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Abstract: Since the middle of the 20th century, an understanding of the diversity of the natural
magnetohydrodynamic phenomena surrounding us has begun to emerge. Magnetohydrodynamic
nature manifests itself in such seemingly heterogeneous processes as the flow of water in the world’s
oceans, the movements of Earth’s liquid core, the dynamics of the solar magnetosphere and galactic
electromagnetic fields. Their close relationship and multifaceted influence on human life are becoming
more and more clearly revealed. The study of these phenomena requires the development of theory
both fundamental and analytical, unifying a wide range of phenomena, and specialized areas that
describe specific processes. The theory of translational fluid motion is well developed, but for most
natural phenomena, this condition leads to a rather limited model. The fluid motion in the cavity of a
rotating body such that the Coriolis forces are significant has been studied much less. A distinctive
feature of the problems under consideration is their significant nonlinearity, (i.e., the absence of a
linear approximation that allows one to obtain nontrivial useful results). From this point of view,
the studies presented here were selected. This review presents studies on the movements of ideal
and viscous fluids without taking into account electromagnetic phenomena (non-conducting, non-
magnetic fluid) and while taking them into account (conducting fluid). Much attention is payed
to the macroscopic movements of sea water (conducting liquid) located in Earth’s magnetic field,
which spawns electric currents and, as a result, an induced magnetic field. Exploring the processes
of generating magnetic fields in the moving turbulent flows of conducting fluid in the frame of
dynamic systems with distributed parameters allows better understanding of the origin of cosmic
magnetic fields (those of planets, stars, and galaxies). Various approaches are presented for rotational
and librational movements. In particular, an analytical solution of three-dimensional unsteady
magnetohydrodynamic equations for problems in a plane-parallel configuration is presented.

Keywords: fluid dynamics; magnetohydrodynamics; ideal fluid; viscous fluid; rotating body; Coriolis
force

1. Introduction

Let us begin the review of studies on the dynamics of rotating liquids (gases) with a
quote: “The complexity of describing the movement of liquids and gases is to some extent
compensated by the property of self-organization of the movement of these media, which
makes it possible to create “ideal portraits” of phenomena and ultimately understand
physics of ongoing processes” [1].

A distinctive feature of fluid mechanics from other areas of mechanics and physics is
that the basic equations of hydrodynamics (the Euler equations for an inviscid fluid and
the Navier–Stokes equations in the viscous case), which describe the motion of a fluid,
are essentially nonlinear. Classical electrodynamics, for example, was created as a linear
science, and nonlinear terms were added to Maxwell’s equations as the complexity of the
phenomena under consideration increased. Nonlinear optics was generally born only in
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the 1960s. The same is true for quantum mechanics, elasticity theory, and acoustics, which
were predominantly developed as linear sciences [2].

In fluid mechanics, nontrivial linear motions simply do not exist for most situations
of interest. In situations where linearization of the basic equations of motion makes it
possible to find an approximate solution to a particularly important problem, the range of
its applicability often turns out to be quite narrow. In the 20th century, the main progress
in the theoretical study of fluid flows was associated with the development of asymptotic
methods for integrating the equations of motion.

In this regard, in the last decades of the 20th century, numerical approaches to solv-
ing both the initial equations and asymptotic models were developed most intensively.
The main achievements are associated with the studies by Mikhail Lavrentiev [3], Oleg
Belotserkovsky [4], Leonid Sretensky [5], Mikhail Goldshtik [6], Sergey Cherny [7], and
Nikita Moiseev [8]. Despite the successes in this field and the extraordinary growth in
computer capabilities, analytical solutions are still essential for identifying the causes and
mechanisms of complex processes, for radically simplifying numerical calculations, and
finally as standards for verifying the correctness of direct numerical modeling. Accordingly,
the search for new analytical approaches to solving hydrodynamic equations, aimed at both
directly obtaining solutions and creating new methods of numerical modeling, becomes
especially relevant. An example of the latter is the contour dynamics method, which was
developed for two-dimensional hydrodynamics. It is convenient for numerical calculations
of the vortex contour.

An underlying feature of hydrodynamics is the finding that there are two theoreti-
cally equal but conceptually different ways of describing the motion of a fluid, which are
generally called the Lagrangian and Eulerian descriptions. In general, for various reasons,
the Eulerian approach turned out to be dominant, but in recent years, practical problems as-
sociated with the analysis of the movement of Lagrangian tracers in the ocean, atmosphere
and hydrodynamic experiments have stimulated the development of numerical algorithms
based on the direct integration of Lagrangian equations and new interest in their deeper
theoretical research.

Lagrangian analysis has many applications, from modeling spatial tracers through the
dispersion of aircraft debris and plastic fragments to determining the biological connectivity
of oceanic regions. In this case, the relationship between the Lagrangian and Eulerian
specifications of the flow field is used, namely

u⃗(x⃗, t) = u⃗
(

X⃗(x⃗0, t), t
)
=

∂X⃗(x⃗0, t)
∂t

, (1)

where X⃗(x0, t) defines the trajectory of a particle (a section of liquid), labeled x0, as a
function of time and the partial derivative is taken for a given section of liquid. Here, x0 is
used to identify a given virtual particle. It corresponds to the position through which that
particle passed at time t0. In other words, this equation expresses that the speed of a fluid
flow at a position along its trajectory, which it reaches at a certain point in time, can also be
interpreted as the speed at that point in the Eulerian coordinate system.

Using this relation, the Eulerian velocity field can be integrated over time to trace
a trajectory:

X⃗(t + ∆t) = X⃗(t) +
t+∆t∫
t

u⃗
(

X⃗(x⃗0, t′), t′
)

dt′, (2)

where t′ is the integration variable. In this equation, u⃗ is continuous in space. Thus, the
velocity field is estimated at any point in space, and the trajectories in the Lagrangian
ocean model can be integrated. Spatial interpolation is used to allow the velocity field to be
estimated at points within grid cells. Essentially, since the time of Euler, who developed
the Eulerian and Lagrangian approaches, the most significant step has been the awareness
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and use of the vector nature of the velocity field and, accordingly, the use of a vector
analysis apparatus.

The fundamental question about the possibility of constructing hydrodynamics on the
basis of richer mathematical objects such as matrices remained open. The rather limited
success of attempts by James Clerk Maxwell, William Hamilton, Lavrentiev and others in
this direction led to the point that this possibility even ceased to be discussed. However,
as the relatively available development opportunities within traditional approaches have
been exhausted, the urgency of searching for alternatives has only increased over time.

The general form of the equations describing the motion of a viscous stratified con-
ducting fluid placed in the cavity of a rotating solid body in the presence of a magnetic
field in a coordinate system rigidly connected to the body has the form

ω⃗0 × ω⃗0 × r⃗ + 2ω⃗0 × v⃗ +
∂v⃗
∂t

+ (⃗v∇)⃗v = −1
ρ
∇P +∇U + ν∆v⃗ +

1
ρµ

rot B⃗ × B⃗,

div ρv⃗ = −∂ρ

∂t
, r⃗ ∈ Q,

∂B⃗
∂t

= rot(⃗v × B⃗) + vm∆B⃗,

div B⃗ = 0 , r⃗ ∈ Q,

(3)

where ω⃗0 denotes the angular velocity, r⃗ is the radius-vector of the point, v⃗ is the fluid
velocity in a coordinate system rotating with an angular velocity ω, ρ is the density of
medium, ν and νm are viscosity and magnetic viscosity, µ denotes the permeability, P
stands for pressure, U is the potential of external force (in most cases, this is the gravity
potential), B⃗ is the magnetic induction, and Q denotes the volume covered by the surface.
The required boundary and initial conditions should be added to the system of equations.
Equation (3) is given in the system of mass’s center. Considering various formulations of
problems in this review, we will return to Equation (3), discarding certain terms according
to the problems of each chapter.

Figure 1 shows the general geometry of the problem. Figure 1a depicts a rigid body
with a cavity D completely filled by a liquid, and thus all of the surface S of the cavity is
touched by the liquid. The body is rotating with an angular velocity of ω0. The coordinate
system Ox1x2x3 is attached to the body such that the axis Ox3 corresponds to the rotation
axis. Figure 1b shows a bit more complex case, where the liquid does not fully occupy the
cavity. Hence, a free surface Σ appears on which the liquid does not touch the rigid body.

Figure 1. Rotating bodies with liquid in cavity (D) completely (a) and partially (b) filled; in the latter
case, free surface Σ appears.
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This review consists of five Sections. Section 2 provides a brief overview outlining
the directions of analytical study of fluid dynamics. What follows is segmented according
to the type of the problem. Section 2 presents studies on the dynamics of rotating ideal
incompressible and stratified fluids in the absence of a magnetic field (i.e., the fluid is
non-conductive). Section 3 features studies on the dynamics of rotating fluids (viscous,
homogeneous and inhomogeneous) in the absence of a magnetic field. Section 4 describes
the study of conducting ideal liquids and gases that undergo vortex motion in the presence
of a magnetic field. Section 5 includes studies on the dynamics of conducting viscous
(homogeneous and stratified) rotating fluids in the presence of a magnetic field.

2. Historical Overview

Research into the dynamics of rotating solid bodies containing fluid has an eventful
history associated with the names of outstanding mechanics and physicists, as well as a
wide area of application in science and production. The theory of oscillations of standing
waves of a limited volume of liquid emerged in the 19th century from George Stokes,
Hermann von Helmholtz, Horace Lamb, Franz Neumann and their followers. In the 20th
century, this development continued, resulting in many particular applications, like the
study of seiches, or the occurrence of dangerous periodic movements of water masses
in artificial seas created by hydroelectric dams and in natural or large artificial lakes
associated with nuclear power plants. Hydrodynamic questions on the theory stimulated
the development of various areas of theoretical physics related not only to continuum
mechanics but also to seemingly distant areas. For example, nuclear physics was enriched
by the droplet model of the nucleus, in which the nucleus is considered a drop of extremely
dense liquid consisting of protons and neutrons. This model was proposed by Niels Bohr
and Carl von Weizsacker. in 1935. In 1939, Bohr and John Wheeler, simultaneously
with Yakov Frenkel, described the fission process of a uranium nucleus as the fission
of a uniformly charged classical drop of an incompressible liquid with surface tension
and even the physics of elementary particles (hydrodynamic theory of multiple particle
production [9]).

A large number of monographs and papers are devoted to the study of waves in a
rotating fluid. The theory of rotating fluids was studied by Sergei Sobolev [10], who derived
an equation describing small vibrations of a homogeneous rotating fluid. This research
was continued by Rafael Alexandryan [11], Vera Maslennikova [12], Viktor Maslov [13],
Sergey Gabov [14–16] and a number of other researchers. In his studies [17–22], Moiseev
investigated the spectrum of natural vibrations of a heavy ideal liquid in a vessel. The
problem of hydrodynamics was separated from the problem of the dynamics of an equiva-
lent body, being associated with an infinite system of mathematical pendulums. Moiseev
also considered this problem in a nonlinear formulation, using the approach proposed
by Henri Poincare [23]. He looked for an approximate solution to the problem in the
form of an asymptotic series in a small parameter (wave amplitude) and showed that the
spectrum of natural oscillations is not discrete but piecewise continuous, and the amplitude
of oscillations can be any of the circle of convergence of the series. The most general results
for the method of asymptotic integration were obtained by Felix Chernousko [24]. Let us
also note the studies by Vladimir Gryanik [25], Sergey Dotsenko [26] and Chernousko [27].
The most known study by Harvey Greenspan [28] combines the research of the author
and his colleagues on the dynamics of a rotating fluid placed in a cavity and the theory of
wave motions. In the studies by Greenspan and Louis Howard [29], Keith Stewartson [30]
and Stewartson and Paul Roberts [31], the motion of bodies appears to be given. Either
uniform motion is considered (such as in Refs. [28,29] or, for regular precession, [31]). The
boundary layer method is commonly used. It is noted that the results of calculations using
the boundary layer method coincide with experimental data.

All the above mentioned studies, as well as Refs. [32–50], date back to the second
half of the 20th century and were motivated by the rapid development of rocket and space
technology and increased interest in the problems of geophysics, oceanology, atmospheric
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physics, as well as problems in the study and protection of the environment. These studies
are included here to show what approaches and methods can be used to obtain precise
analytical solutions to problems in the dynamics of rotating fluids. The depth of the
review is the last 20–25 years. By this time, two powerful scientific schools of mathematical
modeling of processes in rotating liquid media had been developed in Russia. The first is
the school of Lev Ovsyannikov in Saint Petersburg, represented by Gabov, Sergey Peregudin
and Svetlana Kholodova. The second school was established by Lavrentyev in Novosibirsk
and includes Mstislav Keldysh, Lev Kudryavtsev, Aleksei Markushevich and Vladimir Titov.
Large-scale movements of the ocean and atmosphere, which determine weather and climate,
occur in a thin spherical layer and can be considered two-dimensional with good accuracy.
Therefore, two-dimensional dynamics within the framework of Lagrangian equations has
become a subject of special attention. Here, certain progress has been achieved in the
analysis of relatively simple models, such as the dynamics of a finite number of point
vortices [32,51,52].

In real flows, the region of potential motion generally does not fill the entire space
but borders the vortex flow. These are, for example, in practice, of particular importance the
problems of separated flow. The problem of matching potential and vortex flows (i.e., the
construction of “composite” motion in the entire space occupied by a liquid) was outlined
by Lavrentiev as a key fundamental problem [3]. The main reason for success in this area
was the use of powerful analytical methods of the theory of functions of a complex variable,
developed by Lavrentiev and his school. Wide classes of exact solutions and significant
reductions were obtained, significantly simplifying the numerical solution of a number of
fundamental and practically significant problems.

One of the most successfully developed branches of hydrodynamics in recent decades
is the theory of nonlinear wave motions of a finite amplitude [53]. Success in the study of
weakly nonlinear waves for an extremely wide range of different hydrodynamic situations
is associated with awareness of the feature of the universality of weakly nonlinear models,
especially for conservative systems when using the method of Hamiltonian formalism
developed by Vladimir Zakharov [54,55]. After applying the asymptotic procedure, the en-
tire variety of wave processes represented in some canonical variables is reduced to a
small number of universal “canonical” models described by relatively simple shortened
equations. In this case, the uniqueness of each wave process and the peculiarity of the
hydrodynamic situation are accumulated in the coefficients of the canonical models. In a
general situation, most waves in hydrodynamics are dispersive. For dispersive weakly non-
linear waves in stable situations, one of two possibilities is realized: either the dispersion
law is “decay” and, accordingly, three-wave resonant interactions are allowed, or the law is
non-decaying, and then three-wave resonant interactions are prohibited, while the dom-
inant type of interaction is resonant four-wave processes. In any case, the fundamental
element of the evolution of the wave field becomes the dynamics of an isolated triplet or
quartet of resonantly interacting waves. Despite the feature that the resulting truncated
equations are significantly simpler than the original ones, they nevertheless represent
systems of nonlinear partial differential equations that do not have a small parameter in a
general situation. Their thorough study is one of the primary tasks of wave theory. The
so-called “three-wave equations”, which describe the evolution of a resonant triplet of inter-
acting waves, were studied by methods of the inverse problem of scattering theory [56,57],
but the search for new classes of exact solutions remains relevant. Success in the study
of weakly nonlinear waves for an extremely wide range of different hydrodynamic situa-
tions is associated with awareness of the feature of the universality of weakly nonlinear
models. As for researchers outside of Russia, their interest in analytical solutions lately
was mainly focused on problems of astrophysics, where processes with an infinitely large
magnetic Reynolds number are considered [58] as well as numerous other applications
(see, for instance, [59–61]).

Non-stationary problems are always much harder to treat than their stationary rel-
atives. The nonlinear nature of the equations of magnetic hydrodynamics allows one to
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obtain analytical solutions only in rare special cases for non-stationary problems. A detailed
study here was conducted only in the one-dimensional formulation of the motion of an
inviscid conducting medium [62] and a viscous conducting medium [63–67].

3. Dynamics of Ideal Rotating Incompressible and Stratified Non-Conductive Fluids

The system of equations describing the motion of an ideal incompressible fluid is
obtained from Equation (3) by removing the terms related to magnetic induction and
viscosity and setting the divergence of flow to zero:

ω⃗0 × ω⃗0 × r⃗+2ω⃗0 × v⃗ +
∂v⃗
∂t

+ (⃗v∇)⃗v = −1
ρ
∇P +∇U,

div v⃗ = 0|⃗r∈Q,
(4)

The boundary conditions for this system are the absence of flow through solid bound-
aries and fixation of the hydrodynamic pressure on the surface covering the volume Q.

Let us start this Section with quasi-geostrophic fluid movements in the ocean. Geostrophic
motion refers to flows that would result from a precise balance between the Coriolis force
and horizontal pressure gradient forces. Quasi-geostrophic motion refers to the case where
these two forces are almost in equilibrium, but inertia also plays role. This choice is due to
the finding that quasi-geostrophic movements most accurately reflect the decisive influence
of Earth’s rotation. Analytical solutions can be obtained for such models or their simpli-
fying variants. The question arises of whether such idealized models and their analytical
solutions are currently needed.

With the development of computer technology, it became possible to directly numeri-
cally solve kinematic dynamo problems for model flows in different geometries. One of
the most famous examples in this direction is a series of studies by Gary Glatzmaier and
collaborators [68]. The main problem of this approach is that modern supercomputers
are capable of carrying out calculations of three-dimensional kinematic dynamo prob-
lems for magnetic Reynolds numbers, which are much lower than the practical needs
of astrophysics, where the problems are characterized by large values for the magnetic
Reynolds number. In addition, the problems under consideration are characterized by
a value of the Ekman number, E, to the order of 10−10–10−15, while existing computing
technologies allow solving the problem only for E to the order of 10−4. At relatively small
E values, boundary layers appear at the boundaries of the liquid which cannot be resolved
numerically accurately enough, and thus analytical methods are required. In addition,
in the problems under consideration, the Rossby, Ro, and Ekman numbers are quite small,
but in numerical studies, Ro is assumed to be zero, and E is nonzero, although it is several
orders of magnitude smaller than Ro.

In the case where the Ekman number tends toward zero in the constructed models,
numerical instability occurs. But numerical methods applied to analytical solutions provide
a quantitative description of the properties of the wave process; that is, problems that can
be solved explicitly act as “standards” that allow one to better understand the mathematical
model of the physical phenomena being studied and, in addition, compare and evaluate
the effectiveness of various asymptotic and approximate methods. In Ref. [42], the problem
of oscillations of a system of a rigid body and a uniformly vortex fluid in its cavity under
the action of an overturning moment is considered. Euler’s equations of perturbed motion
of an ideal fluid in a coupled coordinate system have the form

∂vr

∂t
− 2ω0vφ =

1
ρ

∂P
∂r

+ Re
{
−zξ̈e−i(ϑ+φ)

}
,

∂vφ

∂t
− 2ω0vr =

1
ρr

∂P
∂φ

+ Re
{

izξ̈e−i(ϑ+φ)
}

,

∂vz

∂t
= −1

ρ

∂P
∂r

+ rRe
{(

ξ̈ − 2ω0iξ̇
)
e−i(ϑ+φ)

}
.

(5)
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Here, r, z and φ are cylindrical coordinates. The body rotates around a cylinder axis
Oz with an angular velocity ω0.

Within the framework of the theory of long waves for a rotating fluid, equations for the
perturbed motion of an ideal fluid relative to stationary rotation are obtained. A solution
to the hydrodynamic problem was constructed, and the coefficients of the equations of
motion were calculated for a number of particular cavity shapes. The stability of the system
under consideration is investigated.

In Ref. [69], the Cauchy problem was considered in a linear formulation for the
perturbed relatively uniform rotation of the motion of a dynamically symmetric rigid body
with a cavity filled with an ideal fluid. The problem of jointly solving the equations of
hydrodynamics and solid mechanics was reduced to solving an eigenvalue problem that
depended only on the geometry of the cavity and the subsequent integration of a system of
differential equations. Based on the obtained equations, the authors of Ref. [70] studied the
stability of stationary rotation of a body with fluid:

J ˙⃗Ω + Ω⃗ × Jω⃗0 + ω⃗0 × JΩ⃗ + ρ
∞

∑
n=1

[⃗
anṠn + (ω⃗0 × a⃗n)Sn

]
= M⃗,

Ṡn − iλnSn +
a⃗∗n

˙⃗Ω
N2

n
= 0,

Sn = sn0 if t = 0 , (n = 1, 2, 3 . . . ).

(6)

Here, J is the inertia tensor of the body-liquid system relative to the center of inertia O,
Ω⃗ is the vector of the perturbed angular velocity, M⃗ is the principal moment of external
forces relative to O, Sn(t) represents the coefficients in the expansion of speed in a series of
eigenfunctions of the boundary value problem in the Galerkin [71] procedure, λn represents
the eigen frequencies, a⃗n represents the vectors of the inertial connections (which depend
on the geometry of the cavity and characterize the connection between the motions of the
solid body and the wave motions of the fluid), the asterisk denotes complex conjugation,
sn0 are the values coefficients of Sn in t = 0, and Nn is the norm of nth eigenfunction. For
the system under consideration, the problem of optimal control with terminal functionality
is posed. Analytical solutions are given.

The study in Ref. [32] presents solutions to several nonlinear problems in the theory
of a rotating fluid, namely an analysis of currents and waves of a finite amplitude in
a rotating spherical layer as well as quasi-geostrophic movements in a rotating ocean.
This can be viewed as the processes of wave propagation in cylindrical pools with a
smooth change in the depth of the liquid. The main attention was paid to the study of
the joint influence of the inclination of the ocean bottom and the rotation of Earth on
wave movements. Mathematically, the problem was reduced to solving a linear second-
order partial differential equation with variable coefficients. In the case of a small bottom
inclination, the solution has the form of a linear combination of the zero-order Bessel
functions J0:

v(x, t) = sin(ωt)− ω

z/c∫
0

θ(t − ξ)J0

(
βc
√

t2 − ξ2
)

dξ

−
(

β2c2 − ω2
) t∫

0

sin[ω(t − τ)]

z/c∫
0

θ(τ − ξ)J0

(
βc
√

t2 − ξ2
)

dξdτ.

(7)

Here, θ(t) is the Heaviside function, c is the speed of sound, and β is the constant
of an exponentially stratified fluid whose density is ρ = A exp(−2βz). The problem is
posed for one spatial dimension, and thus the equation is for the scalar v(x, t). The problem
of propagation of small-amplitude waves in a rectilinear channel of variable depth is
also considered. It is shown that in the case of a liquid depth that does not vary along
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the channel walls and varies from wall to wall, the change of which from wall to wall
satisfies the Abel equation of the second kind [72], the mathematical problem is reduced
to a mixed boundary value problem for a second-order ordinary differential equation
with constant coefficients. This occurs for a constant depth and in the case of exponential
depth distribution.

The problems of the theory of surface and internal waves in the ocean were considered
in Ref. [51]. Internal waves are often called waves whose amplitudes in the water column
are greater (much greater) than on its surface. The difficulties in studying these problems
are associated first with the nonlinearity of the boundary conditions on the free surface and
the interfaces of relatively homogeneous layers, as well as the feature that these surfaces
themselves are unknown functions and should be determined. A necessary condition for
the existence of such waves is stable density stratification of water (i.e., an increase in water
density with depth), as is generally the case in natural reservoirs. The mechanism here is as
follows. A molecular particle of water that has deviated downward from the equilibrium
position falls into more dense layers, from which it is pushed upward by Archimedean
force. Then, due to inertia, it overshoots the equilibrium position and ends up in less dense
overlying layers, where it begins to sink. Repeating these motions results is oscillations.

In the studies by Gabov [14–16], the dynamics of internal waves in rotating and
stratified fluids were studied. In Ref. [14], the problems of reducing the equations of
dynamics of a homogeneous rotating fluid were considered, while Ref. [15] was devoted to
the reduction of the equations of a compressible stratified fluid without taking into account
rotation. In Ref. [16], the problem of reducing the equations of an exponentially stratified
rotating fluid was treated. A stratified liquid is often understood as a liquid whose physical
characteristics (density, heat capacity and dynamic viscosity, among others) in a stationary
state change continuously or abruptly in only one specific direction.

In Ref. [33], the reduction of the equations of dynamics of a compressible stratified
rotating fluid with an arbitrary stratification distribution was considered. The formulation
of the problem is as follows:

∂v⃗
∂t

+∇v2

2
− v⃗ × rot v⃗ = ∇U − ∇P

ρ
− 2ω⃗ × v⃗,

∂ρ

∂t
+ div ρv⃗ = 0.

(8)

Due to the introduction of two potential functions, the basic equations of hydrody-
namics are reduced to a scalar equation. This allows to establish the solvability of initial
boundary value problems of the theory of waves in stratified rotating fluids.

1
c2

∂4v
∂t4 =

∂2

∂t2

[
∆3v −

(
2β +

ρ′0
ρ0

)
vz +

(
β2 − ω̃2

c2 +
βρ′0
ρ0

)
v
]
+

+ ω̃2
[

1
4

∆2v + vzz −
(

2β +
ρ′0
ρ0

)
vz +

(
β2 +

βρ′0
ρ0

)
v
]

.
(9)

Here, c denotes the sound speed in the medium, ω̃ = 2ω0 is double the angular
rotation speed of the liquid, index z denotes partial z-derivative, ∆2 and ∆3 are the two-
dimensional and three-dimensional Laplace operators:

∆2 =
∂2

∂x2 +
∂2

∂y2 , ∆3 =
∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 . (10)

The liquid density is modeled as a sum of globally stratified along Oz by exponential
law and local linear “dynamic additive”:

ρ(x, y, x, t) = ρ0(z) + ρ′0(x, y, z, t) , ρ0(z) ∝ exp(−βz) , (11)
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and the ratio of the ρ values is the characteristic scale of density change. The problem of
radiation of waves into a rotating compressible fluid by a vertical wall performing harmonic
oscillations is solved.

It is interesting to note the studies by Alexander Chesnokov [34,35]. The author
used group-theoretic methods and Lie symmetry to study nonlinear equations of rotating
shallow water. It was shown that the equations of rotating shallow water are related to
the classical shallow water model with changing variables. The resulting symmetries
are used to generate new exact solutions to the equations of rotating shallow water. In
particular, a new class of time-periodic solutions with quasi-closed particle trajectories was
constructed and studied. The symmetry reduction method was also used to obtain some
invariant solutions to the model.

4. Dynamics of Rotating Viscous Incompressible and Stratified Non-Conductive Fluids

The equations of motion of a viscous fluid in a rotating coordinate system rigidly
connected to a solid body have the form

ω⃗ × (ω⃗ × r⃗) +
( ˙⃗ω × r⃗

)
+ 2(ω⃗ × v⃗) +

∂v⃗
∂t

+ (⃗v∇)⃗v

= −1
ρ
∇P +∇U + ν∆v⃗,

div v⃗ = 0|Q , v⃗ = 0|S , v⃗ = v⃗0 (⃗r)|t=0 .

(12)

Here, ν is the kinematic viscosity.
In Ref. [36], a new exact stationary solution to the equations of hydrodynamics of a

viscous incompressible fluid was obtained. It corresponds to a generalization of the known
Sullivan solution [73] with additional consideration for the effects of external (Ekman)
friction and rotation of the system as a whole.

Difficulties in studying the problems of viscous rotating fluid are known. This field is
of particular interest in the dynamics of spacecraft and aircraft, in calculating the motion of
these vehicles relative to the center of mass and in problems of stabilization and control of
such objects. For example, the damping effect exerted by a viscous fluid in a cavity on the
motion of a solid body should be taken into account. The influence of liquid viscosity turns
out to be quite tricky; it can lead to both stabilization of the motion of a solid body and its
loss of stability. A series of studies [37–44] was devoted to the study of the behavior of a
viscous fluid in cavities of arbitrary shapes for rotating solids.

Thus, in Ref. [37], the oscillations of a viscous incompressible fluid were studied. The
fluid filled a half-space bounded by a flat wall and initially rotated as a solid body together
with the wall under the action of suddenly starting longitudinal oscillations. An exact
solution to the initial-boundary value problem for the Navier–Stokes equations in the case
of fluid flow induced by a flat plate was given:

v⃗(y, t) =
y

2
√

πν

t∫
0

T⃗(τ, t)

(t − τ)3/2 exp
[

−y2

4ν(t − τ)

]
dτ,

T⃗(τ, t) = u(τ) cos 2Ω(t − τ) + u⃗(τ)× e⃗y sin 2Ω(t − τ).

(13)

Here, y is an ordinate in rectangular Oxyz coordinate system, perpendicular to the
wall lying in Oxz plane, e⃗y is an ort unit vector. The vector of tangential stresses acting
on the plates from the liquid side is calculated. It is shown that in the absence of rotation,
the solution transforms into the known solution to the problem of unsteady motion of a
fluid bounded by a moving flat wall. Quasi-harmonic vibrations of the plate and motion
with constant acceleration were studied. In the particular case of harmonic oscillations and
the assumption that the axis of rotation of the plate plane is perpendicular, agreement is
shown with the results obtained by Claire Thornley [74]. Conclusions about the asymptotic
behavior of solutions were formulated.
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In Ref. [38], the stability of stationary rotation of a symmetrical body with a viscous
fluid was studied on the basis of integrodifferential equations. The coefficients in the equa-
tions were determined through solving the boundary value problems of the hydrodynamics
of an ideal fluid, depending on the geometry of the cavity. The system of equations of
weakly perturbed motion of a viscous incompressible fluid filling a rotating solid body has
the form

AΩ̇ + i(C − A)ω0Ω + 2ρ
∞

∑
n=1

an(ṡn − iω0sn) = M,

N2
n

ṡn − iλnsn +

√
ν

π

t∫
0

ṡn(τ)αn(t − τ) + sn(τ)βn(t − τ)√
t − τ

dτ

+ a∗nΩ̇

= −
√

ν

π

∞

∑
m=1,m ̸=n

t∫
0

ṡn(τ)αmn(t − τ) + sn(τ)βmn(t − τ)√
t − τ

dτ.

(14)

Here, the dot over a letter denotes time derivative, Nn is the norm of nth eigenfunction,
as in Equation (6), A and C are the moments of inertia of the body-fluid system relative
to the axis of symmetry and transverse axis, respectively, Ω = Ω1 + iΩ2 is the complex
angular velocity, M = M1 + iM2 is the complex moment of hydrodynamic pressure forces,
αmn and βmn are inertial coupling coefficients characterizing the interaction between the
body movements and wave motions of the liquid. The perturbation method was used to
solve the problem of stability of rotation of a body relative to the axis with the highest
moment of inertia and instability relative to the axis with the lowest moment of inertia.
Stability of the stationary rotation is ensured if

Rep =
√

νΞ
(

β1 −
δ11

η0 − λ1

)
< 0. (15)

Here, η0 is the root of characteristic equation for a system with zero viscosity, η = p/i
is the root of a viscous case under consideration, and Ξ is the correction of the root obtained
by perturbation theory. The stability of stationary rotation of a body with a viscous liquid
was studied at M = 0. It was shown that the eigenfrequencies shifted by an amount Rep
proportional to

√
ν. This is in contrast to an ideal fluid, where the stability criterion is the

roots of the characteristic equation being real.
A similar problem for a body with an ideal fluid was studied in the studies by Sobolev [10],

Aleksandr Ishlinsky [75] and Chernousko [76] and with a viscous liquid in the study by
Moiseev and Valentin Rumyantsev [77], where they considered the problem of plane oscil-
lations of a rectangular vessel under the action of the restoring force of an elastic spring.

In Ref. [39], the vibrations of a viscous fluid in the cavity of a solid body undergoing
librational motion were studied. The cavity was partially filled with a viscous liquid and
partially with gas, the pressure of which was constant. In addition, the cavity was equipped
with structural elements such as radial and annular ribs. The perturbed motion of a rigid
body was determined by vectors of a relatively small displacement u⃗(t) and relatively
small rotation θ(t). The disturbed motion of the fluid was characterized by parameters
Sk(t), which has the meaning of the amplitude of the kth tone of fluid oscillations at a point
on the free surface. The equations of perturbed motion of a body with fluid have the form

(m0 + m) ¨⃗u + (L0 + L) ¨⃗Θ +
∞

∑
k=1

λ⃗kS̈k = P⃗ + δP⃗,

(J0 + J) ¨⃗Θ + (L0
+ L) ¨⃗u −

(⃗
j,
(

L̃0 + L̃
)

Θ⃗
)
+

∞

∑
k=1

λ⃗0kS̈k = M⃗0 + δM⃗0,

Nk

(
S̈k + ω2

k Sk

)
+ (⃗λk, ¨⃗u) + (⃗λ0k, ¨⃗Θ) = δPk , (k = 1, 2, . . . ).

(16)
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Here, u⃗ and Θ⃗ are small translational and rotational displacements respectively; m0

and m are the masses of the solid body and liquid, respectively; J0 and J are the symmetric
inertia tensor of the body and adjoint inertial moments of the liquid, respectively; L0 and
L are the antisymmetric tensors of the static moments therein; the overline indicates an
adjacency operation; L̃0 and L̃ are the tensors of the moments of mass forces acting in
unperturbed motion; λ⃗k and λ⃗0k are vectors characterizing the inertial relations between
body movements and the wave motion of the liquid; j⃗ is an overload vector; and δP⃗, δM⃗0
and δPk are generalized forces conditioned by dissipation of energy in the cavity. The
energy dissipation during the oscillation period was assumed to be small compared with
the energy of the system. At δ⃗P = 0⃗, δM0 = δPk = 0, the equations turn into equations of
perturbed motion of a body with a cavity partially filled with an ideal fluid. In this case,
the coefficients of the equations of perturbed motion of an ideal fluid are considered known.
The study implemented an approach similar to the method that was used in the studies
by Lev Landau [78], which made it possible to simultaneously take into account both
mechanisms of energy dissipation during fluid vibrations in the cavity. One mechanism
was associated with vortex formation on the walls of the cavity and further dissipation
of energy in a thin near-wall boundary layer (case of a cavity with smooth walls and
large Reynolds numbers). The other mechanism was the breakdown of powerful discrete
vortices which then dissipated throughout the entire volume of the liquid (if the cavity was
equipped with structural elements with sharp edges). It was found that the latter effect was
significantly nonlinear and at least two orders of magnitude higher than the boundary layer
effect. After determining the generalized forces, a system of equations for the perturbed
motion of a solid body with filled cavities is derived:

(m0 + m) ¨⃗u + (L0 + L) ¨⃗Θ +
∞

∑
k=1

λ⃗kS̈k = P⃗,

(J0 + J) ¨⃗Θ + B
t∫

0

¨⃗Θ(τ)dτ√
t − τ

+ (L̃0 + L̃) ¨⃗u −
(⃗

j,
(

L̃0 + L̃
)

Θ⃗
)

+
∞

∑
k=1

λ⃗0kS̈k + β⃗′
0k

t∫
0

S̈k(τ)dτ√
t − τ

 = M⃗0,

Nk

(
S̈k + ω2

k Sk

)
+ (⃗λk, ¨⃗u) + (⃗λ0k, ¨⃗Θ) +

β⃗′
0k,

t∫
0

¨⃗Θ(τ)dτ√
t − τ


=

∞

∑
n=1

β′
kn

t∫
0

S̈n(τ)dτ√
t − τ

, (k = 1, 2, . . . ).

(17)

Here, B is the tensor with components β0
i ; β′

0 represents vectors with components β′
0k;

β′
ik represents scalars. The system of equations can be considered Lagrange equations of

the second kind, in which uj, θj and Sk (j = 1, 2, 3, k = 1, 2, . . . ) play the role of generalized
coordinates. The system of equations allowed us to consider modes when the dynamic
system is affected by disturbances that were an arbitrary function of time.

In Ref. [40], a formulation and methodology for solving optimal control problems
for the perturbed relative uniform rotation of a body with a cavity containing a viscous
incompressible fluid was proposed. Considerations were carried out for the case of a
cylinder, but in principle, the approach is valid for a cavity of an arbitrary shape. A formula
was derived for the angular velocity of perturbed motion, depending on the external
disturbing moment. After this, it was possible to pose various problems of optimal control
of perturbed motion and apply the formalism developed in the theory of optimal control.

The study in Ref. [41] was devoted to the study of the unsteady flow of a viscous
incompressible fluid in the cavity of an infinite slit formed by two parallel plates with a
distance d between them. The slit with the liquid was considered in a state of rotation like
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a solid body. The axis of rotation made an angle with the walls of the slit. The unsteady
flow was induced by the non-torsional vibrations of both plates as well as by injection
(suction) of the medium, which was produced at a speed of a(t) normal to the walls. The
mathematical formulation of the problem is

ω⃗0 × (ω⃗0 × r⃗) + 2ω⃗0 × v⃗ +
∂v⃗
∂t

+ (⃗v∇)⃗v = −∇P
ρ

+∇U + ν∆v⃗,

div v⃗ = 0|Q,

v⃗|Q1
=
{

u⃗1, a(t)⃗ey
}

, v⃗|Q2
=
{

u⃗2, a(t)⃗ey
}

, v⃗|t=0 = 0.

(18)

Here, Q1 and Q2 denote the surfaces of the slit, i.e., the conditions thereat, u1(t)
and u2(t) are the plate movement velocities, and a(t) is the medium injection speed. An
analytical solution was constructed for the flow velocity field induced by these oscillations.
In the general case, the solution is obtained as a sum of an infinite series and is represented
by the Duhamel integral:

v⃗(y, t) = u⃗1(t)u0
1(y, 0) + u⃗2(t)u0

2(y, 0)

+

t∫
0

T⃗1(τ, t − τ)
∂u0

1
∂t

(y, t − τ)dτ +

t∫
0

T⃗2(τ, t − τ)
∂u0

2
∂t

(y, t − τ)dτ,

T⃗j = u⃗j(τ) cos 2Ω(t − τ) + u⃗j(τ)× e⃗y sin 2Ω(t − τ).

(19)

Here, u0
j , with j = 1, 2, represents the solutions to the boundary value problems:

ν
∂2u
∂y2 − a

∂u
∂y

− ∂u
∂t

= 0 ,

with boundary conditions u1(0, t) = 1, u1(l, t) = 0 and u2(0, t) = 1, u2(l, t) = 0. Based
on the results obtained, individual structures of the boundary layers near the walls
were studied.

In Ref. [42], the problem of oscillations of a system of a rigid body and a uniformly
vortexing fluid in its cavity under the action of an overturning moment was considered.
Within the framework of the theory of long waves for a rotating fluid, equations for the
perturbed motion of an ideal fluid relative to stationary rotation were obtained. A solution
to the hydrodynamic problem was constructed, and the coefficients of the equations of
motion were calculated for a number of particular cavity shapes. The stability of the system
under consideration was investigated.

In Ref. [43], a study was carried out of one of the interesting and difficult problems of
mechanics regarding the rotational motions of bodies with cavities filled with a viscous
fluid. A twisted body along the main axis was subject to longitudinal moments of force,
which caused precessional movements. In the formulation of an ideal and viscous fluid
in cases of partial and complete filling, it is possible to obtain the integral dependencies
of the longitudinal angular velocities in these moments, which plays the role of controls.
From these dependencies, the stability of the movements under consideration in particular
is revealed. To derive these basic relationships, it is necessary to solve the intermediate
problems for the movement of fluid in a body cavity smoothly, as well as the movement
of the body itself. Then, a wide class of optimal control problems with functionals, which
include the angular velocity, is formulated. Using a number of transformations, it is
possible to obtain systems for which the Hamilton–Pontryagin formalism and the Bellman
optimality principle can be used.

In Ref. [79], the initial flow due to a suddenly applied pressure gradient in a parallel
channel that rotates as a rigid body was studied. Exact solutions for the non-stationary
Navier–Stokes equation were found both by the Laplace transform method and by the
method of separation of variables. The latter was shown to be the best method. Rotation
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not only causes secondary cross-flow but also changes the nature of the transient process
and the velocity profile.

A number of problems were solved in a linear approximation by studying the behavior
of small deviations from a given state. Thus, in Ref. [80], using finite-difference methods
in a two-dimensional formulation, the boundary value problem of the unsteady vortex
motion of a viscous incompressible fluid with a free surface in a cavity rotating at a variable
angular velocity, which had the shape of a right circular cylinder with radial ribs equally
spaced from each other, was solved. The dependence of the rib resistance coefficient on its
depth relative to the free surface was obtained.

In Ref. [81], a procedure was proposed for constructing analytical solutions for
the linearized Navier–Stokes equations by using basis separation of the generalized
Sturm–Liouville problem. The orthonormality of the basis functions of a generalized
basis was shown, and an example was considered illustrating the construction of such a
basis for the plane problem of the motion of a viscous fluid inside a circle. The proposed
formalism can be used to study transient regimes of viscous fluid flows in problems where
the density of the volumetric forces prevails over the convective processes.

A rotating spherical layer was considered in Refs. [82,83]. The ratio of the inner
radius to the outer radius was taken to be 0.4. The linear problem of convection onset
and its dependence on the Prandtl and Taylor numbers was studied in Ref. [82]. It was
shown that with a decreasing Prandtl number, the behavior of the system became more
complicated, with several modes of convection appearing. The study in Ref. [83] continued
this study and expanded the analysis to nonlinear properties, and numerical solutions with
the Galerkin method [71] were used.

Cryogenic liquid is a special case. According to its physical properties, this liquid
is neither an ideal nor viscous liquid, which determined the interest in this problem. In
Ref. [84], the stability of the stationary rotation of a solid body having a cylindrical cavity
completely filled with an incompressible cryogenic fluid was considered. The stability
of the stationary rotation of a body with a stratified fluid was studied on the basis of
ordinary differential equations, the coefficients of which were determined from the solution
of boundary value problems of hydrodynamics that did not depend on time. A distinctive
feature of all cryogenic liquids is the non-uniform change in density and temperature
observed in all storage and operation modes. The most significant stratification of the
cryogenic component occurs in the direction of action of the external field of the mass
forces. The characteristic equations of the boundary value problem and the motion of a
rigid body with a stratified fluid with stationary rotation around its axis were obtained.
Stability regions for the free rotation of a body with stratified fluid were constructed with
dimensionless parameters.

5. Vortex Motion of Conducting Ideal Liquids in the Presence of a Magnetic Field

The study of many astrophysical systems leads to complex problems of convection
of an electrically conducting fluid in the presence of a magnetic field and rotation. These
include the problem of generating the magnetic field of Earth and planets, stars and galaxies.
Here, questions arise such as stability, convection and developed turbulence in the presence
of a magnetic field and rotation, self-excitation of a magnetic field during the movement
of a conducting fluid and the reverse influence of the excited field on movement. The
generation of secondary magnetic fields was studied in Ref. [85]. It was shown that a
rigid non-magnetic conductor (in the shape of a hollow cylinder) rotating in an external
magnetic field generates a secondary multipole magnetic field, the magnitude of which
is proportional to the rotation speed and the magnitude of the primary magnetic field,
and it also depends on the electrical resistivity of the conductor as well as its shape and
size. Generation of the field in fluids is facilitated by the helicity of the movement, and the
presence of Coriolis force contributes to the creation of helicity in convective movements.
Convection and rotation are the main components of the magnetohydrodynamics(MHD)-
dynamo mechanism in geophysics and astrophysics [86,87].
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The behavior of conducting fluid with substantial influence from magnetic or electro-
magnetic fields is studied in magnetohydrodynamics. The system of equations describing
the motion of an ideal electrically conductive incompressible fluid rotating at an angular
velocity of ω in Euler variables has the form

ω⃗0 × ω⃗0 × r⃗ + 2ω⃗0 × v⃗ +
∂v⃗
∂t

+ (⃗v∇)⃗v = −1
ρ
∇P +∇U +

1
ρµ

rot B⃗ × B⃗,

div v⃗ = 0 , r⃗ ∈ Q,

∂B⃗
∂t

= rot(⃗v × B⃗),

div B⃗ = 0 , r⃗ ∈ Q,

(20)

where B⃗ is the magnetic induction vector, v⃗ is the fluid velocity in a coordinate system
rotating with an angular velocity ω. It is assumed that the magnetic permeability µ and
electrical conductivity σ are constant. The boundary conditions for this system are the
conditions of non-flow through solid boundaries and fixation of the hydrodynamic pressure
and magnetic field value on the surface covering the volume Q.

Plasma is a fully or partially ionized gas in which the concentrations of positive
and negative ions are the same, and the total charge per unit volume is zero. In the
magnetohydrodynamic approximation, this gas can be considered a kind of conducting
liquid. Over the past 20 years, magnetic hydrodynamics has developed intensively in
three directions:

(1) the study of space problems [88];
(2) studying methods for influencing high-temperature plasma (its thermal insulation

and pulsed acceleration and study on a controlled thermonuclear reaction) [89];
(3) the development of methods of electromagnetic influence on liquid metal during its

melting and transportation [90].

In space, there is a fully ionized gas (plasma). Its conductivity in some cases can
approach the conductivity of metal in terms of the order of magnitude. If we take into
account that ionized gases occupy huge volumes, then despite the large distances between
cosmic bodies, the resistance between them is relatively small. At the same time, the mag-
netic field in space can be significant. Thus, the regular magnetic field of the Sun is about
25 × 10−4 T, and in a sunspot region, it reaches 0.2 T to 0.4 T. These magnetic fields create
huge, slowly decaying currents in the plasma, whose interaction with the magnetic field
creates mechanical forces. Even if these forces turn out to be quite small in magnitude, their
influence on the motion of the plasma is significant, since they act on it for a long time.

There are high-temperature and low-temperature plasmas. Based on the degree of
concentration of charged particles, plasma is divided into rarefied plasma and plasma with
a high concentration. High-temperature plasma reaches temperatures of several million
degrees. Low-temperature plasma is realized, for example, in a column of ionized gas
during glow and arc discharges. Plasma with a temperature of several thousand degrees is
formed near the surface of a rocket as it enters the dense layers of the atmosphere.

Magnetohydrodynamics, along with other sciences, is the theoretical basis for the
development of magnetohydrodynamic generators, as well as plasma and ion engines.
The mathematical problem that describes the generation of magnetic fields through the
movements of an electrically conductive fluid is called the hydromagnetic dynamo problem.
The idea of a hydromagnetic dynamo was first expressed in 1919 by Joseph Larmor [45]
when explaining the origin of magnetic fields on the Sun. Among the kinematic models,
the Braginsky dynamo [46–50,91] is of particular interest, since it was constructed for
extremely large magnetic Reynolds numbers.

Stanislav Braginsky showed [46] that the resulting system of iterative equations after
expansion in powers of the reciprocal of the square root of the magnetic Reynolds number
can be systematically solved. He then interpreted the fluctuating part of the velocity field
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in his dynamo model as Alfven waves driven by buoyancy forces. He called these waves
magnetic-Archimedes-Coriolis (MAC) waves, since all three named phenomena are of
equal importance therein.

After studying the onset of convection and its dependence on the Prandtl number, the
authors of Ref. [83] examined the uprising of magnetic disturbances. The critical magnetic
Prandtl number for excitation of the dynamo effect is derived as a function of the Taylor
and Rayleigh numbers.

The study in Ref. [83] was further expanded by the same authors in Ref. [92]. A
conductive fluid layer between two insulators with a ratio of the inner radius to the outer
radius of 0.4 undergoing quick rotation was taken as a model of Earth. The solutions were
obtained numerically through the Galerkin method. Magnetic solutions were matched
against appropriate non-magnetic ones. It was shown that introducing electromagnetic
forces has a complex effect, which varies depending on the values of the magnetic Prandtl
and Taylor numbers. For a majority of cases, the magnetic solution gave stronger convection,
but for some values, it became weaker. Differential rotation was actually weaker.

In Ref. [93], the effect of a toroidal magnetic field upon a thin rotating spherical layer
of fluid was studied. It turns out that Rossby waves split into fast and slow modes. Waves
of the fast (high-frequency) mode correspond to commonly known Rossby waves, whereas
the slow mode has new and interesting properties, since its frequency is significantly
smaller than those of common Rossby and Alfven waves.

In Ref. [51], the disturbances in a layer of an ideal electrically conductive rotating
fluid bounded by surfaces that varied in space and time in the presence of inertial forces
were studied. The behavior was modeled by a system of nonlinear partial differential
equations, which was then reduced. The study of the scalar equation obtained as a result of
reduction can make it possible to establish the solvability of the emerging initial boundary
value problems of the theory of waves in electrically conducting rotating fluids. Solutions
to the presented scalar equation have been constructed to describe the propagation of
small-amplitude waves in an infinitely horizontal layer and in a narrow, long channel.

In Ref. [52], the equations of the three-dimensional dynamics of an ideal electrically
conducting stratified rotating fluid were studied. The magnetic and density fields were
represented as a superposition of unperturbed fields corresponding to the stationary state
of the medium and induced fields due to wave motion. Two auxiliary functions were
introduced, and the three-dimensional dynamic equations were reduced to a scalar form.
The study of the resulting scalar equation makes it possible to establish the solvability of
emerging initial boundary value problems in the theory of waves in electrically conducting
rotating fluids with density inhomogeneities.

Electrically conductive ideal fluid of a variable depth was considered in Ref. [94].
Magnetic, Archimedean and Coriolis forces were involved. Large-scale nonlinear oscilla-
tions were analyzed. Assuming that the Rossby numbers characterizing global horizontal
(advective) and local movements have the same order, the problem is reduced to a system
of nonlinear equations describing the hydromagnetic pressure and magnetic field. The
assumption is made that the upper boundary surface of the layer has a constant slope
in the scale of the wavelength. In this case, nonlinear equations are solved exactly, and
the dispersion relation is obtained. These results allow determining the influence of the
shape and movements of Earth’s solid core and mantle on the characteristics of the waves
in the liquid core. This is also helpful for predicting the processes in the interior of stars.

The motions of a conductive ideal fluid in a spherical equatorial latitude belt were
considered in Ref. [95]. Appropriate boundary conditions were written, and the ap-
proximation of an equatorial β-plane was used. An analytical solution was obtained for
low-amplitude waves.

In Refs. [96–98], large-scale nonlinear oscillations of an electrically conducting ideal fluid
in a layer of variable depth were considered, taking into account magnetic, Archimedean and
Coriolis forces and magnetic field diffusion. For the posed spatial problem, the assumption
of a linear distribution of hydromagnetic pressure with a depth was acceptable. The
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corresponding boundary value problem for the horizontal components of the velocity and
magnetic field, as well as the function describing the lower moving surface of the layer,
was nonlinear. Using an analysis of the scale of quasi-geostrophic movements, the basic
equations were derived. The main characteristics of the movement were presented.

Rotations of a thin layer of plasma with a free boundary on the β plane in astrophysical
conditions were considered in Ref. [99]. Shallow water approximation was used. With zero
as the external magnetic field, the wave behavior of the plasma was analogous to that of
a neutral fluid. Two nonzero cases were considered: the presence of an external vertical
magnetic field and a horizontal magnetic field. Qualitative dispersion curves were drawn.
These curves show that three-wave nonlinear interactions of the magnetic Rossby waves
may occur in both cases. The condition of three-wave interaction between waves with
wave numbers ki (i = 1, 2, 3) and frequencies ωi in the general case is the synchronism (or
phase-matching) condition:

ω(k1) + ω(k2) = ω(k3) , k⃗1 + k⃗2 = k⃗3. (21)

To find the waves that satisfy the above condition, a simple qualitative visual method
was proposed in Ref. [99]. Suppose one wants to know if a wave with a certain wave
number k1 can participate in the three-wave interaction. Then, it is necessary to plot a
dispersion curve ω(k) and plot its copy shifted by k1, ω(k1) (see Figure 2). If the curves
intersect at some point (k3, ω(k3)), then the synchronism condition is satisfied. It was
shown that decay instabilities as well as wave amplification exist in both cases. The
instability increments and the amplification coefficients are determined.

Figure 2. Synchronism condition [99]. See text for details.

In Ref. [100], rotating magnetohydrodynamic flows of a thin stratified layer of plasma
were studied. Plasma was placed in a gravity field and in an external vertical magnetic
field, and it had a free boundary. It was divided into two layers of different densities, and
shallow water conditions were applied. Motion equations were derived under beta plane
approximation, and a linear theory was presented. Solutions were found in the form of
magneto-Rossby waves and corrections to them, describing the effects of stratification.
As in Ref. [99], qualitative analysis of the dispersion curves was carried out, and the
synchronism condition (Equation (21)) was analyzed.

Astrophysical plasma was the object of study in Ref. [101]. Attention was driven
to the large-scale compressibility of the plasma, which is neglected in many approaches.
External magnetic fields and Coriolis forces were also taken into account. It was shown that
the dispersion laws of magneto-Poincare, magnetostrophic and magneto-Rossby waves
are significantly affected by compressibility. The three-wave synchronism conditions
and equations were obtained in the weak nonlinearity approximation. The interaction
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coefficients there depended on the compressibility and thermodynamic characteristics of
the plasma.

In Ref. [102], the equations of the three-dimensional dynamics of an ideal electrically
conductive stratified rotating fluid were studied. The approach is similar to that in Ref. [52],
with representation of fields in the form of a superposition of unperturbed and induced
fields and reduction to a scalar form. The purpose is to reduce a nonlinear system of
partial differential equations that simulates disturbances in an ideal electrically conducting
rotating fluid, taking into account inertial forces, gravity forces and Coriolis, Lorentz and
existing density inhomogeneities. The presented research can be used in astrophysics and
geophysics, particularly in the study of processes occurring in the liquid core of Earth and
in the interior of stars.

In Ref. [103], large-scale nonlinear oscillations of an electrically conductive ideal fluid
of a variable depth were considered, taking into account magnetic, Archimedean and
Coriolis forces and magnetic field diffusion. The problem under study was presented
in three-dimensional form. In this case, the hydromagnetic pressure was approximated
as a linear function depending on the depth of the layer. As a result of modeling it this
way, the dynamic process under study was a nonlinear boundary value problem for the
horizontal components of the velocity and magnetic field, as well as a function describing
the lower moving surface of the layer. The basic equations were derived using an analysis
of the scale of quasi-geostrophic movements. An assumption was made that the Rossby
numbers (which are a measure of the ratio of the local and advective accelerations to the
Coriolis acceleration) had the same order. As a result, the problem was transformed into the
solution of a system of three nonlinear equations for the hydromagnetic pressure and for
two functions describing the magnetic field. In the case of an electrically conductive rotating
liquid that is infinitely extended horizontally, under the assumption that the inclination
of the surface bounding the layer from above is approximately constant, at a distance of
the order of the wavelength, an exact solution to the system of corresponding nonlinear
equations and the dispersion relation are obtained. The main characteristics of the dynamic
process under study were presented in real form.

Interest in Earth’s core is due to the feature that it has a significant influence on many
geophysical phenomena and processes that have occurred and are occurring in Earth,
which can also manifest themselves on its surface. In addition, the ideas expressed by
Braginsky [46] about the existing stratification of the density of the liquid core of Earth,
which in some cases determines its main dynamics as an essential feature or in the evolution
of the planet, are of interest for further analytical research.

6. Vortex Motion of Conducting Viscous Fluids in the Presence of a Magnetic Field

The system of equations describing the motion of a viscous, electrically conductive
incompressible fluid rotating at an angular velocity of ω in Euler variables has the form

ω⃗0 × ω⃗0 × r⃗ + 2ω⃗0 × v⃗ +
∂v⃗
∂t

+ (⃗v∇)⃗v = −1
ρ
∇P +∇U + ν∆v⃗ +

1
ρµ

rot B⃗ × B⃗,

div v⃗ = 0 , r⃗ ∈ Q,

∂B⃗
∂t

= rot(⃗v × B⃗) + νm∆B⃗,

div B⃗ = 0 , r⃗ ∈ Q.

(22)

It is assumed that the magnetic permeability, µ, and electrical conductivity, σ, are constant.
In Ref. [63], the following model was considered. Incompressible fluid initially rotates

as a solid body together with parallel bounding walls with a constant angular velocity. The
walls are inclined arbitrarily to the rotation axis. Then, suddenly one of the walls starts
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having longitudinal vibrations, and a magnetic field normal to the walls appears. In the
general case, the solution is presented as a series:

v̂(y, t) =
∂

∂t

t∫
0

u⃗(t − τ)v̂1(y, τ)dτ,

v̂1(y, t) = 1 − y
l
− 2

l

∞

∑
n=1

sin λny
λn

e−κnt
(

cos ωnt − κn + i2Ω
ωn

sin ωnt
)

.

(23)

Here, v̂ and v̂1 are the vectors obtained from an inverse Laplace transform and

λn =
πn
l

, κn =
1
2

(
λ2

nν − 2iω
)

, ω2
n =

λ2
n

µρ
B2

0 −
1
4

(
λ2

nν − 2iω
)

, (24)

where B0 is the induction of the magnetic field. The vectors of the tangential stresses acting
from the liquid on the walls of the slot were presented. A number of special cases of
wall motion were considered. Based on the results obtained, individual structures of the
boundary layers near the walls were studied.

In Ref. [64], another model was treated. Incompressible fluid initially rotates as a
solid body together with a porous wall with a constant angular velocity. The wall was
inclined arbitrarily to the rotation axis and performed longitudinal vibrations. The fluid
was injected (retracted) through the wall. Then, suddenly a magnetic field normal to the
wall appeared. Solutions for the velocity and pressure fields of the fluid were constructed.
For the wall oscillating as u(0) exp(λt), the liquid velocity is

v̂(y, t) = eλt
[

u⃗(0)
E1 + E2

2
+ iu⃗(0)× e⃗y

E1 − E2

2

]
, (25)

where a is the speed of injection (retraction) of the medium such that Ej = exp(χjy),
j = 1, 2, and

χ1,2 =
a

2
(

ν +
B2

0
µρλ

) ±
√√√√√ a2

4
(

ν +
B2

0
µρλ

)2 +
λ − i2Ω

ν +
B2

0
µρλ

, Reχ1,2 ⩽ 0. (26)

The induced magnetic field in a flow of electrically conductive liquid was also determined.
In Ref. [65], the models from Refs. [63,64] were combined. The two parallel walls were

porous, and the flow of liquid traveled through them. The analytical solution is

v̂(y, t) =
∂

∂t

t∫
0

u⃗(t − τ)v̂1(y, τ)dτ,

v̂1(y, t) =

(
1 − y

l
+

2
µ

∞

∑
n=1

(−1)n sin λn(l − y)
n

)
·

·
t∫

0

(
An p1nep1n(t−τ) + Bn p2nep2n(t−τ) + Cn p3nep3n(t−r)

)
J0

(
2
√

u0

2ν
αyr
)

dτ,

(27)

where λn represent the eigen frequencies as in Equations (6) and (14), y is the ordinate as
in Equation (13), l denotes the distance between the walls, u0 is the velocity of injection
(retraction) of the medium through the porous walls, p1n, p2n and p3n are the roots of
the special cubic equation, α is the damping coefficient, and An, Bn, Cn denote arbitrary
constants. The velocity field and tangential stress vectors of a viscous electrically conductive
fluid that affect the gap walls were determined. Some special cases of wall motion were
considered. For the case of quasi-harmonic vibrations of one of the walls, the solution



Physics 2024, 6 444

was presented in the form of a superposition of two plane waves. An analysis of the
dependencies of the wave numbers on the frequency of wall oscillations and the fluid
injection rate showed that there were special points of the non-stationary problem at which
the curves decayed (see Figure 3). In this figure horizontal axis represent the ratio of
angular frequency to the damping coefficient Y = ω/α. The vertical axis plots the wave
numbers δ responsible for damping and associated with the thickness of boundary layer.
The parameter γ = a/

√
να represents the dimensionless speed of medium injection.

Figure 3. Dependence of wave numbers δ1 and δ2 on Y = ω/α for different values of the parameter
γ (injection speed) [65]. See text for details.

The same can be seen for the propagation of wave packets (Figure 4). Therefore, the
analysis here is complex and ambiguous.

Figure 4. Dependence of wave packet velocities vg1 and vg2 on Y for different γ [65].

For a wave emitted by an oscillating wall, the singular points were Y = 1, Y = 4 and a
number of points from the interval 1 < Y < 2, in the vicinity of which the wave number δ1
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suffered a discontinuity. At the same time, the velocity of the wave packet vg1 broke only
at the point Y = 1. For a stationary wall, the singular point was Y = 1, at which the wave
number δ2 had a finite jump and tended toward zero with increasing frequency, regardless
of the injection speed. Based on the results, the individual structures of the boundary layers
adjacent to the walls were studied.

In Ref. [66], a number of special cases of wall motion were analyzed. For the case
of damped wall oscillations, the solution was presented in the form of a superposition of
two waves propagating along the OY axis toward each other:

v⃗ = A⃗1ei(k1y−ωt) + A⃗2ei(k2y+ωt),

A⃗1 =
1
2
[
u⃗(0) + iu⃗(0)× e⃗y

]
e−αte−

y
δ1 ,

A⃗2 =
1
2
[
u⃗(0)− iu⃗(0)× e⃗y

]
e−αte−

y
δ2 .

(28)

Here, A⃗1 and A⃗2 are the vector amplitudes of waves, one of which is emitted by the
wall, while the other impinges on the wall from infinity; k1 and k2 are the wave numbers
of traveling waves; and δ1 and δ2 are wave attenuation depths. The dependencies of the
numbers δ1 and δ2 on Y (frequency ω) for a fixed s (s = 2) are presented in Figure 5.
Analysis of these graphs shows that there are singular points of the non-stationary problem,
in the vicinity of which these numbers approach infinity.
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Figure 5. Dependencies of δ1 and δ2 on Y for s = 2 [66]. See text for details.

In this case, the derivatives dδ1/dY and dδ2/dY suffer a discontinuity of the first
kind, and thus the issue of the propagation of wave packets in this medium needs to be
studied further.

For a wave emitted by an oscillating wall, the singular point was Y = 2.81, in the
vicinity of which the wave number δ1 underwent a discontinuity and tended toward zero
as the frequency increased. At that the velocity of the wave packet vg1, as presented in
Figure 6, there were two corner points at Y = 0.4 and Y = 0.6.
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Figure 6. Velocities of the wave packets vg1 and vg2 [66].

The case of resonance ω = 2Ω (in dimensionless variables Y = S) was considered. The
wave number and the thickness of the boundary layer for a wave emitted by a wall read

k1 =

√
α

2ν

(√
1 + 4S2 +

5S2 − 1
S2 + 1

)
and

1
δ1

=

√
2ν

d

(√
1 + 4S2 +

5S2 − 1
S2 + 1

)
, (29)

respectively.
In this case, the incident wave has a wave number and boundary layer thickness,

k2 =

√
α

ν
· S2

1 + S2 and δ2 =

√
ν

α
(1 + S2) , (30)

respecyively.
Here, the case of resonance ω = 2Ω (or in dimensionless variables Y = S) is considered.

The values k1 and δ1 correspond to the incident wave, while k2 and δ2 describe the wave
that is emitted by the wall.

In Ref. [67], the model from Ref. [64] was simplified to using a plain (nonporous)
wall which allowed deeper treatment. The full equation of magnetic induction was used
(i.e., both the induction effect and energy dissipation due to the electric currents were
involved). An analytical solution of three-dimensional unsteady magnetic hydrodynamics
was presented.

A number of special cases of wall motion were considered together, with resulting
individual structures of boundary layers near the wall. For a certain choice of magnetic
induction dependencies of wave numbers k1,2 and δ1,2 on Y have corner points where
derivatives do not exist. Figure 7 shows the dependence of the values of the boundary
layers δ1 and δ2 on Y for the value of γ = 1. The function δ1(Y) monotonically increased
until Y = 1 and then monotonically decreased, asymptotically approaching the value of
0.2. The function δ2(Y) decreased all the way and tended toward the value 0.2, as well as
δ1(Y). Both functions had a value of 0.5 and a corner point at Y = 1.
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Figure 7. Dependencies δ1(Y) and δ2(Y) [67].

Figure 8 shows the nature of the dependence of wave packets on Y (frequency ω for
fixed s (s = 2) and a parameter value γ = ν/vm = 1. The velocity of the wave packet
vg1 emitted by the oscillating had intricate behavior. For the argument range 0 < Y < 1,
the velocity decreased monotonically in the negative domain, which indicates anomalous
dispersion of the medium. At the singular point Y = 1, vg1 jumped from −4.75 to +2. Then,
at this point, the speed dropped to one and remained almost constant as the frequency
increased. The speed vg2 of the oncoming wave had an even more complex character. In
the interval 0 < Y < 1, there was a special point Y = 0.6 observed where vg2 suffered an
infinite discontinuity, changing from +∞ at 0.6− 0 to −∞ at 0.6+ 0. Then, while remaining
negative, vg2 grew to to a value of −4.75 at Y = 1. This was the second singular point,
where it suffered a finite jump, the magnitude of which was 6.75, and having reached the
value of 2, it suffered another jump, dropping to vg2 = 1 like vg1 did. This value remained
constant as the wall vibration frequency increased.
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Figure 8. Dependencies vg1(Y) and vg2(Y) [67].
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In general, magnetic field lines are partially carried by the fluid flow and partially
diffuse through it. This problem is solved for arbitrary values of the magnetic Reynolds
number, and the construction of a mathematical model is based on the complete system of
magnetohydrodynamics equations. In this case, inertial forces are taken into account in
the equations of motion, which are neglected in known studies using the theory of rapid
rotation. In the limiting case of infinitely large values of the magnetic Reynolds number,
the results obtained are reduced to those known and obtained earlier.

The study in Ref. [104] involved dynamic processes in a rotating electrically conduc-
tive incompressible fluid, taking into account the effects of density inhomogeneity and
dissipative effects, namely magnetic field diffusion. For the appropriate mathematical
implementation of the dynamic process under study, the equations for the dynamics of
spatial wave disturbances in a non-uniform electrically conducting rotating fluid were
reduced, taking into account the diffusion of the magnetic field. By introducing auxiliary
functions, the system of partial differential equations is reduced to a single scalar partial
differential equation. An exact analytical solution therein is constructed. As a result, it
was found that if the external magnetic field is parallel to the axis of rotation of the layer,
then at finite values of the magnetic Reynolds number, a process of magnetic field decay
is observed. At sufficiently large values for the magnetic Reynolds number, the existence
of a periodic process is revealed. If the vector of the external magnetic field has only a
nonzero normal component at the boundary surface of the liquid, then the existence of a
wave regime caused not only by magnetic forces but also by gravitational, Coriolis and
corresponding boundary effects is proven. The possibility of the existence of an induced
magnetic field over a sufficiently long time period and its existence in the absence of an
external background field has also been proven.

The study in Ref. [97] takes into account the diffusion of the magnetic field. For the
posed spatial problem, the assumption of a linear distribution of hydromagnetic pressure
with depth is acceptable. The corresponding boundary value problem for the horizontal
components of the velocity and magnetic field and the function describing the lower
moving surface of the layer is nonlinear. Using an analysis of the scale of quasi-geostrophic
movements, the basic equations were derived. Similar to that in Ref. [94], assumptions
were made about the same order of Rossby numbers and about the approximate constancy
of the inclination of the surface bounding the layer from above. Then, it was possible
to obtain an exact solution to the system of corresponding nonlinear equations and the
dispersion relation. Here, the simplest model of Earth’s liquid core as a horizontally infinite
layer of liquid was used. The conducted research can also be useful in the analysis of
self-excitation of the MHD dynamo in large masses of liquid metal in technical devices like
the sodium coolant of a neutron reactor, blast furnaces and the production of aluminum.
are quite important, and sometimes the only research tools.

The goal of Ref. [105] was to reduce a system of partial differential equations that
simulates a disturbance in a layer of an ideal electrically conducting rotating fluid, taking
into account the diffusion of a magnetic field, and limited by surfaces varying in space and
time, taking into account inertial forces. For the equations obtained as a result of reduction,
solutions were constructed that described the propagation of small amplitude waves in an
infinitely horizontal layer and in a narrow, long channel. This study assumed that the layer
boundaries were not constant but were surfaces that varied in space and time; In addition,
the equation of motion takes into account inertial forces. For the oscillation frequency,
two clearly separated branches were obtained. The first type of oscillation was an inertial
wave. The inertia and Coriolis force played a significant role in them. The frequency of
inertial waves was real, and these waves were stable. The second type of oscillation was
magnetic waves. Their frequency was complex. But due to the finding that the imaginary
part of the frequency was negative, the magnetic waves also did not show instability. Thus,
the diffusion of the magnetic field contributed to its attenuation, while in the case of a
frozen-in field, a process established in time was observed (i.e., the induced magnetic field
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could exist for an arbitrarily long time). In particular, at a magnetic Reynolds number
Rm → ∞, we obtained the known dispersion relation for the Alfven wave.

The main focus of the following investigations is studying the stability, criteria and
possibilities to keep from violating them. The authors of Refs. [106–110] devoted their
studies to modeling a non-uniformly rotating cylindrical layer of plasma. The magnetic
field was considered axial and uniform, and the other conditions varied (see Figure 9).

Figure 9. An electrically conductive nanofluid fills a layer between two rotating cylinders with
angular velocities Ω1 and Ω2 and is located in a spiral magnetic field. The lower surface of the layer
has a temperature of T1, the upper surface has a temperature of T2, and T1 > T2.

In Ref. [106], the stability of convective flow was studied. The viscosity, ohmic and
heat-conducting dissipation were accounted for. In the geometric optics approximation,
a dispersion equation was obtained for small axisymmetric perturbations. The criteria for
stability of the plasma flows were found.

The study in Ref. [107] investigated the behavior of large-scale fields with small-scale
turbulence. The Reynolds number was taken as a small parameter in perturbation theory of
the third order to obtain nonlinear equations of the magneto-rotation dynamo. The criteria
of the onset of a large-scale vortex and magnetic fields, depending on the rotation profile,
were established.

The study in Ref. [108] examined the stability of the convective flow. Stationary and
oscillatory modes of magnetic convection were considered, depending on the profile of
the angular velocity of rotation (Rossby number Ro) of the fluid. A nonlinear dynamic
system of Lorentz-type equations for convection was obtained with the help of the Galerkin
method [71]. Numerical analysis then revealed the chaotic behavior of the convective
flows. The criteria for the occurrence of chaotic motions were found, depending on the
parameters of convection and the magnetic field as well as the rotation profiles. Numerical
analysis showed the possibility of controlling the chaotic movement of convective flows by
changing the parameters of the external magnetic field.

In Ref. [109], the research of convective flow stability was continued. The system was
conditioned by two profiles: that of the angular rotation velocity (Rossby number) and
that of the external azimuthal magnetic field (magnetic Rossby number). The stationary
and oscillatory modes of magnetic convection were considered. The Galerkin method [71]
yielded a nonlinear dynamic system of Lorentz-type equations. Futher numerical analysis
showed the presence of chaotic behavior for convection. The criteria for the onset of chaotic
movements were found.

The objective of Ref. [110] was the motion of electrically conductive nanofluid (fluid
with nanoparticles). The geometry and conditions were similar to those in Ref. [109].
The effects of Brownian diffusion and thermophoresis were accounted for. New types of
magneto-rotational instability in thin layers of nanofluid were explored. The dependence
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of these instabilities upon the Rossby number profile and the radial wave number was stud-
ied. Stationary modes of convection were considered in the presence of temperature and
nanoparticle concentration gradients. The conditions for stabilization and destabilization
of stationary convection in axial and spiral magnetic fields were determined.

In Ref. [111], the influence of Hall effects on the stability of the magnetohydrodynamic
flow of a plasma was studied in the environment shown in Figure 9. The analysis was
performed within the framework of a local approach in the case of finite conductivity of the
medium and neglecting the induced magnetic field. The existence of an unstable regime
was shown in the case of a weakly conducting medium, where the directions of the angular
velocity vectors of the medium Ω and the magnetic field B were opposite.

The investigation in Ref. [112] was devoted to studying the influence of Hall effects
and viscosity on the stability of a rotating flow of weakly ionized plasma in the presence of
a peripheral velocity shift. The analysis was performed within the framework of a linear
approximation based on a system of magnetohydrodynamics equations.

The study in Ref. [113] analyzed the local stability of rotational flows in the presence
of a constant vertical magnetic field and an azimuthal magnetic field with a common radial
dependence. Figure 10 shows the radial dependence of the velocities of ions (denoted 1)
and electrons (denoted 2) for a plasma density of around 1017–1018 m −3.

Figure 10. Radial dependence of velocities of ions (1) and electrons (2) [114]. See text for details.

One can conclude from the graphs that the values of the angular speeds Ω1 of ions and
Ω2 of electrons did not depend on changes in the plasma concentration over such a change
interval. It is shown that with unidirectional vectors Ω⃗1 and B⃗, instability could be observed
only with a significant shift in the parameter of the angular velocity, while in the opposite
case, it developed at significantly smaller shifts. Using the short wavelength approximation,
a unified framework was developed to study the standard, spiral and azimuthal versions of
the magnetorotational instability (MRI), as well as current-induced kink-type instabilities.
Several interesting results were then obtained in this framework.

7. Conclusions

In this review, the studies presenting analytical solutions to the problem of move-
ment of a body containing liquid were considered. The problem set was roughly split
into domains of ideal and viscous liquids and also into domains of isolating (i.e., not
affected by electromagnetic fields) and conductive fluids, including plasma. Most of the
presented investigations studied stationary movements, as few were trying to explore non-
stationary processes. Fluid mechanics is an essentially nonlinear science, since nontrivial
linear motions simply do not exist for most cases of interest, or linearization imposes too
strict of limitations which render the model practically useless. For this reason, direct
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experimentation or numerical simulations always played a greater role, especially with the
overwhelming growth of calculation power in the last few decades. However, analytical
solutions remain essential for identifying the causes and mechanisms of complex processes
for radically simplifying numerical calculations and as standards for verifying the cor-
rectness of direct numerical modeling. Accordingly, further development of analytical
approaches stays relevant.
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