenating the previous m elements. Figure 1a illustrates the one-dimensional (1D)
structural diagram of the Tetranacci sequence (m = 4) from order S = 0 to S = 6.

Conventional SZPs are composed of periodic transparent and opaque annular zones.
The fundamental principle of m-bonacci spiral zone plates (MBSZPs) involves adding m-
bonacci sequences to the annular zones of SZPs, ensuring that they adhere to the m-bonacci
sequence in the radial coordinates. For the conventional SZPs, the transmission function
can be expressed as:

t(r, θ) = exp(ilθ − iπr2

λ f
) (1)
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where (r, θ) represents polar coordinates, l is the TCs, λ is the wavelength of the incident
light and f is the first-order focal length of the SZPs corresponding to the wavelength λ.
The SZPs with l = 1 are shown in Figure 1b. On this basis, for m-bonacci sequences, we
define the transmission function of MBSZPs as:

tm,S(r, θ) =
Nm,S+1

∑
n=1

tm,s,nt(r, θ) (2)

where n signifies the number of rings in the zone plate, and S denotes the order of the
sequence, Nm, S+1 represents the sets of elements tm,S. EMCSZPs are the combination of
two concentric conventional SZPs with different focal lengths; the alternate transparent
and opaque zones have been distributed with the specific m-bonacci sequence. Thus, the
transmittance of the EMCSZPs can be expressed in terms of a matrix. After binarization,
the binary transmittance function of the EMCSZPs can be expressed as T = t1 + t2, where
t1 and t2 represent the inner part and outer part transmittances of EMCSZPs, respectively.
The respective inner and outer boundaries of the n-th zone of the EMCSZPs with focal
length at f 1 are as follows:

r1 =

√
λ f1(sign(θ + π(n − 2l − 1)) + 1)(θ + π(n − 2l − 1))

2π
(3)

r2 =

√
λ f1(θ + π(n − 2l))

π
(4)

where l, λ and f 1, respectively, represent the TCs, wavelength and focal lengths of the
EMCSZPs. Similarly, for zone plates with focal lengths of f 2, the respective inner and outer
boundaries of the n-th zone of the outer zone plates are the same.

Through binary processing, the transmittance function of the EMCSZPs can be ex-
pressed as:

t(r, θ) =

{
1 r1 < r < r2

0 else
(5)
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Figure 1. (a) Geometrical construction of the Tetranacci sequence up to order S = 6, m = 4. The
schematic view of SZPs with TCs of (b) l = 1. The schematic view of EMCSZPs with TCs of (c) l = 1.
(d) l = 2.
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Based on the above discussion, we display the EMCSZPs with different TCs as illus-
trated in Figure 1c,d. The parameters are set as m = 4, S = 6 and the grid of sampling points
is given as 1080 × 1080 with pixel size 8 × 8 µm2. In accordance with the above principle,
we conducted numerical simulations based on the Fresnel–Kirchhoff diffraction theory and
the convolution theorem. Considering a plane wave with a wavelength of λ incident on the
diffraction zone plate with a radius of R, the complex amplitude of the diffraction intensity
distribution can be expressed as:

U(x, y, z) =
exp(ikz)

iλz
∫ ∞
−∞

∫ ∞
−∞ tm,S(ξ, η)

exp
{

ik
2z

[
(x − ξ)2 + (y − η)2

]}
dξdη

(6)

where tm,S(ξ,η) represents the transmittance of the EMCSZPs, and z is the distance between
the diffraction zone plane and observation plane. From I = |U|2, the intensity of the beam
at any axial position can be determined.

To further address multi-focal properties of the EMCSZPs, as illustrated in Figure 2,
we firstly investigate the diffraction properties of the internal and external zones of the
EMCSZPs. In the simulation, the parameters are wavelength λ = 632.8 nm, focal length
f 1 = 260 mm, f 2 = 310 mm and TC l = 1. As we know that if we rearrange the transparent and
opaque zones of the conventional SZPs in accordance with the Tetranacci sequence, the opti-
cal vortex at the first primary focal plane will split into a pair vortices with equal intensities.
Along this line, we proposed the composite zone plate termed EMCSZPs for generating
optical vortices with equal intensities and multi-focus characteristics by nesting two con-
centric conventional SZPs with different focal lengths together. Just as mentioned, because
the transparent and opaque zones have been rearranged according to the typical Tetranacci
sequence, this new diffractive optical element would satisfy our physical prediction. To
verify the theoretical design, we calculated focusing properties of the inner zones and outer
zones of the EMCSZPs along the propagation direction, respectively. In the simulation, as
displayed in Figure 2a, we define the first 29 rings as the inner parts and the focal length is
f 1 = 260 mm. Meanwhile, we can see from Figure 2c that the last 30 rings with a focal length
of f 2 = 310 mm consist of the outer parts. From the comparison, it can be concluded from
Figure 2b,d that both the inner zones and the outer zones can produce optical vortices with
twin axial foci. Nevertheless, considering the inherent phase difference, the hollow beams
are focused at different positions. The findings may provide additional possibilities for
optical research.
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3. Focusing Properties of the EMCSZPs

To emphasize the focusing characteristics of the EMCSZPs, as illustrated in Figure 3,
we present the focusing performance of conventional SZPs and EMCSZPs for comparison
under the same circumstance. In the calculation, the incident wavelength λ = 632.8 nm
and the m-bonacci sequence parameters are m = 4 and S = 8, which are also adopted in
our experiment for rigorous verification. From Figure 3a,b, we can see that both the SZPs
and the EMCSZPs can generate hollow beams along the propagation direction. However,
different from other cases in which there is only one vortex, which appears at the first
primary focal plane for the conventional SZPs, the EMCSZPs can produce four optical
vortices. Considering that the optical vortex carrying orbital angular momentum can
transfer energy to other physical objects, the focusing performance of EMCSZPs with l = 2
are further discussed in Figure 3c. From the transverse intensity profiles, one can identify
that when the incident light is regulated by EMCSZPs with l = 2, larger diameter hollow
beams can be produced at the first primary focal plane. The diameters of the focused
vortices with l = 1 are 66 µm, 62 µm, 51 µm and 55 µm, respectively, and the diameters with
l = 2 are 91 µm, 97 µm, 72 µm and 77 µm, respectively. In addition, it can be found from the
intensity distribution curves in Figure 3d,e that the four foci of the constructed EMCSZPs
have the identical intensity peak approximately.
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of l = 2. (d,e) The normalized vortex intensities along the dashed lines in (b,c).
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As mentioned above, considering the proposed EMCSZPs are composited by two con-
centric conventional SZPs with different focal lengths according to the m-bonacci sequence,
we can effectively adjust the axial distribution of the phase singularity by modifying the
parameters of the inner zones and outer zones. It is known to us that both the inner parts
and the outer parts of the EMCSZPs can produce one pair of equal intensity vortices. If
the fractal sequence parameters m and S remain the same as those in the calculation in
Figure 3, it can be clearly deduced from Figure 4a–c that when the focal length difference
between the inner zones and outer zones is increased from 50 mm to 70 mm, the distance
between the two pairs of focused vortices is similarly increased from 48.62 mm to 69.08 mm.
The distances between the first focal plane z1 and second focal plane z2 produced by the
inner zones, and the third focal plane z3 and fourth focal plane z4 produced by the outer
zones are still unchangeable. It is worth noting that the ratio of the transverse distances
between the first and second vortex, and the third and fourth vortex locations consistently
satisfies τ = z2/z1 = z4/z3 ≈ 1.07, approximately equivalent to the golden ratio of 1.078 in
the m-bonacci sequence with m = 4 [46,47]. To satisfy the physical design for generating
multi-focus along the propagation direction, the focal length of the inner parts needs to be
smaller and thus the quality of the vortices near f 1 is slightly affected.
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Figure 4. EMCSZP schematic diagram for changing the focal lengths of inner and outer zone plates
and EMCSZP axial irradiation diagram. We set the focal length of the inner zone plates as f 1 and
the focal length of the outer zone plates as f 2. (a) f 1 = 260 mm, f 2 = 310 mm, (b) f 1 = 255 mm,
f 2 = 315 mm, (c) f 1 = 250 mm, f 2 = 320 mm.

However, considering the strong penetration of X-rays, the dark region in the banded
plate, as shown in Figure 1a, is partially transparent due to the strong penetrability of
X-rays. In practice, the absorbing material is typically a high-Z foil, such as gold foil.
Therefore, the binary transmittance tm,S (r,θ) of EMCSZPs in Equation (5) can be replaced
by tm,S

′(r,θ), which can be written as:

t′(r, θ) =

{
1

exp[−kd(β + iδ)]
the transparent zones

the opaque zones
(7)

where the parameter d is the thickness of the gold foil, and δ and β are the X-ray optical
constants of gold. These constants vary with the incident wavelength. The chosen values
for these parameters are d = 500 nm, δ = 6.7382 × 10−2 and β = 9.7501 × 10−3.

By combining Equations (6) and (7), we can conclude that the performance of gold foil
EMCSZPs in generating multiple foci is comparable to that of ideal ones. From Figure 5a,b,
it can be observed that even when considering the additional phase shift introduced by
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X-rays, the ability of EMCSZPs to generate multi-focus vortices with equal intensity is
not affected.
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4. Experimental Results

To examine the feasibility of the proposed EMCSZPs, we perform the demonstra-
tion experiment as illustrated in Figure 6a. In this typical configuration, a He-Ne laser
beam with a wavelength of 632 nm was first extended and collimated by lenses L1 and
L2, then impinging on a polarizing beam splitter (PBS), one beam is projected onto the
SLM and the other is loaded onto the charge-coupled device (CCD), and finally it is irra-
diated onto the EMCSZPs. The intensity distributions of the reflected beam at different
distances from the EMCSZPs were measured with the help of a sliding guide using a CCD
(DCU-224-M, 1280 × 1024 pixels, 2.2 µm × 2.2 µm/pixel). Considering the flexibility of
the SLM, we experimentally fabricated the holograms of EMCSZPs with a reflective-type
SLM (HOLOEYE, 1920 × 1080 pixels, 8 µm × 8 µm/pixel) and chose the same parameters,
f 1 = 260 mm, f 2 = 310 mm, m = 4 and S = 8, for the EMCSZPs as for the simulations
in Figure 3. Specifically, in order to better demonstrate the transmission characteristics
of the modulated optical field, we utilized a sliding rail to record diffraction patterns of
500 images. This process allowed us to reconstruct the overall axial irradiance within the
focused vortex range. We recorded the axial irradiance intensities with TCs of l = 1 and
l = 2, as well as the corresponding intensity distribution of each focused vortex in the
x-y plane.

The reconstructed axial irradiance and the lateral intensity distribution of each vortex
focus are shown in Figure 6b–e. It can be seen that EMCSZPs with l = 1 and l = 2 can
indeed generate four focused vortices with approximately equal intensities along the optical
axis, which is consistent with our calculation as presented in Figure 3b,d. Additionally,
to precisely accurately measure the value of orbital angular momentum carried by the
four equally intense vortices, we perform additional experiment on focused vortices with
different TCs based on interferometric measurement methods. By interfering with plane
waves and modulated vortex light in different focal planes, we clearly obtain the fork
stripes characterized by optical vortices. As illustrated in Figure 6b,d, the upper right
corner represents the interference pattern corresponding to each focal vortex. Based on the
difference between the number of fringes above and below the interferogram, the orbital
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angular momentum of the optical vortices produced by EMCSZPs can be identified. From
the interference patterns of the vortex beam with a plane wave incident light at different
focal planes, we can infer that the EMCSZPs can generate four optical vortices with equal
intensities and the same TCs, exhibiting characteristics superior to those of the simulation
in Figure 3b,c. In addition, the ratio between the relative diameters of each pair of focused
vortices is z2/z1 = z4/z3 ≈ 1.07, and this result matches well with the predicted value
τ4 = 1.078 within the error range. Noticeably, by adjusting the parameters of EMCSZPs, it
is also possible to generate optical vortices with different TCs. These features endow the
EMCSZPs with an extensive application in various fields such as three-dimensional optical
operations and multiple particle manipulation.
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and (e) the reconstructed axial irradiance of l = 2.

5. Discussion

Due to the rapid development and wide application of optical vortices, how to effi-
ciently generate multiple vortices with uniform intensity has become a prominent subject
of discussion and research. In recent years, composite spiral zone plates and the application
of some aperiodic structures in diffractive elements have been used to generate multiple
foci along the axis. Nevertheless, currently, it is still a challenge to produce coaxial optical
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vortices with multi-foci and equal intensity simultaneously in one step. To overcome these
shortcomings, in our physical design, we proposed the effective methodology terms as EM-
CSZPs by combining two concentric SZPs with different focal lengths together and a radial
structure based on the Fibonacci sequence was also added. Compared with the composite
SZPs consisting of binary phase SZPs, the technique based on the Fibonacci sequence may
split each main focus into further doubling of focal spots, the intensity of which will be
uniformly distributed. The typical focusing performance may offer a possible alternative in
the fields of optical tweezer and trap techniques by capturing multiple particles at the same
time on the focal planes with equal intensities. As for the fields of laser micro-machining,
the multiple vortices are evenly distributed at different focal planes, and therefore they
will offer higher precision in the process of cutting materials with different thickness. In
addition, the multi-focus vortices may provide an extensive application in the fields of
biomedical imaging and super-resolution 3D imaging by simultaneously obtaining the
depth information of target objects at different focal planes.

Specifically, it is worth noting that, to satisfy the physical design for generating multi-
focus along the propagation direction, the focal length of the inner parts needs to be smaller
and then the effective irradiation dimension will unavoidably be smaller. Resultantly, the
quality of the vortices near f 1 is slightly affected. We know that dividing the aperture into
annular sub-apertures is not the only possible solution, and several diffractive lenses can
be written by spatial multiplexing in a random scheme without loss of resolution due to
smaller apertures [48,49]. In addition, by introducing the neural network algorithms, the
axial distributions of the ZPs can be improved and the undesired higher diffraction foci
can be successfully suppressed [50]. In future endeavors, we will dedicate work to further
optimizing the focusing performance of our proposal by exploiting particular algorithms.

6. Conclusions

In summary, we propose a diffractive optical element termed EMCSZPs for generating
multiple coaxial optical vortices with equal intensity along the propagation direction. Based
on the Fresnel–Kirchhoff theory and the convolution theorem, the focusing performance
was comprehensively investigated. Differing from the single optical vortex that appeared
at the first primary focal plane as that of the conventional SZP, EMCSZPs have superior
performance in terms of producing optical vortices with multi-focus and equal intensity.
Interestingly, by optimizing the parameters of the EMCSZPs, the axial positions and TCs of
the multi-focus vortices can be further flexibly controlled. The corresponding experimental
verification was also performed to verify our physical design. In addition, considering
the binarization characteristics, this optical element can also be extended to the X-ray
region. The results indicate that this new component can be applied to trap particles with
an equal trapping force at multi-planes, and offers broad applications in areas such as
ultra-high-resolution imaging, lithography, optical trapping and optical communication.
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