m stats

Article

A Note on Simultaneous Confidence Intervals for Direct, Indirect
and Synthetic Estimators

Christophe Quentin Valvason *

check for
updates

Citation: Valvason, C.Q.; Sperlich, S.
A Note on Simultaneous Confidence
Intervals for Direct, Indirect and
Synthetic Estimators. Stats 2024, 7,
333-349. https://doi.org/
10.3390/stats7010020

Academic Editor: Wei Zhu

Received: 9 February 2024
Revised: 15 March 2024
Accepted: 18 March 2024
Published: 20 March 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

and Stefan Sperlich *

Geneva School of Economics and Management, University of Geneva, 40 Boulevard du Pont d’Arve,
1204 Geneva, Switzerland
* Correspondence: christophe.valvason@unige.ch (C.Q.V.); stefan.sperlich@unige.ch (S.S.)

Abstract: Direct, indirect and synthetic estimators have a long history in official statistics. While
model-based or model-assisted approaches have become very popular, direct and indirect estimators
remain the predominant standard and are therefore important tools in practice. This is mainly due to
their simplicity, including low data requirements, assumptions and straightforward inference. With
the increasing use of domain estimates in policy, the demands on these tools have also increased.
Today, they are frequently used for comparative statistics. This requires appropriate tools for simulta-
neous inference. We study devices for constructing simultaneous confidence intervals and show that
simple tools like the Bonferroni correction can easily fail. In contrast, uniform inference based on
max-type statistics in combination with bootstrap methods, appropriate for finite populations, work
reasonably well. We illustrate our methods with frequently applied estimators of totals and means.

Keywords: domain estimation; simultaneous confidence intervals; uniform inference; comparative
statistics

1. Introduction

Nowadays, domain estimation is well recognised as an important sub-field in official
statistics and survey methodology. The UN’s aspiration to leave nobody behind in its
sustainable development goals has further boosted the interest in domain estimation,
where “domains” may refer to any specified cluster or sub-population that could be of
political or social interest. Governmental offices use those methods for the reallocation
of resources and public programs [1]. Depending on the data availability, one may resort
either to direct, indirect, model-assisted or even model-based methods to estimate or
predict the parameters of interest; see the books [2,3]. Model-assisted or -based estimators
are only interesting when appropriate auxiliary information is available. However, they
rely on other data requirements, complex assumptions and methods, and, in the case of
model misspecification, adverse effects on further inference can become substantial [4]. In
contrast, design-based estimators are quite simple, work with weaker assumptions, do not
necessarily need auxiliary information and can be assumed nearly design-unbiased [5,6].
The lack of auxiliary information—especially on the unit level—is a major problem in many
cases and countries. Further problems arise when methods are not adapted to the inclusion
of sampling weights. Even for model-based methodology, direct estimates are essential to
start building and validating the models [1]. In sum, direct and indirect estimators remain
useful tools in official statistics.

With the growing number of methods for estimating domain parameters, their use for
decision making is growing too, quite frequently for comparative statistics over domains
or even over small areas; c.f. [7]. Different authors like those of [8] critically observed that
the topic of ensemble properties has been largely overlooked. Certainly, if one only wants
to compare two domains, then a ¢-test is one of the obvious options, but often practitioners
compare more than two domains simultaneously. Multiple comparison is a rather broad
field in statistics [9]; in this article, we concentrate on simultaneous confidence intervals
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(SCIs) due to their easy interpretation and convenient handling. In a parametric unbiased
context, this is an equivalent problem to simultaneous testing, though in practice those
tests are often applied sequentially, which allows for more sophisticated modifications to
control the family-wise error rate [10]. Recently, refs. [11,12] introduced different tools for
simultaneous inference in the model-based small area estimation context, i.e., for estimators
based on linear and generalized linear mixed models. For design-based estimators, we
could not find any similar study; this paper is a contribution to fill this gap.

Some questions arise: Can we not simply apply the Bonferroni or the Siddk methods?
One may also question if such an inference is practicable since for an increasing number of
domains those intervals become very large. We will see that the first question (regarding
the Bonferroni method) must be answered negatively, whereas the second is more involved.
We believe that it is not too strong of a counterargument, as in practice one could conduct
such comparisons on subsets of all domains. In contrast, conducting multiple comparison
with tools made for individual analyses is definitely inappropriate. Even for a small
set of domains, too-simple methods fail in delivering an appropriate joint coverage of
the estimators.

Note that the considered problem is not related to the one faced in small area estimation
based on mixed effects models, c.f. [13,14], regarding conditional versus unconditional
inference. Both emphasise the problem that the typically reported coverage probabilities
refer to the average over space and/or time without conditioning on the domains. When
one repeatedly constructs some confidence intervals for the same set of domains, these
can have 100% coverage for several domains and zero coverage for others. We do not
face this problem because we only consider conditionally unbiased direct, indirect and
synthetic estimators. This is just another advantage of the here-considered methods. The
practical problem we refer to is equivalent to that of demanding uniform inference over a
set of domains.

We first define SCls and propose three practical methods for constructing them. After-
wards, we revisit the direct and indirect estimators for linear domain parameters, namely,
totals and averages. Section 4 compares these methods when applied to those estimators.
This is conducted for both simple and complex sampling designs and weights. Section 5
illustrates the use and performance of our methods using a data example in which we
estimate total tax incomes for different domains in Belgium. Section 6 concludes this
paper. More details on estimators, notation and simulations are deferred to our Supple-
mentary Materials.

2. Simultaneous Confidence Intervals for Domains

For domain parameters 6;,d = 1,..., D, a simultaneous confidence interval 7;_, at a
fixed error level 0 < & < 1 forms a rectangular region that covers the set of parameters 6,
for all d of some finite collection D of D domains, with a probability of at least 1 — «, i.e.,

P(Z1_4 2604, ¥d € D) > 1 —u. (1)

An SCI can be understood as the Cartesian product of D individual confidence inter-
vals such that

Tw= d?pzd;l—rxd with Ty, {0s£c1-0,/204}, d=1,...,D, (2)

where c1_,, are suitable critical values and &, consistent estimates of the standard deviation
of 8. For many of the direct and indirect estimators, standard errors can be estimated
relatively easily. It is more challenging to find c¢1_,, such that Equation (1) holds. These ay
could be different from each other, but for practical reasons one would set them all to be
equal, ay = o/, Vd.

Obvious devices are the Bonferroni correction, the Sidak correction and the max-type
statistic typically used for uniform inference. The Bonferroni correction can be applied by
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setting the individual levels to &’ = a/D and choosing for ¢;_,//, the 1 — a’/2 quantile
of the student distribution with n — D degrees of freedom, with # indicating sample size.
( One may argue that one should take different critical values for each domain based on
aty, 1 distribution. At the same time, the approximation of the degrees of freedom is
arguable since we are working with design-based estimators which include the use of
potentially complex sampling weights. We will see in the simulations, however, that the
Bonferroni approach will not even work in the simplest sampling design case.) Ref. [15]
derived SClIs for arbitrary linear combinations of normally distributed means. Later on,
this was taken as a justification to do the same for other estimators that are asymptotically
normal. Ref. [16] proposed &’ = 1 — (1 — &)/P but suggested to otherwise use the same
procedure. He showed that this correction can increase the multiple power uniformly.

The third approach considers the (relatively) largest deviation for all considered
estimates, i.e., a max-type statistic. Refs. [11,12] applied this idea to small area estimation
and introduced bootstrap procedures to approximate the distribution of the resulting
pivotal statistic. In our case, such a max-type statistic is

PN

05 — 04

So = max‘SO;d , where So 1= 3)
deD

It is recommend to use a resampling distribution of Sy to approximate critical values.
While the above-mentioned authors used model-based parametric bootstrap, we do not
have a model. Furthermore, we need a bootstrap procedure that works for finite popula-
tions. There exist many proposals for those problems; in our simulations, we follow the
recommendations of [17]. See also our Supplementary Materials for details, procedures
and further references.

We close this section with a remark: there exist many modifications of the Bonferroni
correction. Most of these were made in order to better control for potential correlations
between testing or estimation problems. This can increase the power of a multiple test or
decrease the length of SCIs. In our simulations, the estimates are uncorrelated such that
those modifications are not of interest for our study—which is not necessarily the case in
practice. As we will see that, in our context, the problem with Bonferroni is not an over-
but a serious undercoverage, those modifications are therefore expected to produce worse
results. In practice, the distributions of some domain parameter estimates have larger tails
than the asymptotic distribution suggests. Consequently, the problem is less the proposed
correction as it is finding an appropriate c¢;_,/ /, that could be useful in practice.

3. Considered Direct and Indirect Estimators

One of the main benefits of direct methods is that they lead to design-consistent
estimation and nearly design-unbiased estimators [18]. We concentrate on two popular
estimators, the Horvitz—Thompson [19] (H-T) and the direct generalized regression estima-
tor (GREG) [20] to estimate the total Y; := ) kcy7, Yx- One could alternatively consider any
linear function of the yy, but for the sake of presentation we concentrate on the simplest case.
This is because (a) for our simulations we need to consider a specific one, (b) together with
the domain mean, the total is one of the most frequently demanded parameters and (c) we
will see that even for the simplest case, the considered standard devices do not work. In
the following, the Y, are our parameters of interest, our 6. The quantities 7, 774y denote,
respectively, the first-order inclusion probability of unit k and the second-order one of units
k and . Ay is the covariance between the inclusion probabilities of units k and ¢ within the
same sample. Then, the H-T estimator is

=Y (4)

kGSd

and similarly léf;” = N, 1" for the mean with Ny the domain size.
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As said, when auxiliary variables x; € R”,p > 1 are available and their totals are
known, then domain-level linear mixed models become more and more popular in practice.
The more traditional ancestor is the direct-GREG approach, an estimator assisted by a
standard linear regression model with errors €y, i.e.,

Yid = X4Ba +€xa,  Var(exg) = 02y, 5)

where f; is a parameter vector associated with domain Uy, typically estimated by

T\ -1
5 XiXg XkYk
ﬁd—<z ) (z) ©
kGSd 7Tk kESd nk
The direct-GREG is

ngreg =Y e+ Z % = +(Xg — XIN T By, ()

kGUd kGSd

where X} is the vector of true domain totals for each auxiliary variable, ¢x = y; — fx and
Xst is its Horvitz-Thompson estimator.

Indirect estimators borrow strength from domains or clusters that are different from
the domains of interest [21]. Therefore, we introduce here the notion of groups. These are
subsets Ug, g =1,...,G, different from the domains and not necessarily of interest, that
partition the population, i.e., ngl Uy = U, with UgNUy =@ for g # ¢'. Typically, G
is small. An estimator of a group’s mean Y, is given by

Aht

where Ngt Z — (8)

. Y _
g Nht Z Tk Nht kesg

kesg

also known as the Hajek estimator [22]. The synthetic estimator (Syn) for the total in
domain d is

G
A th )
P Y NagYe, ©)
g=1
where Ny, are the crossed population sizes between domain d and group g.

A modification of the synthetic estimator is its post-stratified version (P-S). Instead of
using the group’s mean, one uses the means in subsets Uy, = Uy (N Uy,

G 2 S A
Y;Sts =) NygYae,  where Yy, := X ) yk with Ng : Z — (10)
g=1 dg k€s,,1g kesgg k

This estimator is generally unbiased [3] and performs better than the basic synthetic
estimator when yj has a large variation within groups.

The indirect-GREG estimator (I-GREG) for the total can also be considered as an
indirect estimator under regression y; = ka B + €, i.e.,, with a common parameter vector 3
for the population, instead of one for each domain [23]. Similar to the direct-GREG, it is

defined by
T\ -1
A XX XYk
p= (Z ) X o

kes s kes

and the I-GREG estimator of the total is for 5 = x,—('—ﬁ and e; = yx — U given as

Y‘flgreg — Z .+ Z Z;t + (Xd _ X’\I;t) A 2 gdkyk (11)

kely kesy kes
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where gy = Iy + (X' = XI) T (Ties xiex{ /7).
If N; is known, Equation (11) can be simplified [23] to
zgreg Z yk 4 Ek . (12)

ht
kely Nd kesy 7Tk
For more details about these estimators, see our Supplementary Materials and [3,20,23].

4. Simulation Studies

The aim of our simulation study is to better understand the performance of the above
methods. Specifically, we compare the actual coverage probabilities of different SCIs of
all combinations of estimators and methods to construct SCls. As said, here, we consider
the estimation of domain totals or functions of them. To keep it simple, we perform this
first for samples of small and moderate size and then consider what happens to the best
combinations when sample sizes increase a bit.

4.1. Simulation Designs

As we included GREG estimators in our study, we need to use a hierarchical model for
generating the data for populations U. We generate N observations allocated in D domains
and G = 2 groups. To face G = 2 is quite frequent in practice, like for gender or private
vs. public. Our findings remain the same for larger G. We are interested in the results
for different combinations of N and D; G is only included for computing the synthetic
estimators. The data generating process is

Ykd = Po + Bixia + B2l{k € G1} + ug + €xq, k=1,...,N;, d=1,...,D, (13)

where x;; stands for some auxiliary information (which often is not available in practice),
1{e € G;} the group indicator, 1; a domain effect and €;; an independent (of x, u and
the other €) random subject effect. Both 1, € are normally distributed with mean zero and
variances Var(u;) = 02, Var(eyy) = 02. We applied o, = 2 or 0.02 alternatively but kept
oe = 0.8 fixed to control the effect of intercorrelation ¢/ (02 + 02). The x4 are uniformly
distributed on [0, 1] and [0, 10], respectively. Alternatively, one could vary the  values. It
must be emphasised that we use model Equation (13) only to generate data, not to model
our response variable after a sample has been selected. Except for the GREG, we are neither
in a model-based nor in a model-assisted estimation setting.

Once a population is generated, we compute the true totals (6;) for all domains. We
generate samples of size 7, first by means of simple random sampling without replacement
(SRSWOR) and then by sampling with unequal probabilities (UPs); for both, we used
the R package sampling. For the UP design, each sample is generated by a systematic
sampling algorithm to be close to maximum entropy. This is standard in official statistics
as it simplifies a lot the estimation of the estimators’ variances, c.f. our Supplementary
Materials. Moreover, for the bootstrap methods to work, it is recommended to use sampling
designs that try to maximize the entropy [17]. We applied the so-called random systematic
algorithm [24] for its computational performance and easy use. All these choices were
to guarantee good performance of the estimators and to favour the Bonferroni method,
i.e., to not directly generate data for which the latter is clearly inappropriate. For the UP
design, we skipped the direct-GREG estimator as, apart from being computationally quite
expensive, the related I-GREG is known to perform much better.

For SRSWOR, all inclusion probabilities 7t are the same for each unit in our population;
for UPs, we compute them for the auxiliary variable x;; of the data generating process in
Equation (13). Note that the SRSWOR is the basic design for multistage sampling and that
UDPs are often encountered in practice. We assume no non-response for the rest of this paper.
Note that if the considered methods fail already in our sampling designs, then there is little
hope for more complex ones. We could consider more sampling designs, but we decided
to focus on these two as they were widely used in theory and practice. Stratification is
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not considered since we are interested in the performance of SClIs even for cases where
the domains may not be considered in the sampling design. The implementation of
a complex sampling design such as a multistage one for uniform inference is a rather
complex computational task and leads to research questions beyond the scope of this paper,
including the need for accordingly designed bootstrap procedures.

Throughout our simulations, we construct 95% SCIs and compute their uniform cov-
erage probabilities for each type of method and estimator. From each generated population,
we take M samples of size n. We perform this for different sample sizes n and sampling rates
f,namely, fi =1/6and f, = 2/3. Repeating this for K populations, we obtain K x M interval
estimates for each domain which are used to approximate the uniform coverage probabilities.

While we tried many more situations, for the first simulations shown below, we set
K =100 and M = 10, i.e., 1000 samples, and B = 250 bootstrap samples, with By = 1 =
B2 = 1, and we constructed populations partitioned into D = {3,10,50,100} domains, such
that collection D of domains is the full set of domains in the population. The population
sizes N corresponding to the above domain numbers were {90,300, 1500, 3000}. Notice
that the n; were random in our setting, as is often the case in practice. We tried many more
combinations with (much) larger samples, but the findings were the same overall.

4.2. Simulation Results

The presentation is organized using the designs and described methods for construct-
ing SClIs, first discussing them individually for all estimators and then comparing them.
Sampling design, methods and estimators can be perfectly compared to each other since
they were computed for the same targets based on the same samples taken from the
same populations.

4.2.1. Bonferroni and Siddk Method: Results and Analysis

Recall that the Bonferroni correction introduced in [15] was originally proposed for a
linear combination of normally distributed means; when variances were estimated, the t-
distribution was suggested. Similarly, ref. [16] considered the means of multivariate normal
distributions when the variances were known or at least equal; in the latter case, again the
t-distribution was suggested for the critical values.

In the following figures, we compare boxplots for the Bonferroni-SCI coverages ob-
tained for the different estimators and designs; see Figure 1 for the SRSWOR design
and Figure 2 for the more complex UP design. For the Siddk method, see the simulation
averages summarized in Table 1. The boxplots roughly indicate the distributions of the joint
coverages of all domain parameters over the K = 100 populations. From these illustrations
of medians and spreads of achieved coverages, we discover serious undercoverage which
converges to zero quite rapidly for increasing D. Simulations for X~U|0, 10] reveal no
additional findings, so it is sufficient to look at variations of oy, f, D, n and N.

It becomes immediately clear that in using Bonferroni or Sidak, we achieve the wanted
joint coverage of 95% = 1 — « only for the H-T estimator in the simple SRSWOR design,
but even there only when considering just three domains with high sampling rates. When
looking at the other estimators, we obtain worse results. For direct-GREG and our synthetic
estimators, Bonferroni fails to provide appropriate coverage probabilities in almost all
cases. So, either the variance estimates or the t-approximations do not work sufficiently
well. For the synthetic estimator, it is also likely that the total estimator itself does not
work well unless n; is sufficiently large in all domains. At first glance, P-S and I-GREG
estimators perform somewhat better. But this holds only for the least interesting case with
D = 3. From the table, we see that there is not much difference in the coverage between
SClIs constructed by Bonferroni versus Sidak.
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Figure 1. Boxplots of uniform coverage probabilities for all estimators when ¢, = 2, X~U[0,1] under
SRSWOR and applying the Bonferroni correction for 95% SCL
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Figure 2. Boxplots of uniform coverage probabilities for all estimators when ¢, = 2, X~U[0,1] under
UP design and applying the Bonferroni correction for 95% SCI.
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Table 1. Coverage probabilities for all methods and estimators in various scenarios under SRSWOR.
X~U7[0,10] for lines 8, 7, 11, 12; otherwise, X~U |0, 1]. Estimators are H-T: Horvitz-Thompson, D-G:
direct-GREG, Syn: synthetic, P-S: post-stratified, I-G: indirect-GREG.

Bonferroni Sidak Max-Type
f H-T D-G Syn P-S I-G H-T D-G Syn P-S I-G H-T D-G Syn P-S I-G
oy =2 D=3
1/6 0874 0355 0.187 0773 0.887 0.874 0355 0205 0.773 0.887 0946 0946 0991 0.895 0.999
2/3 0953 0.87 0 0.953 0918 0953 0.87 0 0.953 0917 0987 0.998 0951 0.983 0.998
1/6 0865 0355 0546 0.677 0869 0.864 0355 0565 0.676 0.869 0948 0.969 0.986 0.914 1
2/3 0946 087 0.015 0926 0943 0945 087 0.014 0926 0942 0.992 1 0.687  0.987 1
oy =0.02
1/6 0873 0355 0971 0.773 0902 0.873 0355 0978 0.773 0902 0952 0954 0.995 0.895 1
2/3 0948 087 0572 0953 0932 0948 087 057 0953 0929 0.978 1 0.956 0.983 1
1/6 0869 0355 0912 0.677 0872 0.867 0355 0919 0676 0871 0943 0971 0993 0914 1
2/3 0946 087 0.015 0926 0943 0945 0.87 0.014 0926 0942 0.992 1 0.687  0.987 1
o, =2 D=10
1/6 0.63  0.017 0 0.274 0.654 0.629 0.017 0 0.274 0.654 0949 0.87 1 0.947  0.993
2/3 088 073 0 0.873 0.825 0.88 0.729 0 0.872 0.824 0.991 1 0.731 0.992 0.999
oy =0.02
1/6 0618 0.017 0.708 0274 0701 0.616 0.017 0724 0274 0.7 0951 0.879 1 0.947  0.999
2/3 0868 073 0.005 0873 0.855 0.867 0729 0.005 0.872 0.855 0.99 1 0.61 0.992 1
oy =2 D =50
1/6  0.142 0 0 0 0.171  0.141 0 0 0 0171 0977 1 1 0.964 0.998
2/3 0724 0448 0 0.661 0.637 0.724 0.446 0 0.66 0.636 0.984 1 0.007  0.999 1
oy =0.02
1/6  0.105 0 0 0 0.224 0.105 0 0 0 0.223  0.962 1 1 0.964 1
2/3 0703 0.448 0 0.661 0.647 0.701 0.446 0 0.66 0.645 0.987 1 0.006  0.999 1
oy = D =100
1/6  0.019 0 0 0 0.039  0.019 0 0 0 0.039 0973 1 1 0.962 0.988
2/3 0582 0.257 0 0.511 0508 0.578 0.253 0 0.51 0.506 0.988 1 0 0.993 1
o, =0.02
1/6  0.008 0 0 0 0.052  0.008 0 0 0 0.051  0.96 1 1 0.962  0.998
2/3 0577 0.257 0 0.511 0549 0575 0.253 0 051 0.547 0.995 1 0 0.993 1

For the UP design, we see that things become much worse. It is a bit surprising that
the coverage is sometimes better for the low sampling rate than for the high one. But no
estimator delivers an appropriate joint coverage, and the results are again “best” for the H-T.
Our findings do not vary over the considered simulation designs although the numerical
outcomes do, especially when increasing the ratio f. Not shown is that simulation outcomes
became much worse when the random effects u# and € deviated from normality.

In sum, Bonferroni and Sidak SCI (which are typically considered as conservative
methods, i.e., they should lead to overcoverage) fail almost always. Then, comparative
or joint inference for domains is impossible for any set of D > 3 domains based on these
methods even in the most simple setup and estimation problem. For understanding the
failures, it is worth recalling that increasing the number of domains has two effects: the
risk that some domains have a very small n; increases, and at the same time we have
to cover an increasing number of 6;. It is increasingly likely that one interval does not
contain its 6, unless all §; exhibit good variance estimates and obey the t-distribution.
The quality of the variance estimates has been studied extensively in the literature. Let
us therefore have a closer look at the problem of taking as critical values the quantiles
of the t-distribution. Clearly, the quality of distributional approximation depends on the
ng,d =1,...,D, but also on the estimators and the distribution of yy; if its shape is very
skewed (and/or has heavy tails), an approximation by t requires a much larger n,; in all
domains than would be the case for symmetric ones [20] (with slim tails). From Figure 3,
we see that in this sense, our simulation setting is quite favourable for the Bonferroni and
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Sidak corrections. One may ask why we nonetheless obtain those bad results. Figure 4 gives
an answer for the H-T estimates on which we built the SCIs. While the majority of domain
estimates fit well to the normal distribution, in several domains the true distribution is far
from it; those destroy the joint coverage. This is even more emphasised for other estimators
(figures not shown).
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Figure 3. Densities of Y for different sampling rates with ¢, = 2, X~U[0,1] under SRSWOR.
The normal distribution with the same parameters is plotted in grey.

S D=3f=1/6 D=3f=2/3
S B N
= SR = PR
i v \ o / |
-~ . \ = ; _
[==] sl =) __\., i
8 - L et = 8 i - — - \\_ S
S 0 200 400 600 800 S 100 = 200 ° 300 = 400
D=10f=1/6 o D=10f=2/3
S S .
= =1
C’ A -
o | =
=2 <
= | NN =
o e \ . \\\ o “\\.
(= B = o
S 0 200 40 600 800 = 400

Figure 4. Densities of the Horvitz-Thompson estimates for different simulation designs under
SRSWOR. Each domain estimate is plotted in a different colour.

Consequently, Bonferroni and Sidak corrections with t-quantiles cannot work. An
alternative for obtaining the quantiles needed for the critical values could be to estimate
the distribution by bootstrap. Unfortunately, while this may work for quantiles q;_,/»
with « = 0.1, 0.5 or 0.01, for Bonferroni, we need quantiles with a’ = /D, which become
extremely small as D increases. The bootstrap estimates of those quantiles are not reliable
unless the 1, or f become very large. For D > 10, one may easily obtain situations in which
one needs more bootstrap samples than different samples exist, leaving computational
issues apart. Thus, while bootstrap for estimating critical values is interesting, it is not
helpful in combination with the Bonferroni or Siddk corrections.
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Clearly, for increasing sample sizes or sampling rate f, the problem might be less
emphasised, depending on the underlying distribution of Y and the wanted estimator. In
practice, this could become quite costly, but we conducted a simulation which considered
larger N and larger n for the same data generating process as described above; see Table 2.
While one may argue that the coverage probabilities in this example are not too bad, we still
observe divergence, not convergence. Moreover, recall that we simulated a quite favourable
situation with y; and estimators not being too far from normality. In the Supplementary
Materials, we briefly discuss what the literature tells us about the sample sizes needed for
a reasonable approximation of a simple mean estimate by normality when Y is not normal.
It can be seen there how dramatically #; must increase in all domains to achieve this when
the distribution of Y becomes more skewed. We conclude that one needs a sampling design
that accounts for the partitioning of the population into domains and guarantees large
sample sizes and/or a high sampling rate in each domain. By controlling the sampling rate
within each domain, we are no longer in a standard situation in practice. Moreover, if some
of the N; are small, then this solution also would fail.

Table 2. Coverage probabilities for 95% SCI when using the Horvitz-Thompson estimator with the
Bonferroni correction under SRSWOR.

D=5 D=10 D =50
N 1000 2000 10,000
n 750 1500 8500
f 0.75 0.75 0.85
Coverage 0.93 0.92 0.9

4.2.2. Max-Type Statistic with Bootstrap and an Overall Comparison

We now pursue the idea of using bootstrap for approximating the critical values,
combining it with the approach of performing uniform inference via max-type statistics;
recall Section 2. Results under SRSWOR are summarized in Table 1. We see that we are
much closer to the nominal level of 1 — a than before. For the sake of comparison, we
repeat the exercise of the last subsection, showing in Figure 5 the distributions of coverage
probabilities for the max-type SCIs. Comparing this with Figure 1, we observe that the
distributions are more concentrated on the right. We also observe that in most cases,
the spread of the boxes is much smaller. Finally, we observe that in some situations the
max-type approach leads to overcoverage, which was never the case before.

Again, the SCIs for the direct-GREG and the synthetic estimator almost never have the
desired coverage. Like for the Bonferroni method, this may be due to the large variation
in these estimators. For the H-T and the P-S estimators, we obtain reasonable results,
except for the latter when D = 3. However, in several situations, the coverage is larger than
1 — a, in particular for the I-GREG, which is therefore not recommendable. We conclude
that for D < 10 one would recommend constructing SCIs by max-type statistics of H-T
estimators and for D > 10 alternatively by the P-S estimators.

As the estimates and their corresponding variances are the same for all methods,
the main difference to the above in our new SCI construction is the way we calculate the
critical values. In Table 3, we compare these when using the max-type statistic and the
Bonferroni correction, respectively, both for the H-T estimator. As expected, for D = 3,
they differ only a bit, substantially depending on the sampling rate f. For increasing D,
the difference between them becomes more and more substantial.
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Figure 5. Boxplots of the uniform coverage probabilities for all estimators under different simulation
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designs with 03, = 2 under SRSWOR, when applying the max-type statistics approach combined with
bootstraps for finite populations for constructing 95% SCI.

Table 3. Critical values of 95% SCI for the Bonferroni and the max-type approaches using the
Horvitz-Thompson estimator under SRSWOR.

D=3 D=10 D=50

f

Max-Type
Bonferroni

0.75 0.8 0.9 0.25 0.5 0.75 0.8 0.9 0.25 0.5 0.75 0.8 0.9
28 303 365 335 3.2 343 336 375 432 386 416 491 457

24 24 24 282 281 281 281 281 329 329 329 329 329

Results for the UP design are displayed in Table 4. Again, the real coverage is much
closer to the desired level for the “max-type with bootstrap” method than for the classical
approaches. However, we obtain the desired coverage for almost all simulations only for
the I-GREG estimator. As for the SRSWOR design, the max-type SCIs are too conservative
when the number of domains increases but the sampling rate decreases. For the H-T
estimator, we observe that, as the number of domains increases and the sampling rate
is high, the coverage becomes better. For D = 50 and D = 100, we obtain the desired
coverage probability. We also observe a similar pattern for the P-S estimator. Finally, the SCI
for Syn fails in all situations. These findings are coherent with the ones previously found
for a SRSWOR design. The “Na” indicate that in some crossed group-domains U, we do
not have data.

Even though we briefly commented above on it, let us add some comments on the
seemingly quite-frequent overcoverage of the max-type statistic-based SCls. There are two
major comments on this issue and some smaller ones. First, the max-type-based approach
tries to construct SCIs that account for the worst case. Intuitively, this suggests that these
SCIs tend to have overcoverage; one may even argue that this would be suboptimal.
However, our aim was not to invent new methods at this stage. We rather wanted to study
how well-known methods work when employed to construct SCIs for frequently used direct
and indirect domain estimators. Second, the max-type approach is particularly sensitive
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to the quality of variance estimators; recall statistic Equation (3). To what we found, these
work particularly badly for the direct-GREG and indirect-GREG approaches but are also
problematic for the synthetic one. Certainly, the choice of the bootstrap method also can
play a role, but here we cannot generally blame the bootstrap for over- or undercoverage.

Table 4. Coverage probabilities for all methods and estimators in various scenarios for an unequal
probability design UP and X~U|0, 1]. Estimators are H-T: Horvitz-Thompson, Syn: synthetic, P-S:
post-stratified, I-G: indirect-GREG.

Bonferroni Sidak Max-Type
f H-T Syn P-S I-G H-T Syn P-S I-G H-T Syn P-S I-G
o, =2 D=3
1/6 0.713 0.08 0.3183  0.7065 0.713 0.08 0.3183 0.70355  0.883 0.297 0.8404 0.99
2/3 0.625 0.002 0.492 0.569 0.624 0.002 0.489 0.568 0.843 0.067 0.804 0.923
oy =0.02
1/6 0.727 0.773 0.291 0.671 0.726 0.773 0.291 0.667 0.894 0.793 0.836 1
2/3 0.628 0.428 0.492 0.497 0.625 0.426 0.489 0.497 0.851 0.538 0.804 0.962
ou=2 D=10
1/6 0.532 0 Na 0.469 0.531 0 Na 0.464 0.884 0.009 Na 1
2/3 0.253 0 0.151 0.229 0.25 0 0.151 0.229 0.905 0.002 0.863 0.961
o, =0.02
1/6 0.507 0.51 0.078 0.476 0.505 0.508 0.0779 0.473 0.889 0.526 0.739 1
2/3 0.269 0.058 0.151 0.126 0.268 0.058 0.151 0.123 0.905 0.179 0.863 0.987
oy =2 D =50
1/6 0.287 0 Na 0.316 0.286 0,00 Na 0.315 0.8 0.003 Na 1
2/3 0.004 0.001 0 0.004 0.004 0 0 0.004 0.946 0.001 0.926 0.946
oy, =0.02
1/6 0.367 0.021 Na 0.367 0.367 0.02 Na 0.367 0.794 0.2882 Na 0.794
2/3 0.005 0.001 0 0 0.005 0.001 0 0 0.934 0.019 0.926 0.995
oy =2 D =100
1/6 0.197 0 Na 0.289 0.197 0,00 Na 0.286 0.651 0.009 Na 1
2/3 0.001 0 0 0 0.001 0 0 0 0.964 0 0.93 0.991
oy =0.02
1/6 0.286 0.004 Na 0.361 0.282 0.0043 Na 0.358 0.65 0.4243 Na 1
2/3 0 0.001 0 0 0 0.001 0 0 0.957 0.007 0.93 0.994

How large the SCIs are in practice and how well they separate domain parameters
significantly depends on many factors, like sample size, sample rate, the distribution of
the estimator and in particular its variance. How reasonable they are, and consequently
conducting comparative statistics between domains at all, depends also on the ratio of
the within-domain variation compared to the between-domain variation. In brief, there
is no generally valid answer to this. If in practice it is noted that constructing SCIs for a
large number D of domains gives extremely large and therefore useless intervals, then one
should concentrate on small but interesting subsets of domains and construct the SCIs for
them (reducing D). The simulation design may look a bit artificial but was constructed this
way to see the different effects not only of sample size and the complexity of sample design
but also of size, within versus between variation, etc.

In the following, we present a small simulated (now visual) illustration before we turn
to the real data example. We concentrate on max-type-based SCIs for the H-T estimators of
domain totals with our different sampling rates and sampling designs. Let us first consider
D = 10 domains simultaneously. For a better illustration, the variable of interest is now
generated by

Ykd =02 4+4x +ug+eq, k=1,...
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where xy, are, as before, uniformly distributed on [0, 10], u; = 10d are the domain intercepts
(not randomly drawn) to control the between-domain variation and e are normally dis-
tributed noise with mean 0 and standard deviation equal to xy;. The latter was performed
for obtaining a reasonable UP design whose weights are determined out of the dependence
between y and x; a too-low relation results in worse estimators and larger SCIs for the UP
design. The domain population size is set to Ny = 120 for all domains. The sampling rates
are set such that the sample sizes are n € {200,500}.

Figure 6 plots the SCIs obtained from one simulation run. We see that the SCIs are
reasonably small and therefore useful throughout when the total sample size is n = 500.
For the much smaller sample size, we observe quite large SClIs, at least for the domains
with large values for their y;. The results are less promising for the UP design which,
however, is also due to the small relation between y and x.
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Figure 6. Plots of max-type-based SCIs for D = 10 with Horvitz-Thompson estimator.

Next, we consider an example for D = 50 domains with sample sizes n € {1000,2500}.
The data are generated from the same process as above but now with domain intercepts
ug = ug_1 + 2, where u; = 1. The resulting SCIs of one simulation run are plotted in
Figure 7. Here, we observe a similar situation as before, but even less favourable for the
small sample situation, and just uninformative SCIs for the UP design. However, even for
D = 50, the SCIs are reasonably short for many domains when the total sample size is 2500.



Stats 2024, 7 346
Simple Random Sampling Unequal Probability
o
2
q- -
n
)
o’) -
» O - 0 Tl
R - [ =
0 0 -
F 1 = ]
0N~ | B \ ) N a8
= L X £ N SRXXX
(U (U ~ ] XXX
£ 8 § 7 Fa NI £ M| )(@7 X
0 x = 0 e L
3 @@W Y & | L
0 | *E X B i O 1 [ i
(@] ﬂ, — ]
o f <
o' 7 1
0 10 20 30 40 50 0 10 20 30 40 50
Domains Domains
b4 True Totals Cl forn=1000 = (Clforn=2500

Figure 7. Plots of max-type-based SCIs for D = 50 with Horvitz-Thompson estimator.

5. Estimating Total Tax Incomes: A Simulation Study with Belgian Data

In this section, we conduct a simulation study that is based on real data. We consider
the Belgian Municipalities Population set provided in the R package sampling [24]. It contains
data on incomes in the Belgian municipalities for 2003 and 2004. Our y, of interest is the
total taxable income in each of the N = 589 municipalities.

The provided auxiliary information here is the total population Tot04 in each mu-
nicipality, x;, and the total number of women Women04 in each municipality, x,, both
for 2004. The kernel density of taxable income is shown in Figure 8; it exhibits a strongly
skewed distribution that even after taking the logarithm does not become symmetric. The
population U of municipalities is partitioned in D; = 9 domains that correspond to the
Belgian provinces and in D, = 93 that correspond to the arrondissements. Our methods
will be studied in both cases: when the 9 domains are of interest and afterwards for the
situation when the 93 domains are of interest. We consider sample size n' = 85, which
corresponds to f; ~ 1/6, and n? = 335, which gives f, ~ 2/3.

Again, we use a SRSWOR sampling design: all the first- and second-order inclusion
probabilities are known to be 7ty = n!/N, 7ty = ni(n' —1)/N(N —1),i = 1,2. Based on
the findings of the above sections, we concentrate on the H-T and the I-GREG estimators,
respectively. The former is still the most considered one in survey methodology, performs
best in our simulations and is also applied to compute the GREG; recall Equation (11). The
latter was chosen due to its performance in Section 4. Results are summarized in Table 5
and Figure 9, the latter indicating the sample distribution of the estimators for D; = 9.

Our results confirm the ones found in Section 4. The Bonferroni and Sidék corrections
do not work as they never succeed in jointly covering the set of estimates and the coverage
is lower when the sample size decreases or the number of domains increases. In contrast,
our max-type approach is able to deliver a joint coverage that is at least close to the
nominal level, except for the situation of a large number of domains with small sample
sizes when using the H-T estimator for constructing SCIs. In conclusion, for the SCIs of the
totals and mean or linear functions of them, we recommend using the max-type method
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with a bootstrap algorithm suitable for finite populations and a specific sampling design,
in combination with H-T and I-GREG.

Density of Taxable Income
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Figure 8. Density of total taxable income.
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Figure 9. Densities of the Horvitz-Thompson estimator in each of the 9 provinces. Some are close to
a normal distribution, but others display asymmetric or bimodal distributions.

Table 5. Uniform coverage probabilities for the Belgian Municipalities Population dataset.

Provinces Arrondissements
Bonferroni Sidak Max-Type Bonferroni Sidak Max-Type
H-T I-GREG H-T I-GREG H-T I-GREG H-T I-GREG H-T I-GREG H-T I-GREG
n 0.3647  0.4138 0.3637  0.4124 0.9618 1 0.0917  0.0196 0.091 0.0196 0.9019 0.9679

n? 0.4824 0.606 0.4813  0.6054  0.9753 1 0.0206  0.0292  0.0204 0.0291 09677  0.9998




Stats 2024, 7 348

6. Discussion and Conclusions

Even though the literature on methods for domain and small area estimation has
evolved amazingly over the last decades, little attention has been given to the problem of
comparative or simultaneous analysis for them. But today, domain estimates are increas-
ingly often used for resource allocation, i.e., redistribution or joint allocations under budget
constraints. This requires simultaneous comparisons for at least some subsets of domains.
For valid inference, we should then offer multiple tests or confidence intervals. Just recently,
this was performed in the context of mixed model-based small area estimation [11,12,14]. To
the best of our knowledge, we are the first who consider this problem for direct and indirect
domain estimators which are still in frequent use. A reason for this gap in the literature
could be that people may have relied on standard devices like the well-known Bonferroni
correction. Our article shows, however, that simple standard devices fail, not only for large
D, but already for D > 3. Moreover, for an increasing number of domains, the size n; of all
domain samples must grow significantly if one wants to guarantee the functioning of those
standard devices. In practice, the Bonferroni and Sidak corrections can therefore not be
recommended. In contrast, for linear indicators, we succeed in showing that the max-type
statistics approach works very well if equipped with an appropriate bootstrap. One could
further think about alternative refined Bonferroni methods. However, we have seen that
the original, typically too-conservative method does not lead to over- but to undercoverage.
Consequently, one would directly resort to bootstrap confidence intervals. Combining
this idea with the max-type statistic for uniform inference provides us with reasonably
well-working SCIs. An R package for constructing those SClIs is in preparation.
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