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Abstract: Exposure to whole-body vibration (WBV) has been shown to result in lower-back pain,
sciatica, and other forms of discomfort for operators of heavy equipment. While WBV is defined to
be between 0.5 and 80 Hz, humans are most sensitive to vertical vibrations between 5 and 10 Hz.
To reduce WBV exposure, a novel seat cushion is proposed that optimally tunes a High-Static Low-
Dynamic (HSLD) stiffness isolator. Experimental and numerical results indicate that the cushion can
drastically increase the size of the attenuation region compared to a stock foam cushion. When placed
on top of a universal tractor seat, the cushion is capable of mitigating vibrations at frequencies higher
than 1.1 Hz. For comparison, the universal tractor seat with a stock foam cushion isolates vibrations
between 3.4 and 4.1 Hz, as well as frequencies larger than 4.8 Hz. Friction within the universal seat is
accurately modeled using the Force Balance Friction Model (FBFM), and an analysis is conducted
to show why friction hinders overall seat performance. Finally, the cushion is shown to be robust
against changes in mass, assuming accurate tuning of the preload is possible.

Keywords: quasi-zero stiffness; high-static low-dynamic stiffness; vibration isolation; force balance
friction model

1. Introduction

Exposure to seated whole-body vibration (WBV) from heavy equipment may contribute
to adverse effects on human health, including lower-back pain, sciatica, and other injuries [1–3].
WBV is typically defined as being between 0.5 Hz and 80 Hz [4], though the perception of
these vibrations depends on the magnitude of acceleration as well as the axis it acts along [5].
Morioka et al. found that the maximum sensitivity to WBV in the vertical axis occurs between
5 and 10 Hz [5]. To this end, slow-moving vehicles are of concern as their motion generally
results in lower-frequency excitation forces. Low-frequency vibrations are difficult to attenuate
using traditional passive isolators due to the mechanical limitations of springs [6]. Below the
cut-off frequency, traditional linear isolators amplify vibrations rather than attenuate them,
potentially worsening the effects of WBV for the operator.

Several seat designs have been proposed within the literature to combat the limitations
of passive linear isolators. Active and semi-active seats use a control scheme and electronic
feedback to actively attenuate vibrations transmitted to the operator. Several studies have
shown that such systems are capable of isolating low-frequency vibrations much better than
traditional passive systems [7–10]. However, active and semi-active systems suffer from
increased complexity and cost when compared to simpler passive systems. Commercial prod-
ucts using this technology such as the John Deere Active Seat [11] and Bose Ride System [12]
are designed to replace the entire seat in modern heavy equipment. This adds additional cost
and limits the ability of the seat to be universally mounted into any kind of equipment.

An alternative isolator technology shown to attenuate WBV makes use of the principle
of quasi-zero stiffness (QZS). Le et al. [13] designed and validated a seat suspension that
incorporates negative stiffness into the main seat suspension. Within this work, the entire
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seat is considered as a single-degree-of-freedom (SDOF) system, where the seat and cushion
are simply considered to be rigid parts. Their research confirms that through careful tuning
of the SDOF negative stiffness elements, the seat can have a more desirable dynamic
response compared to without these elements in place. These results are derived through
experimental investigations for various values of nonlinear stiffness.

Wang et al. [14] modeled an adaptive QZS system as a three-degree-of-freedom system
where the seat, vehicle body, and vehicle wheel make up the three degrees. The paper
focuses on the impulse response of the system rather than the entire frequency response.
Through simulations, the results show that a passive QZS seat suspension can decrease
peak acceleration, improve rider comfort, and decrease attenuation time when compared
to a linear system. When active control is applied to the QZS system, the acceleration of the
human body is decreased to zero, rider comfort is further improved, and the seat stroke
remains within its allowed range when compared to the simpler passive case.

Guo et al. [15] performed an in-depth review of High-Static Low-Dynamic (HSLD)
isolators and then used a double-diamond structure to develop a conceptual design of a seat
cushion that incorporates QZS elements. The design consists of many small isolators placed
in parallel within the cushion and is evaluated using analytical models and an Automated
Dynamic Analysis of Mechanical Systems (ADAMS) software simulation. The results show
that the cushion is expected to perform significantly better than a linear isolator, decreasing
the natural frequency of the cushion from 13.78 Hz to 3.2 Hz.

Unlike most previous studies, the current paper proposes a low-profile isolator de-
signed to replace an existing heavy-equipment seat cushion rather than the entire seat.
Similar to the concept of Guo et al., the device uses the principle of HSLD stiffness, which
can be tuned optimally to achieve the QZS condition. However, unlike the conceptual
cushion by Guo et al. [15], the design presented here uses one large QZS element rather
than many small elements in parallel. The present study will show that this poses several
advantages, particularly in the tunability of the device to compensate for different operator
masses. In addition, a prototype of the design is developed and tested. The novel cushion
aims to leave the existing seat suspension untouched and simply replaces the existing
seat cushion with a new one. This is particularly beneficial for maintaining a low device
cost, while providing new vibration attenuation options for a wide range of industries.
The low profile aims to maintain the form factor of existing seat cushions within many
heavy-equipment vehicles. For applications such as underground mining, an isolating
cushion is particularly useful, since vertical size limitations of the machines do not allow
for large complex vehicles or seat suspensions. In these applications, replacement of the
existing seat cushion is the only viable option for eliminating WBV.

The main focus of the proposed design is to isolate low-frequency vibrations that the
existing seat suspensions are not able to attenuate. When used in conjunction with the
existing suspension, the aim of the cushion is to increase the attenuation bandwidth. The
design was evaluated as a standalone SDOF system, as well as a two-degree-of-freedom
(2DOF) system when incorporated into a tractor seat. The tractor seat used as the frame
of reference was the T300 Universal Tractor Seat developed by Darby Manufacturing. In
each case, the dynamic performance was evaluated based on the ability of the device to
(1) reduce the resonant frequency and increase the attenuation zone when compared to
the linear system, (2) decrease the magnitude of the resonant peak, and (3) isolate high-
frequency mechanical vibrations, evaluated using the rate of decay of the transmissibility
plot. The American Society of Agricultural and Biological Engineers (ASABE) guideline for
agricultural equipment operator seats was used as a frame of reference, which suggests
that the lower limit for a typical passive seat suspension would have a natural frequency of
around 1.2 Hz for steel or rubber springs, and 0.8 Hz for air springs [6]. Considering that
the attenuation zone of a linear system begins at

√
2ωn, where ωn is the natural frequency

of the system. This guideline would correlate to a cut-off frequency of 1.70 Hz for steel
springs and 1.13 Hz for air springs.
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QZS systems have been shown in the past to be sensitive to parameters such as spring
stiffness, system geometry, and the mass placed on top of it [16–18]. For the application of
a heavy-equipment seat cushion, this is of importance since the mass of an operator can
vary substantially. For this reason, the ability of the device to accommodate a variety of
masses is investigated.

2. Materials and Methods
2.1. System Modeling

The seat was modeled mathematically as a two-degree-of-freedom system with a combina-
tion of linear and nonlinear elements. A model of the device can be seen in Figure 1, where mass
1 represents the mass of the operator and mass 2 represents the mass of the seat suspension.

Figure 1. The model of a two-degree-of-freedom system consisting of nonlinear stiffness elements.

The static and dynamic properties of HSLD systems are well understood within the liter-
ature [19–23]. In most cases, HSLD stiffness is achieved by combining positive and negative
stiffness elements in parallel. As shown in Figure 2, when tuned properly, these elements can
be combined to create a region of near-zero stiffness, known as the QZS condition.

Figure 2. The stiffness of a High-Static Low-Dynamic (HSLD) system when tuned to have localized
positive, negative, and quasi-zero stiffness (QZS).
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While positive stiffness elements are readily available in many forms, negative stiffness
is usually achieved using oblique springs, magnetism, or cam mechanisms. The prototype
cushion proposed within this paper makes use of oblique springs, so this is the focus of
this study. A diagram of the oblique spring mechanism is shown in Figure 3. This spring
mechanism is the nonlinear stiffness element which connects the masses of the nonlinear
system shown in Figure 1.

Figure 3. Negative stiffness oblique spring mechanism.

The equations of motion for the nonlinear system in Figure 1 can be expressed as follows:

m1
..
x1 + c1

.
z1 + kv1z1 + 2kh1

1 − L0,1√
z2

1 + L2
min,1

z1 = 0 (1)

m2
..
x2 + c2

.
z2 + kv2z2 + 2kh2

1 − L0,2√
z2

2 + L2
min,2

z2 − c1
.
z1 − kv1z1 − 2kh1

1 − L0,1√
z2

1 + L2
min,1

z1 = 0 (2)

where m, c, kv, kh, L0, and Lmin are the mass, damping, vertical stiffness, horizontal
stiffness, oblique spring free length, and oblique spring minimum horizontal lengths of
the nth layer, respectively. z1 = x1 − x2 and z2 = x2 − xe are the relative displacements.
This system is nonlinear and is difficult to solve analytically. Instead, the nonlinear por-
tion is converted into an approximate polynomial equation using Taylor’s formula. This
approximation is accurate while z < 0.2 Lmin [24], that is, the following holds:

L0√
z2 + L2

min

=
L0

Lmin
− L0z2

2L3
min

(3)

When considering a base excitation of xe = Xe cos(ωt), the equations of motion can
be written as follows:[

m1 0
0 m2

]{ ..
x1..
x2

}
+

[
c1 0
−c1 c2

]{ .
z1.
z2

}
+

[
k11 0
−k11 k11 + k12

]{
z1
z2

}
+

[
k31 0
−k31 k32

]{
z1
z2

}
= 0 (4)

where
{

z1
z2

}
=

{
x1 − x2
x2 − xe

}
. This approximate equation of motion is linear and can be

utilized to develop analytical solutions for the displacement transmissibility of the system.
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The full process is shown in detail by Lu et al. [25], which considers all damping to be
viscous. The transmissibility is defined as follows:

Td =
x1

xe
(5)

The majority of commercially available tractor seats contain other forms of friction
and therefore cannot be accurately modeled using simple linear techniques [26,27]. With
friction, the equation of motion for a 2DOF system undergoing base excitation becomes
as follows:[

m1 0
0 m2

]{ ..
x1..
x2

}
+

[
c1 0
−c1 c2

]{ .
z1.
z2

}
+

[
k11 0
−k11 k11 + k12

]{
z1
z2

}
+

[
k31 0
−k31 k32

]{
z1
z2

}
=

{
Ff 1
Ff 2

}
(6)

where Ff is the force of friction within the upper and lower parts of the system. The
literature presents many potential mathematical models for friction. This study will mainly
focus on the Force Balance Friction Model (FBFM) [28,29], which can efficiently represent
the sticking and sliding conditions. While sticking, an SDOF system undergoing base
excitation is not able to overcome the internal friction forces of the system, hence exhibiting
a relative velocity of zero. The system enters the sliding state once the internal forces minus
the external forces are greater than the static friction capacity.

Fext − Fint > Ff (7)

While sliding, the force of friction can be evaluated as follows:

Ff = µFn (8)

where µ is the static friction coefficient and Fn is the normal force. The condition for
sticking is satisfied when the magnitude of the relative velocity is smaller than a small
limiting velocity (vo) and the net tangential force (Fext − Fint) is less than the friction
capacity (µFn). Hassan et al. [29] provided a comprehensive review of the available friction
models and the challenges in terms of their applicability and accuracy. While their results
showed agreement among the FBFM, the Spring Damper Friction Model (SDFM), and the
experimental results, the SDFM requires the implementation of two additional parameters
(frictional spring and damper). The choice of these two additional parameters is specific to
individual applications and requires careful tuning. On the other hand, the FBFM does not
require any additional tuning parameters and has excellent accuracy.

2.2. Simulations

For the application of the universal tractor seat in combination with the novel QZS
cushion, the general mathematical model presented in System Modeling can be simplified
to suit the specific application. The universal seat consists of a simple linear spring and
damper, so the nonlinear stiffness is omitted for this portion of the model. Similarly, the
internal damping within the QZS cushion is small and can be modeled satisfactorily using
viscous damping rather than the FBFM. Simplifying these nonlinearities helps decrease the
computational power required for the simulations while providing reasonable accuracy.

In this work, all of the systems where friction is not considered are solved analytically
using the assumption shown in Equation (3). In the presence of friction, analytical solutions
are difficult to attain and numerical solutions using a 4th order Runge-Kutta method are
employed. The Runge-Kutta algorithm uses a variable time step to ensure high computa-
tional efficiency. Where applicable, models are verified using data from the literature. In
particular, the SDOF QZS model is verified using the equations presented by Lu et al. [30]
and Carrella et al. [21].
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2.3. Experiments

The purpose of the experimental portion of this study was to investigate the ability of
the novel QZS cushion to reduce the WBV experienced by an operator. To accomplish this,
the dynamic response of the novel cushion was compared to alternatives using the three
performance criteria outlined in the introduction. The cushion dynamics were investigated
both as an individual SDOF system as well as a 2DOF system when it was placed on top
of the universal tractor seat base with the original cushion removed. This response was
compared with the response of the standalone universal seat, which can be considered
a single-degree-of-freedom system without any cushions, and with the response of the
2DOF universal tractor seat with the regular foam cushion on top of it. The experimental
results were also used to develop and verify mathematical models of the universal seat
and QZS cushion. As seen in Figure 4, a six-degree-of-freedom Mikrolar R-3000 hexapod
robot was used to provide 5 mm peak-to-peak vertical sinusoidal vibrations to the base of
the seat and cushions. A frequency sweep was carried out from 0.5 Hz to 9 Hz, with 0.1
Hz increments in critical areas and 0.5 Hz increments elsewhere. Prior to data collection,
a pilot data collection step was performed to identify critical areas. Critical areas were
defined as regions on the transmissibility curve with large changes in the transmission
ratio between frequency steps. In these areas, the frequency step size was reduced from 0.5
Hz to 0.1 Hz. The transmission ratio is defined as x/xe, where x is the displacement of the
mass in question and xe is the excitation displacement.

Figure 4. Overall experimental setup of universal tractor seat with quasi-zero stiffness cushion on top.

The motion of the base and mass 2 were measured using two triaxial accelerometers
(model 356A17, PCB Piezotronics, Depew, NY, USA) whereas the motion of mass 1 was
measured using a uniaxial accelerometer (model 333B40, PCB Piezotronics, Depew, NY,
USA). Since the motion of the vibration simulator was purely in the vertical direction, only
the motion in the Z axes of all accelerometers was considered. Lateral motion was not
analyzed. In cases where acceleration was measured on top of a foam cushion, a rubber seat
pad as described in ISO 10326-1 [31] was used to house the accelerometer. The mechanism
of the novel QZS cushion is shown in Figure 5 with a one-inch polyurethane foam pad
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placed on top for rider comfort. It included five vertical conical springs in parallel, as well
as sixteen oblique springs placed along the outside of the cushion. The oblique springs
were arranged such that four springs counteract one another along the long and short sides
of the cushion, thereby allowing the mechanism to only move in the vertical direction.

Figure 5. The internal mechanism of the novel quasi-zero stiffness cushion with a foam pad on top.

Stiffness Verification

Previous studies have shown that HSLD systems, particularly those tuned to be near
the QZS region, are very sensitive to changes in the vertical stiffness [16–18]. Considering
this, to accurately model the system, it is insufficient to rely on the specification of the
springs, which can vary as much as ±3% of the actual spring stiffness [32]. Instead, a tensile
testing machine (Instron Model 5969) was used to obtain an accurate force–displacement
plot, thereby allowing the stiffness to be derived. The SDOF universal seat along with the
horizontal and vertical stiffness components of the QZS system were all tested using this
method. The force–displacement plot for the universal seat is shown in Figure 6, tested
near the front of the seat as well as near the back of the seat. In both cases, all cushions
were removed from the device, ensuring the seat suspension was the only source of seat
dynamics. Figure 6a shows the force–displacement plot when the Instron applied a force
near the front of the seat. During this test, there was an increased possibility of cantilever
deflection in the seat, as shown in Figure 7. For comparison, Figure 6b is obtained by
compressing the seat near the backrest. The tests revealed that the average stiffness varied
from 2250 N/m at the front of the seat to 3240 N/m near the back.

Figure 6. A force–displacement plot of the universal tractor seat as a single-degree-of-freedom system.
(a) The Instron applies its force near the front of the seat; (b) the Instron applies its force near the back
of the seat. In each plot, the green line is fit to the preload portion of the plot and the purple line to
the main stroke of the seat. When a mass is placed on the seat, the seat vibrates entirely within the
”Seat Stroke” region.
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Figure 7. Diagram of stock universal tractor seat, containing two potential degrees of freedom.

In general, only the linear (vertical) degree of freedom is considered. The rotating motion
due to the cantilever effect is assumed to be much stiffer than the seat’s suspension. Regardless
of the test method, the seat displayed nonlinear characteristics throughout its stroke. While
the average stiffness of the seat appeared to be linear, localized sections of the motion range
in stiffness from very stiff to negative stiffness. For example, between 8 mm and 18 mm, the
slope of Figure 6a is slightly negative. Between 19 mm and 22 mm, the slope is very large.
While these localized differences in stiffness can partially be attributed to friction or damping
forces within the system, the results are repeatable across multiple tests. Considering that the
dynamic tests within this paper use a base excitation of 5 mm peak-to-peak amplitude, this is
of concern because the stiffness experienced throughout the motion has some uncertainty. The
overall bilinear nature of the plots in Figure 6 is due to a large preload on the universal seat.
The seat contains about 600 N of preload, though the preload stroke portion is not experienced
while the mass is in motion in the experiments. The 5 mm peak-to-peak motion is entirely
within the ”Seat Stroke” region, as shown in Figure 6.

Using similar techniques, the stiffness of the vertical and oblique springs within the
QZS cushion was verified. As shown in Figure 5, the QZS cushion contains five vertical
conical springs in parallel and sixteen oblique springs. To obtain the most accurate insights
into the overall vertical stiffness, the five springs were tested in the Instron simultaneously
while within the QZS system, rather than on an individual basis. This accounts for any
internal stiffness properties that the machine may have. During this test, the oblique springs
were removed from the device, and the data were collected at a loading rate of 10 cm/min.
Figure 8a shows that the conical springs are linear in nature, with a slight stiffening effect
near the end of the plot. Figure 8b indicates that the oblique coil springs are even more
linear in nature. Ten oblique springs were tested simultaneously to account for random
variations within the parts’ properties. Based on the slope of the stiffness plots within
the regions where the dynamics take place during the vibration tests, the overall vertical
stiffness is 22,840 N/m and a single oblique spring has a stiffness of 1519 N/m.

Figure 8. Spring stiffness of springs within quasi-zero stiffness cushion. (a) Spring stiffness of
vertical springs approximated by line of best fit; (b) Spring stiffness of ten oblique springs in parallel
approximated by line of best fit.
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2.4. SDOF Nonlinear Model Verification

An SDOF mathematical model of the QZS cushion and the universal seat was created
using the model described in System Modeling. In the case of the universal seat, all cushions
were removed, leaving the suspension of the seat as the only dynamic component. For the
QZS cushion, the device was placed directly onto the base of the vibration simulator, and
all foam cushions were removed from the top surface of the device. Figure 9 shows the
experimental frequency response of the universal seat for 2.5 mm amplitude (5 mm peak
to peak) and 5 mm amplitude (10 mm peak to peak) base excitation. Vibration frequency,
amplitude (mm), and RMS acceleration (mm/s2) for each vibration profile are shown in
Table A1. Given the measured mass and stiffness properties of the system, the expected
linear dynamic response is shown in green.

Figure 9. The experimental dynamic response of the universal tractor seat compared to the expected
linear response and the numerical simulation with the Force Balance Friction Model. In all cases,
m = 81.9 kg, ζ = 0.4, k = 3420 m/N, and vo = 0.001 m/s.

From Figure 9, it is apparent that the seat cannot reasonably be modeled as a linear
system. The experimental response exhibits a resonant frequency that is far larger than
expected, and the attenuation zone begins much sooner than at

√
2ωn. Furthermore,

the response is dependent on the amplitude of the base excitation, which would not
be the case for a linear system. Although the numerical simulations underestimate the
transmission ratio at the resonant frequency, the numerical simulations provide a much
better approximation of the transmission ratio compared to the linear system. These
nonlinearities are attributed to the significant friction present within the system. While
testing the seat, care was taken to clamp any loose components, eliminating this as a source
of misleading dynamics. For example, the fore-aft adjustment in the seat was clamped
to remove the vibrations within the seat related to the sliding mechanism’s forgiving
tolerances. These clamps can be seen in Figure 10.

Using the friction model described in System Modeling, it is necessary to estimate
the magnitude of the friction force present within the seat. This is found through direct
experimentation. While at rest, there is a 39 mm range where the seat ”sticks” when
supporting an 81.9 kg mass. By balancing the forces, the magnitude of the static friction is
approximated using the following equation:

2Ff = ∆xk (9)

where Ff = µsFn = ∆xk, ∆x is the maximum sticking range, k is the stiffness of the system,
µs is the static friction coefficient, and Fn is the normal force. In this experiment, the normal
force is assumed to be constant throughout the motion.
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Figure 10. Universal tractor seat with quasi-zero stiffness and foam cushion on top of it.

The physical properties of the QZS system used within the simulations are summarized
in Table 1. Properties of the stiffness elements are obtained using the tensile testing method
described above. The mass is obtained by summing the mass of the weight, the top
platform of the QZS cushion, and half of the mass of the dynamic components within the
cushion. The mass of 81.9 kg is selected because it is approximately the mass of an operator
supported by a cushion. An operator’s total mass may be in the order of 80–100 kg, but
about 15–30% of this mass may be supported by other components of the cab (i.e., the
floor, steering wheel, etc.) [6,33]. Finally, the damping ratio is obtained by curve fitting the
experimental and mathematical solutions.

Table 1. Physical properties of the quasi-zero stiffness (QZS) cushion, as well as the parameters under
which it is tested.

Property QZS Cushion

Kv1 22,840 Nm
Kh1 12,152 Nm
Xe 0.0025 m
m 81.90 kg

ζQZS 5%
Lmin 0.063 m
Lo 0.1178 m

3. Results

The results of the nonlinear model utilizing the FBFM are shown in Figure 9. The model
accurately predicts the shift in the attenuation zone compared to the linear system and is
robust against changing magnitudes of base excitation. However, it underestimates the
amplification seen experimentally at low frequencies below the cut-off frequency. Within
the bandwidth, the FBFM assumes the “sticking” state, hence exhibiting a transmission ratio
of 1. The FBFM is more accurate when the seat experiences large excitation amplitudes, such
as 10 mm peak to peak, since the mass can overcome friction forces at lower frequencies.
Figure 11 compares the SDOF response of the QZS cushion to the approximate analytical
and exact numerical simulations for the system. As can be seen, the two mathematical
models fit the experimental data very well. This is especially true considering the sensitivity
of the system to mass, stiffness, and geometrical tolerances [16–18]. For reference, Figure 11
includes the plot of a linear system with identical mass, vertical stiffness, and damping
properties to that of the QZS system. The addition of the oblique springs in the QZS system
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drastically reduces the resonant frequency and the magnitude of the amplification when
compared to the linear system.

Figure 11. Comparison of the experimental, analytical, and numerical results for the quasi-zero
stiffness (QZS) cushion. The analytical response of a similar linear system is included for reference.
For all plots, the mass, vertical stiffness, and damping are identical. In the case of the QZS system,
tuned oblique springs are added.

The 2DOF Universal Seat with Cushions

The transmissibility curve for the overall seat can be seen in Figure 12. The figure
compares the experimental responses of the 2DOF universal seat in combination with
the stock foam cushion, the QZS system by itself, and the QZS system with the one-inch
polyurethane foam pad on top. The figure also displays the expected response for the
universal seat with the QZS cushion based on the numerical simulations. It is apparent that
the QZS cushion drastically improves the dynamic response of the seat experienced by the
operator. The addition of the one-inch polyurethane foam pad on top of the QZS system
adds rider comfort while having a minimal effect on the overall seat dynamics—leading
to a small shift in resonant frequency, from 0.8 to 0.9 Hz, and a slight increase in the
transmissibility ratio, from 2.97 to 3.2 (Figure 12).

Many studies consider foam cushions to be very stiff, damped devices that therefore
do little to change the dynamics of a system [13,14]. Within these studies, the cushions are
not modeled separately, and their dynamics are simply lumped with the seat suspension
itself. In the application considered in this paper, this assumption is accurate for the thin,
polyurethane foam pad used on top of the QZS system but does not hold true for the thicker
polyurethane cushion that is part of the universal seat. Figure 12 shows that the addition of
the thicker stock cushion adds another resonant peak to the transmissibility curve around
4.5 Hz. While this cushion adds rider comfort, it comes at the cost of increasing the WBV
experienced by the operator.

On the contrary, the one-inch polyurethane foam pad on top of the QZS mechanism
does little to change the dynamics. This is shown in two ways. First, Figure 13 shows that
the dynamic response of the cushion by itself results in a transmissibility of nearly 1 for
the entire bandwidth between 0.5 and 9 Hz, with a small resonance peak appearing near
the end of the plot. This behavior is consistent for a system that contains a large stiffness
and damping ratio. Next, Figure 12 shows that the dynamic response of the 2DOF seat is
similar with and without the thin one-inch polyurethane foam pad. Both results indicate
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that the one-inch polyurethane foam pad could improve rider comfort while doing little to
change the dynamic properties of the system between 0 Hz and 9 Hz.

Figure 12. The response of the overall universal seat with a regular cushion and the quasi-zero
stiffness (QZS) cushion.

Figure 13. Dynamic response of the one-inch polyurethane foam pad used on the quasi-zero stiffness
(QZS) cushion between 0.5 and 9 Hz.

4. Discussion

The results suggest that the novel QZS seat can greatly improve the dynamic response
of the tractor seat within a laboratory setting. As shown in Figure 12, this is particularly true
when considering the size of the attenuation zone. The QZS cushion enters the attenuation
zone between 1 and 1.1 Hz, exhibiting a resonant frequency of about 0.8 to 0.9 Hz. This
cut-off frequency is very close to the lower limit theoretically possible for a typical passive
seat, according to ASABE guidelines [6]. In practice, the resonant frequency of typical
passive seats is often much higher than this lower limit, as was seen within this study. The
universal seat with a regular cushion briefly enters the attenuation zone between 3.4 and
4.1 Hz, then again at frequencies larger than 4.8 Hz (Figure 12).
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The second performance criterion considers the magnitude of the resonant peak. Using
this, the QZS cushion performs considerably worse than the regular cushion. The novel
cushion resonates with a peak transmission ratio of around 3.1, while the regular cushion
is kept below 1.5 in the amplification zone. Theory suggests that the performance of the
QZS cushion according to this criterion could be improved by adding damping to the
system. The current prototype does not contain a dedicated damper, but rather relies on
friction between internal components to provide a damping effect. Adding a dedicated
damper would decrease the peak response of the cushion while maintaining the size of the
attenuation region, as demonstrated in Figure 14.

Figure 14. Effect of increasing viscous damping (ζ) within quasi-zero stiffness cushion.

Finally, for the third performance criterion, the ability of the device to attenuate large
frequency vibrations within the attenuation zone, the QZS cushion performs better than
the foam cushion, largely due to the decreased damping present within the system. The
lack of a damper enables the cushion to isolate vibrations within the attenuation zone very
quickly. While beneficial, this very large attenuation may be considered less important than
the ability of the device to have a smaller resonant peak. It is more beneficial to have a
seat that attenuates the entire frequency spectrum well rather than to have areas of large
amplification and other areas of large attenuation.

As shown in Figure 9, friction plays a very large role in the dynamics of the overall
universal seat, increasing the size of the amplification region and amplifying the cut-off
frequency. When compared to the linear system, high friction improves the response of the
SDOF system within the linear amplification region, but the performance becomes much
worse at frequencies larger than 1.47 Hz. The FBFM models the “sliding” portion of the
motion well but does not account for the attenuation seen during the “sticking” phase.
Much of the amplification is due to the seat bending under load, as displayed in Figure 7.
This additional vibration mode is not included within the mathematical models presented
here. When adding the QZS cushion, the “sticking” state is prolonged until much higher
frequencies compared to using the foam cushion, since the QZS system attenuates much of
the forces acting on mass 2. Figure 15 shows mass 2 “sticking” until nearly 10 Hz.
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Figure 15. Theoretical response of universal seat and quasi-zero stiffness (QZS) cushion with and
without friction.

When designing a cushion that is placed on an existing tractor seat, the results suggest
that it is important to consider the effects of friction within the existing seat. Within
Figure 15, the purple and green lines are analytical transmissibility curves using Equation (4)
for mass 1 and 2, respectively, and do not include friction. The blue and red lines show the
numerical response with friction, which is the same response as the experimental results in
Figures 12 and 13. Without friction, the cushion is expected to enter the attenuation zone at
about 0.85 Hz. In reality, the cut-off frequency is 1.18 Hz. Considering ASABE guidelines
that suggest that 1.13 Hz is the lowest possible cut-off frequency for a passive air suspension
seat, friction transforms the seat from exceeding this guideline to performing slightly worse
than it. Both with and without friction, the cut-off is lower than 1.70 Hz, the lower limit
for linear steel spring seats. Incidentally, the transmissibility of mass 1 within the 2DOF
universal seat with friction is well represented by a single-degree-of-freedom QZS system
at low frequencies. Figure 15 shows that the SDOF QZS response is nearly identical to that
of the 2DOF model below 9 Hz. This is largely due to the “sticking” state of the tractor seat,
which directly transfers excitation forces to the cushion. This is confirmed experimentally
in Figure 16, which compares the numerical and experimental transmissibility of mass 2 in
the universal seat with the QZS cushion on top. Also shown in Figure 15, in the absence
of friction, the 2DOF nonlinear system performs better than the SDOF QZS system. This
matches the results of Lu et al., which found that incorporating QZS into the upper stage of
a two-layer system improves the overall transmissibility of the system [30].

Due to the very low stiffness of the QZS system and its superior ability to isolate
vibrations, it appears at first glance that the universal seat’s suspension does little to
improve seat performance. While this is true within the scope of this laboratory study,
it is important to consider that the performance of the QZS system decreases at larger
excitation amplitudes, while the performance of the universal tractor seat increases. At
larger amplitudes, friction plays a smaller role in the dynamic response of the universal
seat, allowing its dynamic response to match the linear system more closely. This improved
performance is confirmed in Figure 9, where doubling the excitation amplitude results in a
larger attenuation region and a smaller peak transmission ratio for the universal seat. On the
contrary, as studies have shown, larger excitation amplitudes result in worse performance
of a QZS system [21,25]. Since heavy equipment operates on rough ground where complex
input frequencies larger than 5 mm are probable, the universal seat’s suspension can
better attenuate large amplitude vibrations, while the QZS cushion is able to isolate low-
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amplitude vibrations down to about 1 Hz. The cushion presented in this paper is perhaps
best compared to the work of Guo et al. [15]. Guo et al. describe a seat cushion that contains
many individual QZS elements, each using a double-diamond structure. While not built
and tested experimentally, the mathematical simulations of the cushion indicate that the
natural frequency would be decreased from 13.78 Hz to 3.2 Hz when going from a linear
to a QZS structure. The cushion described in the current paper is able to achieve a much
smaller natural frequency and therefore is able to isolate lower-frequency vibrations. This
work may also be compared to Abuabiah et al. [34], which presents a numerical simulation
of a seat suspension composed of a QZS isolator and an air spring. It should be noted that
this simulation models a larger replacement seat suspension, not a cushion. Furthermore,
this model does not include the presence of friction. The proposed QZS cushion has a lower
transmissibility and is more robust against changes in mass compared to the QZS air spring
seat suspension model [34]. However, the QZS cushion has a higher natural frequency.
The higher natural frequency may be due to the absence of friction in the QZS air spring
suspension model.

Figure 16. Mass 2 transmissibility within the universal seat in combination with the quasi-zero
stiffness (QZS) cushion.

When utilizing QZS for the application of a seat cushion, it is important to understand
the effects of mass on the system’s performance. Assuming an operator mass between
65 kg and 95 kg, a reasonable cushion should be able to accommodate any mass within this
range. Using the seat parameters of the QZS cushion and the universal seat within this
study, Figure 17 shows that the performance of the seat is robust against large changes in
mass. Regardless of mass, the magnitude of the resonant peak remains nearly identical,
and the size of the attenuation zone is only increased by small amounts with smaller mass.

The curves in Figure 17 assume that the cushion is tunable so that the resting equi-
librium of the mass remains at the point of lowest stiffness. If the cushion is not tuned
according to the mass of the operator, the performance of the cushion is much less robust.
This suggests that it is critical to tune the device correctly, which is achieved by adjusting
the preload on the vertical springs. This is relatively easy to accomplish when there is
only a single QZS element but could prove to be more difficult when there are many QZS
elements in parallel, such as within the design by Guo et al. [15].
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Figure 17. The effects of changing mass on the universal seat with the quasi-zero stiffness (QZS)
cushion, assuming that the cushion is tuned to the point of lowest stiffness.

5. Conclusions

The purpose of this paper was to investigate a novel, low-cost seat cushion capable
of attenuating low-frequency WBVs transmitted to a vehicle operator. The experimental
and mathematical results show that the replacement of a stock foam cushion with a QZS
cushion drastically improves the dynamic response of a tractor seat such as the Darby
universal tractor seat. This is particularly true when evaluating the performance of the
seat using criterion 1, the size of the attenuation zone. In the presence of large amounts of
friction, the isolator can attenuate all vibrations at frequencies larger than 1.1 Hz, while
the foam cushion attenuates vibrations between 3.4 Hz and 4.1 Hz, as well as frequencies
larger than 4.8 Hz. In the absence of friction, the performance is further improved, and the
cut-off frequency shifts to 0.85 Hz. These results meet or exceed the ASABE estimates for
the best possible performance of a typical passive seat.

When evaluating the performance of the QZS cushion by observing the magnitude
of the transmissibility at the resonant frequency, the QZS performs worse than the stock
foam cushion. While resonance occurs at very small frequencies below 1 Hz, simulations
show that the addition of a dedicated damper to the QZS system would improve the
response according to this criterion. Finally, considering the response of the system within
the attenuation zone, the QZS cushion performs better than the foam cushion for all
frequencies smaller than 10 Hz. The performance of the cushion is not affected by the
addition of a thin foam cushion near the top of the device. However, it is important to note
that higher acceleration amplitudes, which may be encountered in practical applications,
could limit some of the benefits of using QZS.

The performance of the SDOF and 2DOF universal seat is accurately modeled using
the FBFM and the accurate acquisition of QZS parameters. Due to the sensitivity of the
QZS isolator to vertical stiffness, this needs to be accurately measured using a tensile
testing machine rather than relying on the manufacturer’s specifications for the parts.
Small inaccuracies, including nonlinearities within the spring itself, are enough to lead to
inaccurate modeling of the QZS element.

The present study shows that it is necessary to consider friction as part of a mathemat-
ical model when predicting the performance of QZS cushions on tractor seats. Suspensions
such as the one on the universal seat can have large amounts of stiction, causing it to
perform much worse than predicted by using simple linear modeling techniques. When
the tractor seat is “sticking”, the 2DOF system can effectively be modeled as an SDOF
QZS system.
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Finally, the cushion is shown to be relatively insensitive to changes in mass, assuming
that the cushion is accurately tuned to be at the point of lowest stiffness. This is easiest
to achieve when there is only a single QZS element, rather than many that need to be
tuned simultaneously.
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Appendix A

Table A1. Frequency, displacement amplitude, and root mean square (RMS) acceleration for each
vibration profile.

Frequency (Hz)
2.5 mm Amplitude 5 mm Amplitude

RMS Acceleration (m/s2) RMS Acceleration (m/s2)

0.5 0.02 0.03
0.6 0.03 0.05
0.7 0.03 0.07
0.8 0.04 0.09
0.9 0.06 0.11
1.0 0.07 0.14
1.1 0.08 0.17
1.2 0.10 0.20
1.3 0.12 0.24
1.4 0.14 0.27
1.5 0.16 0.31
1.6 0.18 0.36
1.7 0.20 0.40
1.8 0.23 0.45
1.9 0.25 0.50
2.0 0.28 0.56
2.1 0.31 0.62
2.2 0.34 0.68
2.3 0.37 0.74
2.4 0.40 0.80
2.5 0.44 0.87
2.6 0.47 0.94
2.7 0.51 1.02
2.8 0.55 1.09
2.9 0.59 1.17
3.0 0.63 1.26
3.1 0.67 1.34
3.2 0.71 1.43
3.3 0.76 1.52
3.4 0.81 1.61
3.5 0.85 1.71
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Table A1. Cont.

Frequency (Hz)
2.5 mm Amplitude 5 mm Amplitude

RMS Acceleration (m/s2) RMS Acceleration (m/s2)

4.0 1.12 2.23
4.5 1.41 2.83
5.0 1.74 3.49
5.5 2.11 4.22
6.0 2.51 5.02
6.5 2.95 5.90
7.0 3.42 6.84
7.5 3.93 7.85
8.0 4.47 8.93
8.5 5.04 10.08
9.0 5.65 11.30
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