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Abstract: This paper presents an extensive review of some recent results on fractional Ostrowski-type
inequalities associated with a variety of convexities and different kinds of fractional integrals. We have
taken into account the classical convex functions, quasi-convex functions, ({, m)-convex functions,
s-convex functions, (s, r)-convex functions, strongly convex functions, harmonically convex functions,
h-convex functions, Godunova-Levin-convex functions, M T-convex functions, P-convex functions,
m-convex functions, (s, m)-convex functions, exponentially s-convex functions, (B, m)-convex func-
tions, exponential-convex functions, Z, B, v, 6-convex functions, quasi-geometrically convex functions,
s — e-convex functions and n-polynomial exponentially s-convex functions. Riemann-Liouville frac-
tional integral, Katugampola fractional integral, k-Riemann-Liouville, Riemann-Liouville fractional
integrals with respect to another function, Hadamard fractional integral, fractional integrals with ex-
ponential kernel and Atagana-Baleanu fractional integrals are included. Results for Ostrowski-Mercer-
type inequalities, Ostrowski-type inequalities for preinvex functions, Ostrowski-type inequalities for
Quantum-Calculus and Ostrowski-type inequalities of tensorial type are also presented.

Keywords: Ostrowski inequality; Hadamard fractional integral; Katugampola fractional integral;
Riemann-Liouville fractional integral

MSC: 05A30; 26A33; 26A51; 26D07; 26D10; 26D15

1. Introduction

The theory of convex analysis offers robust ideas and methodologies to address an ex-
tensive spectrum of issues in applied sciences. Numerous mathematicians and researchers
have been striving to implement innovative ideas of convexity theory to handle the real
world problems arising in nonlinear programming, statistics, control theory, optimization,
etc. The theory of convexity also plays a leading role in establishing a wide class of in-
equalities. The theory of inequalities in the framework of fractional operators gives rise to
integral inequalities. The Ostrowski-type inequalities have been developed in the literature
for various types of convex functions. Ostrowski derived the following remarkable and
amazing integral inequality in 1938.

Theorem 1 ([1]). Let IT : I — R be a differentiable function in the interior 1° of I, and let
61,62 € I°with gy < ¢o. If [T (x)| < M for all x € [g1, G2, then

(x— 91;92)2

1 G2 1
I1(x —7/ II(t)dt| < M — -4
() 62 —61Jg ® (62=¢c1) 4 (62—¢61)?

V x € [61,62]. In the above famous integral inequality the constant value 411 is an amazing choice in
the aspect that it cannot be substituted by a smaller one.
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The Ostrowski-type inequality is found to be an exalted and applicable tool in several
branches of mathematics. Integral inequalities, which are used to determine the bounds
of physical quantities, find extensive applications in operator theory, statistics, probability
theory, numerical integration, nonlinear analysis, information theory, stochastic analysis,
approximation theory, biological sciences, physics and technology. Many researchers have
shown a keen interest in developing several variants and aspects of this inequality.

During the past few decades, fractional calculus has evolved as a fast-emerging and
prominent area of investigation due to the nonlocal nature of fractional order integral and
derivative operators. The tools of fractional calculus have been widely applied to formulate
the mathematical models associated with various phenomena and processes occurring
in engineering and scientific disciplines. The importance and applications of fractional
calculus are eminent in the related literature. In the realm of inequalities, fractional order
operators have played a fundamental role in the advancement of the topic. In particu-
lar, fractional integral operators are found to be of exceptional value in generalizing the
standard integral inequalities. Here, we recall that certain inequalities are quite helpful in
investigating optimization problems.

The main aim of this manuscript is to present an up-to-date review of Ostrowski-
type inequalities involving different convexities and fractional integral operators. In each
section/subsection of the paper, we first describe the fractional integral operators and
convexities, related to the results collected for Ostrowski-type fractional integral inequal-
ities. We provide comprehensive details for each Ostrowski-type inequality collected in
this survey (without proof) for the convenience of the reader. Our survey paper contains
the state-of-the-art literature review on fractional Ostrowski-type inequalities and serves
as an excellent platform for the researchers who wish to initiate/develop new work on
such inequalities.

The structure of this review paper is designed as follows. Section 2 summarizes
Ostrowski-type fractional integral inequalities for different families of convexities, includ-
ing classical convex functions, quasi-convex functions, (¢, m)-convex functions, s-convex
functions, (s, r)-convex functions, strongly convex functions, harmonically convex func-
tions, h-convex functions, Godunova-Levin-convex functions, MT-convex functions, P-
convex, m-convex functions, (s, m)-convex functions, exponentially s-convex functions,
(B, m)-convex functions, exponential-convex functions, Z, B, v, d-convex functions, quasi-
geometrically convex functions, s — e-convex functions and n-polynomial exponentially
s-convex functions. Section 3 consists of Ostrowski-type fractional integral inequalities
for Katugampola fractional integral operators. In Section 4, we present Ostrowski-type
fractional integral inequalities involving k-Riemann-Liouville fractional integrals. Section 5
is concerned with Ostrowski-type fractional integral inequalities for preinvex functions,
while Ostrowski-type fractional integral inequalities involving fractional integrals with
respect to another function are described in Section 6. Mercer-Ostrowski-type fractional
integral inequalities for Riemann-Liouville fractional integral operators are included in
Section 7. Ostrowski-type fractional integral inequalities obtained via Hadamard fractional
integral are discussed in Section 8. We collect Ostrowski-type fractional integral inequalities
for integrals with exponential kernel function in Section 9. Section 10 deals with Ostrowski-
type fractional integral inequalities for Atangana-Baleanu-type fractional integral operators,
while Section 11 contains Ostrowski-type inequalities in terms of generalized fractional
integral operators. In Section 12, we discuss Ostrowski-type fractional integral inequalities
obtained via operators of quantum-calculus and Ostrowski-type inequalities of tensorial
type are presented in Section 13.

2. Ostrowski-Type Inequalities via Riemann-Liouville Fractional Integral

First, we add the definitions of fractional operators, namely Riemann-Liouville, in the
left and right aspects.
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Definition 1 ([2]). Let IT € L[gy,¢2]. Then, the Riemann—Liouville integrals (left and right
aspect) ]§1+H and ]ng' ¢ > 0,61 > 0are stated by

) = g [ = 0f T, x>,

61

and 1 o
Ié-IT(X) = @/x (t—x)*I(Hdt, x < ¢,

respectively. Here, I'({) represent the Euler Gamma function and ]81 (%) = J2 _TI(x) = I(x).

2.1. Ostrowski-Type Fractional Integral Inequalities for Functions with Bounded Derivative

In this subsection, we present results on Ostrowski-type fractional integral inequalities
for functions with bounded derivatives. We have the following results that provide lower
and upper bounds for the Ostrowski differences.

Theorem 2 ([3]). Let IT: [¢1,¢2] — R be a differentiable mapping on (g1,62) and |IT' (x)| < M
forall x € [¢1,62]. Then

(r=e) + (e =0y _TE+1) U [ nite) + £ 16|

62— 061 G2 —
M{(x =)+ (g2 — X)g“}
_— C+l 7

forall x € [¢1,62] and { > 0.

Theorem 3 ([3]). Let the assumptions of this theorem be as stated in Theorem 2 and p > 1 with

14—1:1.Then
p 49

(x—gl)ng(ngx)gH(x) (§+1)
G2 — 61 G2 —¢

1 1
[ ) I gy + (62 = I ]

=T + T T1(6) |
1

S -
(Cg+1)

e

1
Vx € [o1,62) and & = O where [TV, e,y = ([ 11T (y) Py) "
Theorem 4 ([4]). Let the assumptions of this theorem be as stated in Theorem 2. Then

M{(x — )"+ (g2 — x)gﬂ}
= r(C+2) ’

PN Y
(x er)(g‘:_(lg)z x) n(x)f{jﬁ,n(g1)+]§+n(g2)}

forall x € [g1,62] and > 0.

Theorem 5 ([4]). Let the assumptions of this theorem be as stated in Theorem 2 and TT' € L?[g1, o).
Ifm < |IT'(x)| < M forall x € [g1,¢2], then
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¢I(x) +11(c1) _ 7
|r(g)(g+1)(x—g1)€ 1_ x—gll"_n(gl)
T TR R 0
\/ 11 (x—c)*Ki+ (62— 0)°K;
Sy e r@)
1 1 (x—61)"+(g2—x)¢
= \/2§+1_(g+1)z 12r(§)2 (M —m)

forall x € [g1,62] and { > 1, where

K2 = M(I1%;¢1,x) — M*(IT;¢q,x), K3 = M(IT% x¢p) — M2(IT; %, ¢0)

G
and M(TT¢1,60) = —— [ T1(x)ax.
G2 —C1 Jg

In the next result, fractional integral inequalities of Ostrowski-Grtiss type are presented.

Theorem 6 ([5]). Supposell: I — R is a differentiable function and g1,¢2 € I° with gy < g2. If
IT : (¢1,62) — Ris bounded on (g1,62) withm < IT'(x) < M, forall x € [g1,¢2], then

X —x)1=¢ -
1;( )_ {2 =) JETI(g2) + (g2 — %) )& T (¢o)

(€) c2— 61
7<H(gz)fﬂ(m))((ngx)l‘g(gz—m)g g x )
62— 61 I'(C+2) [(C+1)

1 1 ne (Te2) —T1(61) 22
< oK) (g —gyrg M - (e, S grgy ) )
< (I;Ejgé;z(gz—gl)(M—m)/

forall x € [¢1,62] and > 1, where
K = (20" e )% 2 (5 o — 1)
W+l T2w—1 ¢

(v *X)C (92 —X 62 —€1> _ ((Gz —x)17€(€2 —91)&1 G —X ))2.

(c2—c1)?\ ¢ 27 -1 Z(C+1) e

Now we give one more Ostrowski-Griiss-type inequality of fractional type.

Theorem 7 ([6]). Let the assumptions of this theorem be stated in Theorem 2. Then

JRY e
$16) — €+ DI S22 () + 3e2 =)' Fr(@)IG M)

(G2 —x)*¢ -1 (g2 —x)'"%(x—¢c1)
+ 2(92 — (;1) r(é)]@n H(QZ) + Z(GZ — gl)z,g H(gl)

. Mle-0"*¢ [(Qz —6)*(x— 1) + (62— %) (61 + 61— Zx)}
- G2 =61 27 '
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where g1 < x < G.

2.2. Ostrowski-Type Fractional Integral Inequalities for Convex Functions
Definition 2 ([7]). A real-valued function I1is convex on an interval I, if

(A1 + (1= A)g2) < All(g1) + (1 — A)I(g2), 1)
holds for all 1,62 € Iand A € [0,1].

In the following theorems, we show the Ostrowski-type inequalities in the frame of
Riemann-Liouville fractional integrals for absolutely continuous and convex functions.

Theorem 8 ([8]). Let IT : [g1,62] — R be an absolutely continuous function on [g1,62|. If
x € (61,62) and there exist real numbers my (x), My (x), mp(x), Mp(x) such that

my(x) <TU'(t) < My(x), forall t € (g1,x)

and
my(x) <TT'(t) < Mp(x), forall t € (x,62).
Then
g M) e = 0 - M) - )
< |- e ) + (62— )TI(e)] I LTI = I TI)
< fry M@ -0 - m) - )]
and
1 o1 PN
] L R CICICET
< JiTH(6) + T3 T(2) — F(glﬂ) [(x = 61)T1(x) + (62 — )FTI(x)
< M) e =0 =) — ).

Theorem 9 ([8]). Let IT: [g1,62] — R be a convex function and x € (g1,62). Then

e [T e~ 0 T () = 60)|
< rrp [ e0TIe) + (- 0] - I LTI -, TI()
< r(€l+ 2) :H/(Qz)(gz —x)" — T (1) (x — €1>§+1}
and
r(z;1+ 7 [T ()@ = )T =11 () (x = 61|
< JET(6) + 15, T(s2) — r(§1+1) [(x —61)TI(x) + (62 — x)éH(x)}
< r(€1+ 2) [T (o) (62 = 1)+ I, (ea) (v — 1)),

where 1/, () are the lateral derivatives of T1.
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Theorem 10 ([9]). Let IT : [g1,62] — R be a function which is differentiable on (g1,¢2) with
G1 < Gp such that IT" € L[gy, o). If |IT'| is convex on g1, ¢2] and x € [g1, G2, then

— )¢ —x)¢
[ - o ]

1 (=252  (x=c)’"2 1 1 ca—X7\rp
§+2{((ngg1)é+2+(nggl)ﬁz[@rl*gz_gl})m (61)]

(r=6)? | (=021 1 x—ai]y
+((92 —61)¢*? " (62 —61)¢+2 [C+ 1 * G2 — Qle (52)|}'

Theorem 11 ([9]). Let IT be as in Theorem 10. If |IT'|7,q > 1 is convex on [g1,62], and
x € [¢1,¢2], then

‘ [(x —¢1)°+ (g2 — x)ﬁ}n(x) _ I(g+1)

(62— 61)¢H1 G [JE.11(e2) + /% 11(e)] ‘
= : T [(gz — x)et! ( [T (c1) |7 + |H’(g2)|q)%
(2 =)t (Cp+1)7 5

- g1)§+1<|H’(€1)|q ; |H'(€2)|q>%},

wherel+1:1and§>0.
p q

Theorem 12 ([9]). Let IT be as in Theorem 10. If [I1'|7,q > 1 is convex on [g1,G2], and
x € [G1,62), then

X — ¢ —x)¢
[ e e+ )

< (31 ()
X{(gg;—_;cl)gﬂ K%) T (c1)]" + (Clﬁ + %) |n’(g2)\ﬂ ‘
+<;2—_€g11)§+1 [(ﬁ + g:;)ml(ﬁ)lq + (%) |H’(g2)|q] 5}.

Theorem 13 ([9]). Let IT be as in Theorem 10. If |IT'|7,q > 1 is convex on [g1,62], and
x € [¢1,¢2], then

‘ {(X —(gglz)g;()ggil— x)g}n(x) - m {]§+H(Gz) + IE_H(gl)}
e () e ()

Now we give some weighted fractional Ostrowski-type integral inequalities.
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Theorem 14 ([10]). Let IT: [¢1,¢2] — R be a function which is differentiable on (g1, 2) with
61 < caand IT € L{c1,62]- If  : [61, 62] — R is continuous and |IT'| is convex on [g1, G2), then

| [JE,80) + 76,80 110 = [J6, 4 (T () + JE,— () ()|

Islle Grry (42 -0+ C+DE—a)
Goree e (e -7) - S Tm—
1 1

+(g2 — X)HZ(Z - m)} T (¢1)|

G2+ C+D(2—x)+(+2)(x—¢61)
+{(€2_X)g+1<( 22 _g1> - 2(§+1)(§+2) ! )
1 1

+(x — Gl)HZ(E - m)} T (c2)|,

for all x € [61, Ga], where [[g]leo = sup{|g(x)| : x € [¢1, ¢a] }-

Theorem 15 ([10]). Let ITand g be as in Theorem 14. If |IT'|7,q > 1 is convex on [g1, 2], then
| 16,80 + I, () [ T(x) = [JE, 4 (Tg) (x) + JE, (1) (x) |

S<QJ§%+J“%10W*QW%@—2fWNmW
X

1 1
X— 61 p Y N+ (62 / g, (Xt+t62 / 7\ 1
+ES T (@)1) T + (62 = 0)F ! (22T (6) 17+ (5522 — ) I (2)7)

forall x € [¢1,62], where ;17 + ; =1

2.3. Ostrowski-Type Fractional Integral Inequalities for Quasi-Convex Functions

Definition 3 ([11]). A real-valued 11 is quasi-convex, if
[(Ax + (1= A)y) < max{TI(x),TI(y)}, )
holds for all x,y € Iand A € [0,1].

In the following theorems, we explore some weighted Ostrowski-type inequalities in
the frame of fractional operator for quasi-convex functions.

Theorem 16 ([12]). Let IT: [g1, 2] — R be a function which is differentiable on (g1, ¢2) where
0<g1 <gpand g:[c1,62] — R bea continuous function. If |IT'| is quasi-convex, then

J5- (T1g)(61) + J%4 (T19) (62) — [J5-TH(g1) + J5,T1(ca) |

— y)o+1
< (grz(gi)z)max{|H’(x)|,H,(€2)|}||3||[x,gz],°°

N {+1
+%f$>mmwmwwmwmmw

forall x € [¢1,62]-
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1 1
Theorem 17 ([12]). Let I be as in Theorem 16. If [I1'|1 is quasi-convex, g > 1 and » + 7 =1,
then

JE_gTl(r) + J5,T1(e2) — [JS_T1(e1) + J§, 1(62)] |

_ 4\0+1 1
< 2T a0 T 217 e
P+ 1)ITEC+1)
¥ — e+ 1
$— T a0, 1 (60) 7)) ey
@ +1)T(C+2)

forall x € [¢1,62]-

Theorem 18 ([12]). Let I1 be as in Theorem 16. If |I1'|1 is quasi-convex, q > 1 then

JE-8T(61) + J§, 811(62) — [J5-T1(e1) + J5. T1(c2) |

—x c+1 %
< (22 (max(IT () 11 (€2)17)) gl
x — c+1 %
+(r(gg+l)2)(max{lH'(X)l",IH’(gl)Iq}) 18 1lcy,1,007

forall x € [¢1,62]-

A further result for functions with a bounded first derivative is given in the
next theorem.

Theorem 19 ([12]). Let the assumptions of this theorem be as stated in Theorem 16. If there exist
constants m < M such that —oco < m < IT'(x) < M < oo forall x € [g1,62], then

J5_gTl(¢1) + Jo. gT1(ca) — [fﬁ_n(gl) + I§+H(gz)} ‘

(M+m)[ (62— 2)F! — (x —¢)¥1|

- 2T(7) /0 (p1(7) + p2(7))dT

(M —m) (g2 —x)¢*H! (M —m)(x — g1)¢+1
< 2]"(@' + 2) ||g|| [x,62],00 + 2F(C + 2) HgH [g1,x],007
where
1
n = [ (-0 sloe + (- o),
1
pa(t) = /T (1—-0)""g(c¢i + (1 —0)x)do.

Definition 4 ([13]). A function I1 : I — R is said to be a strongly quasi-convex function with
modulus ¢ > 0, if

[(tx + (1 —t)y) < max{I1(x),TI(y)} —ct(1 —t)(y — x)?>, Vx,y €1, t€0,1].

The aim of this subsection is to give some Ostrowski-type fractional integral inequali-
ties for strongly quasi-convex functions.

Theorem 20 ([14]). Let IT : [g1,62] C [0,00) — R be a differentiable mapping on (g1,62)
such that 11" € L{gy, ¢a]. If |IT'| is a strongly quasi-convex function with modulus ¢ > 0, on

[61,62], then
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‘H(x) - /fz T1(s)ds

62 — 61 Jg

(62 —x)? ' / (62— x)? (g2 —x)* 2
< 2o —a1) max{|IT'(x)|, |IT'(¢2)|} 7C(3(€2—§1)2 — 4(92_&)3)(3(7(;2)

(x—¢1)? , , 21 (a—x)?* | 2(c-x°  (2—x)?*
22 —c1) max{|IT (@)}, [T {e1) }e(x =61) (ﬁ C2(c2—61)  3(e2—61)? 4((;2751)3)

for each x € [¢1,¢2].

Theorem 21 ([14]). Let IT be as in Theorem 20. If |IT'|7 is a strongly quasi-convex function with
modulus ¢ > 0, on [g1, G2], then

‘H(x) - /TZ T1(s)ds

62 —61 Jg

(Q — x)p+1 ’ ’ (Q — X)z (Q — X) %
T e (T @I @)1 (3= — 5=y (= 2’)
(x — g™t 3

/ U (g2 —x)? (g2 —x) i
e (ma I @ I e} — e - 5 2= 4 2 ) - a?)

for each x € [¢1,62], 9 > 1and ;17 + 1_ 1.

Theorem 22 ([14]). Let I1 be as in Theorem 20. If |IT'|1 is a strongly quasi-convex function with
modulus ¢ > 0, on [g1, G2], then
1

1 G2
II(x) — /Hsds
‘ ()~ =g [ 1)

—x)? —x —x)? 7
< (62 g)l (max{‘H,(x)W,‘H/(gz)‘q}*c( 2(g2 ) . (Gz ) 2)(x7g2) )

2(¢2 —¢1) 3(¢2—¢1) 2(c2—¢1)
(x —¢1)? ) ) (2—x)?%  (2—x)? 4(gp — x)°
Ty G I CH D e e i oy i oy Ty

(62 —x)* P
72(@ — gzl)z(xi 91)2)(357&)2) ’

for each x € [¢1,¢2].

In the next, we present fractional weighted Ostrowski-type fractional integral inequal-
ities via a strongly quasi-convex function.

Theorem 23 ([14]). Let I1 be as in Theorem 20 and g : [¢1, 2] — R be a continuous function.
If \TT'| is a strongly quasi-convex function with modulus ¢ > 0, on [g1, 2], then

JE-T1(er) + I T1(s2) — [J5-gTl(e1) + /£, 811(62) | 11(1)|

(62— x)g+1 (62— x)g+1 (62— X)Hl

< A2 (el (L I () e — (o — o) = 622 legaim
X — C 1 X — C 1 X — é 1
S max (T ) T (e ey — (2 — Sy etx = 60%) Il

for each x € [¢1,62].
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Theorem 24 ([14]). Let IT be as in Theorem 20 and g : [¢1,62] — R be a continuous function.
. . . . 1 1
If |TT'|7 is a strongly quasi-convex function with modulus ¢ > 0,q > 1and — + = = 1, then

J5-8T(g1) + 5. 8T(s2) — |J5_gT(c1) + J5. gT1(c2) | H(Ql)’

(92_x)€+1 / / c 2 i
< gl g a1, [T (2)17} — £ = 2)
s oirgan Pl A gl
_ ¢+1 1
b e o max{ITT (O, I e0) 1) — (= 0)7)
(p+1)PTE+1)

for each x € [¢1,62]-

2.4. Ostrowski-Type Fractional Integral Inequalities for ({, m)-Convex Functions
Definition 5 ([15]). The function I1 : [0,b] — R, b > 0 is said to be ({, m)-convex, if

I(tx + (1 — t)y) < £I1(x) + m(1 — t5)I1(y),
forall x,y € [0,b], ({,m) € [0,1]2and t € [0,1].

Ostrowski-type fractional integral inequalities pertaining to Riemann-Liouville frac-
tional integral for ({, m)-convex functions are presented in the following theorems.

Theorem 25 ([16]). Let I be an open real interval such that [0,00) C IandI1 : 1 — Rbea
differentiable mapping on I such that II' € L[mgy, mgy], where mgy, mgy € I with ¢1 < g,
m € (0,1). If |T1'| is ({, m)-convex on [mgy, mgs] for (¢, m) € [0,1)2 and |IT'(x)| < M, then

‘ ((x — mg1)* + (mga — X)C)H(x) _Terl) |15 T1(mg1) + I5_T(mey) |

62— 61 62— 61
< M[(x—mgl)“l + (mgz—X)“l} [1+mé}
- 62— ¢1 14271

for all x € [mgq, mgs].

Theorem 26 ([16]). Let IT be as in Theorem 25. If |IT'|7,q > 1 is ({, m)-convex on [mgy, mgo|
for (Z,m) € [0,1)2 and |TT'(x)| < M, then

(x —mg1)® + (mgy — x)¢ T(+1)
‘( 1g2_gl 2 )H(X) - ﬁ{[ﬁin(mgl)%»lgfn(mgl)}

1 _ 7+1 N+ 1
(gplﬂ)p{(x mg1) giéf:@ x) Hlltrnéé}q,

with ;17 + ; = land x € [mgy, mgy].

Theorem 27 ([16]). Let I1 be as in Theorem 25. If |IT'|7,q > 1 is ({, m)-convex on [mgy, mgo|
for (g, m) € [0,1)2 and |TT'(x)| < M, then

(x —mg1)¢ + (mgp — x)° T(+1)
‘ ( 1g2 e 2 )H(X) - ﬁ [Iﬁ,H(mgl) + Igfl_[(mgl)}
x —mgy)* ™ 4 (mgy — x)g"‘l} [1 +(m+ 1)] i
(2—61)(C+1) 20 +1 ,

< M[(
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forall x € [mgq, mgy].
2.5. Ostrowski-Type Fractional Integral Inequalities for s-Convex Functions
Definition 6 ([17]). A function IT: [0,00) — R is said to be s-convex in the second sense, if
(Ag1+ (1= A)g2) < A°T(g1) + (1= A)TI(g2), ®)

holds for all 1,62 € [0,00), A € [0,1] and for some fixed s € (0,1].

Ostrowski-type inequalities pertaining to Riemann-Liouville fractional integral for
s-convex functions are presented.

Theorem 28 ([18]). Let I : [¢1,62] C [0,00) — R bea function which is differentiable on (G1,62)
with ¢1 < ¢ such that ITT' € L[g1, Ga]. Suppose |IT'| is s-convex in the second sense on [g1, ¢2] for
s € (0,1) and |IT (x)| < M, x € [g1,¢2]. Then, for all x € [c1,62),

’ ((x —61)°+ (g2 — x)C)H(x) re+1) 1) []xf (61) + ]§+H(Gz)} |

62 —61 G2 —
< M (3, HE+DIGD) {(X—Gl)“lﬂL(Gz—x)gH}
- G —¢1 I(C+s+1) {+s+1 '

Theorem 29 ([18]). Let I1 be as in Theorem 28. If |IT'|7,q > 1 is s-convex in the second sense on
[61,62] fors € (0,1] and |IT'(x)| < M, x € [¢1,G2], then

— ) —x)¢

(=t D« o)
M ( 2 )%{(x—m)g”ﬂf;z—x)“l
R STATES 62— 61

where§>0andl—l—1:1.
p q

< | foralix € [¢1,62),

Theorem 30 ([18]). Let I1 be as in Theorem 28. If |I1'|7,q > 1 is s-convex in the second sense on
[61,62] fors € (0, 1] and [IT'(x)| < M, x € [¢1,62], then

’((x—gl)“r (62 _X)C)H(x) (C+1)

> T + T TG |

G2 —¢1 G2 —
_1 1 _ O+ _ )0+l
< M(7) (7me) H?(Z?E%D)[(X af rle-y ),

forall x € [g1, 2], with { > 0.

Theorem 31 ([19]). Let IT be as in Theorem 28. If [IT'(x)| < M, x € [g1,62], then

’((x—gl)ng(Gz_x)g)H(x) ( L +1) []x— (G1) + /5, 11 (Gz)]|

(62 — 1)t (c2—cp)étt
(S (B e )i

1 x —¢p \Gtstl o )
+[€+S+l(g7_—g1) +B(g2_gl;§+115+1)]lﬂ(gz)l,

forall x € (¢1,62)-
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1 1
Theorem 32 ([19]). Let I1 be as in Theorem 28. If [IT'|7,9 > 1,— + P = 1 is s-convex in the
second sense on [g1, 62 for s € (0,1] and |IT'(x)| < M, x € [g1,c2], then

x—¢1)¢ )0
<( (212)721(;11 ) )H(x) - (;;(E%gﬂ []g_l"l(gl) + ]§+H(gz)}

(S (D) e - (225 e}
) (=) - (B2 o (222 ean))’

forall x € (¢1,62).

S

1 1
Theorem 33 ([19]). Let I1 be as in Theorem 28. If [IT'|7,9 > 1,— + p = 1 is s-convex in the
second sense on [g1, G2 fors € (0,1] and |IT'(x)| < M, x € [g1,c2], then

‘((x —61) 4 (g2 — x)€>n(x) _ (l"(gijul) []E_H(Ql) +]§+H(gz)}

(62 —¢1)é*! 62 —61)¢t!
1 _ 7+1 ! q ! N _ I+1 ! q ! g1
< (gplquly{(;;—;) + (\H (x)] J;IH (c2)] )q+<;_gg11) + <\H ()] J;\H (1)l )q}

forall x € (61,62).

2.6. Ostrowski-Type Fractional Integral Inequalities for (s, r)-Convex Functions
Definition 7 ([20]). A function I1: I C [0,00) — [0,00) is said to be (s, r)-convex in mixed
kind, if

IT(Ax+ (1= A)y) < A™II(x) + (1 —A")°T1(y), 4)

holds for all x,y € 1, A € [0,1] and (s,r) € [0,1]2.

Now, we state the generalization of the classical Ostrowski inequality via fractional
integrals, which is obtained for (s, r)-convex function in mixed kind.

Theorem 34 ([20]). Let IT : [g1,62] — R be a function which is differentiable on (g1, ¢2) with
61 < ¢aand I1 € Ligy, ¢a]. If [TT'| is (s, 7)-convex on [g1,¢2] and |IU'(x)| < M, x € [¢1,¢2],
then

((x —61)%+ (g2 — x)C)H(x) (C+ 1)
G2 —G1 G2 —

- T +1§+H<gz>}’

1 B(5,5+1) (x—gl)“l + (o — x)¢*!
<§+rs+1+ r ){ {+s+1 ]’

forall x € (¢1,62)-

Theorem 35 ([20]). Let IT be as in Theorem 34. If |I1|7 is (s, r)-convex on [G1,62], 4 > 1 and
ITT (x)| < M, x € [g1,62], then

— ) —x)é
[

< M 1 B(“ls+1> (x = 61)¢* + (g2 — )¢
- (€+1)1q<§+rs+1+ r ){ {+s+1 }

forall x € (61,62).
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Theorem 36 ([20]). Let I1 be as in Theorem 34. If |I1|7 be (s, r)-convex on [g1,¢2], g > 1 and
Il (x)| < M, x € [g1,62], then

|<(x—€1)§+(92_x)€>1'1(x) <€+1) []xf (¢ 1)+L€+H(92)}|

62 =61 62—
< M (e By {<x—g1>€+1+<gz—x>g+l}
- (Cp-i-l)% rs+1 r +s+1 ’

forall x € (¢1,¢2) and ; + ; =1

2.7. Ostrowski-Type Fractional Integral Inequalities for Harmonically-Convex Functions

Definition 8 ([21]). Let I C R\ {0} be a real interval. A function I1: T — R is harmonically
convex, if

H(txﬂxﬁ) < () + (1 - HTI(x)

forall x,y € Land t € [0,1].
Some new Ostrowski’s-type fractional integral inequalities for functions whose first

derivatives are harmonically convex, via Riemann-Liouville fractional integrals are given
in the next theorems.

Theorem 37 ([22]). Let IT : [g1,62] C (0,00) — R be a differentiable mapping on (G1,62)
with g1 < ¢p such that I1 € Lgy, ¢]. If |IT'| is harmonically convex on [g1,¢2], then, for all

€ [c1,62],
LD (S mem () + 5, (o ()] -1
< W[ﬂl(%gz,@m'(@l)\+V2(€1/€2,C)\H’(€2)|},
where
. F(227+35(1-2))
#1(61,62,0) m(%_l—’_l %)—i_ 4g%(€+1)z§+2)g
F(2150+23(1-2)) HR(220+33(1-2))
263(¢+1) Ay
F(2,10+25(1-2
e = (@1 2)*21( 2g%<5+25> 2)
F(220+35(1-2)) HR(220+31(1-2))
4B+ +2) 4B@+DE+2)

1 1 1
with o Fy (., .; ;) the hypergeometric function and h(x) = RS {?' g—] :
2 61
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Theorem 38 ([22]). Let IT: [g1,¢2] C (0,00) — R be a differentiable mapping on (g1, ¢2) with

G1 < o such that I1 € Lgy,¢2|. If |TT'|7 is harmonically convex on [g1, G2, where ¢ > 1 and

;19 + :] =1, then, for all x € [g1,gz]/

r(C;l)(gflg;)z[é(Hoh)(glz) ]ilﬁ(n(’h)(gllﬂ TI(x)

_ sica(e2—¢1) 1 ( 1 1 )%(\H’(gl)l“rln’(gz)\q)%

< 1 T\ 2p-1 " 2p-1
2 (G2—61)P(2p—1)7 "6 o 2

(LRl 3312 8)) s meon

2%9% p+1 4
oF ZP,1;€P+2;1 — & 1 / / 1
ol I Wf( 8y et + ety

2.8. Ostrowski-Type Fractional Integral Inequalities for h-Convex Functions

Definition 9 ([23]). Suppose h is a non-negative and real-valued function. Then I1: T — R is an
h-convex, if I1 is non-negative and for all x,y € I, A € (0,1) we have

TI(Ax + (1 — A)y) < h(A)II(x) + k(1 — M)II(y).

Some Ostrowski-type inequalities via Riemann-Liouville fractional integrals for k-
convex are given in the next theorems.

Theorem 39 ([24]). Let IT: [¢1,¢2] — R be a function which is differentiable on (g1, ¢2) with
G1 < o such that 11 € L[gy, ¢o. If |I1'| is h-convex on (g1, g2 and [IT'(x)| < M, x € [¢1,62],
then

|H<x> ~T(C+1)] )i 1(e1) +

2(x—c1)f
M(sz—ﬁ) /01 [1(1 = £) + k(1)) dt,

1
mﬁan(ﬁ)} |

<
for each x € [g1,62]-

Theorem 40 ([24]). Let I1 be as in the Theorem 39. If |I'|7 is h-convex on [g1,62),
1 1

,g>1,—+— =1, then

p.q v g

‘H(x) -T(¢+1) [mﬁ%fﬂ(gl) + 2((;21—x)§]§+n(92)} ‘
M(g2 — 1) ! i

< 2e2=e) (5 [Cpar)?,
2(€p+1)”( /0 " )

for each x € [¢1,62]-
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Theorem 41 ([24]). Let I1 be as in the Theorem 39. If |I1'|7 is h-convex on (g1, 62|, ¢ > 1, then
()~ T+ 1) [ 5 JE T(e1) + 5 JE T1(2)]
2(x —¢1)¢ 2(gp —x)¢ T

. M(gzzf gl)(gil)l—é(/ol €t )+h(1_t)]dt)%

foreach x € [g1,62]-

Ostrowski-type fractional integral inequalities for super-multiplicative functions per-
taining to Riemann-Liouville fractional integrals are given now.

Definition 10 ([25]). We say that h : | — R is a super-multiplicative function, if for all x,y € ],
one has

h(x,y) > h(x)h(y).

Theorem 42 ([26]). Leth: ] C R — R ([0,1] C J) be a super-multiplicative and non-negative
function, h(t) > tfor 0 < t < 1,11 : [g1,62] C (0,00) — R be a differentiable function on
(¢1,62) with g1 < ¢p such that TI' € L[gy,62). If |IT'| is a h-convex function on [g1,¢a) and
IIT'(x)| < M, x € [¢1,62], then for { > 0 and x € (g1, G2] we have:

_ ) —x)¢
|<(x 91221'2?2 x) )H(x) g(2€+1) []r (gl)+]§+H(g2)}|

M[(x — 1) + (62— x)“l} 1

e ¢ _
< — /0 [E5h(t) + ©Sh(1 — £)]dt
M[(x —c1)¢ 1+ (6o — X)Hq 1
< — /O (4 + R (1 — 1))dt.

Theorem 43 ([26]). Let IT be as in Theorem 42. If |I1'|1 is a h-convex function on [g1,62], p,q > 1
:}4— 37 =1land |IT (x)| <M, x € [¢1,62], then for { > 0 and x € [g1, G2] we have:

| ((x —61)° + (62— x)(;)H(x) re+1) 1) {]x— (61) + ]§+H(92)} |

G2 —G1 G2 —
M[(x —¢1)5 + (¢ — x)gﬂ} 1 1
< 1 () +h(1 — £))dt) "
(1+p0)?(c2—061) 0
M[(x =) + (-]
< hi (1)

(14 p0)7 (2 — c1)

Theorem 44 ([26]). Let IT be as in Theorem 42. If |I1'|7,q > 1 is a h-convex function on [g1,G2),
and |IT (x)| < M, x € [g1,62], then for { > 0 and x € [g1, ¢2] we have:

|((X—91)‘5+ (62 —x)g)n(x) (€+1)

:
62— 61 - []x, (61) + /5, 11(c2) | |

- . +A;)1-; (x — gl)C; * (E_fz — )t (/01 (R (t) + £h(1 — t)]dtﬁ
- ; +A;I)1_}] (x — Ql)€Z: * Sz —x)t (/01 (R(E5F1) + R (1 - t))]dt)%
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2.9. Ostrowski-Type Fractional Integral Inequalities for Godunova-Levin Functions
Definition 11 ([27]). A function I1: [¢1,62] — R is a Godunova—Levin function if

IT(tx+ (1 —t)y) <
forall x,y € [¢1,62] and t € [0,1].

Definition 12 ([28]). A function I1: [g1,¢2] — R is an s-Godunova-Levin function of the first
kind, where s € (0,1], if

(x) | 1(y)

II(tx + (1 —t)y) < s 1o

forall x,y € [g1,62] and t € (0,1).

Definition 13 ([28]). A function I1 : [1,G2] — R is said to be an s-Godunova-Levin function of
the second kind, where s € (0,1], if

(tx + (1 —t)y) <

forall x,y € [¢1,¢2] and t € (0,1).

In this subsection, we show some Ostrowski-type inequalities pertaining to Riemann—
Liouville fractional integrals for s-Godunova-Levin functions.

Theorem 45 ([29]). Suppose Il : [g1,G2] — Risa differentiable function on (g1, G2) with gy < G2
and 11" € L[gy, ¢2|. If |IT'| is an s-Godunova-Levin function of the second kind on g1, ¢2] and
|H/(x)| <M, x¢e [g1,g2], then

G2 —GC1 G2 —GC1

1 ra 75)““1)) [(xfgl)“l + (ngx)ﬁl}
1+7—s F2+¢-s) G2 —¢1 ’

’<<x el e =0 gy - TEED N ey 4 )| ’

< Mm(

forall x € (¢1,62)-

Theorem 46 ([29]). Let I1 be as in Theorem 45. If |11 is an s-Godunova-Levin function of the
1 1
second kind on [¢1,¢2], p,q > 1, » +§ =1and |IT' (x)| < M, x € [¢1,62], then:

| b e m )y MEED <1>+Jﬁ+n<gz>}|

62 —61 G2 —
1 1 I+l WYSE |
VRS

forall x € (61,62).

Now, we present some new family of s-Godunova-Levin functions, which are called
(s, m)-Godunova-Levin functions of the second kind. Next, we present some new Ostrowski-
type integral inequalities for (s, m)-Godunova-Levin functions via fractional integrals.
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Definition 14 ([30]). A function I1 : [¢1,62] — R is said to be an (s, m)-Godunova-Levin
function of the second kind, where s € [0,1], m € (0,1], if

(x) = mIl(y)

(tx+ (1 —t)y) < s =ty

forall x,y € [¢1,62] and t € (0,1).
Theorem 47 ([30]). Suppose Il : [¢1,¢2] — R is a differentiable function on open interval (G1,62)

with g1 < ¢o such that 11" € L{gy, ¢2|. If |IT'| is an (s, m)-Godunova-Levin function of the second
kind on [g1, 2] and |IT'(x)| < M, x € [c1,G2, then, for all x € [¢1,62),

’ ((x —c1)* + (62— x)g>H(x) e+ |:]x— (61) + ]§+H(G2)} ’

C2—G1 C2—G1
< min{®(¢1,62;m,;x),02(61,62,m, ;%) },

where
91(c1,62:m,C;x)
— M (x — 1)1+ (gp — x)**1
147 -s [ cr—C1 }
(1 — )1z + 1) (5 = SO (2) | + (6 — )¢ |1 (81
F2+8-s) { 62— 61 }

92(61,62,m,C;x)
()| +m

H s 1)} [(x — 1) + (62— x)ﬁl]

[@ r2+Z—s) G2 —61

Theorem 48 ([30]). Let I1 be as in Theorem 47. Then, for all x € [g1,62],

(x —61) + (62— x)° (C+1) ¢
’( 1gz - ng )H(X) - []x_ (¢1) + ]x+H(g2)} ’

< rnin{qol(gpgz;m,@;X),(pz(gl,gz;m,C;x)},

where
miavsns = () [N 4528
L _ x)0+1
+(1%qs+lﬁsnl<%>‘q)y%]’
¢2(61,6,m,x) = (ﬁ)%{lﬂjs H,(%>‘ﬂ+11\fﬂs]%[(xfgl)iligfzfx)éﬂ].

Theorem 49 ([30]). Let the assumptions of this theorem be stated in Theorem 47. Then, for all
€ (1,62,

c2—G1 c2—G1
< min{p1(¢1,62,m,{;x),02(61,62,m, ;%) },

’ ((x —61)* + (62— x)g>H(x) e+ [Ix_ (61) + ]§+H(G2)} ’
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where
p1(61,62;m, T x)

- () (s e S )
0T (M e (2)]1))
p2(61,62;m,C; x)

- (glﬂ)l—%[((xgl)@;jgzx)C“)

(e () [+ My )

2.10. Ostrowski-Type Fractional Integral Inequalities for M T-Convex Function
Definition 15 ([31]). A real-valued and non-negative function I1is MT-convex function, if

e+ (- 0y) < )+ S ),

forallx,y € Land t € (0,1).

In this subsection, we give some Ostrowski-type fractional integral inequalities for
MT-convex functions via Riemann-Liouville fractional integrals.

Theorem 50 ([32]). Suppose I1: [g1,62] C (0,00) — R is a mapping which is differentiable on

(¢1,62) with g1 < ¢p such that T € L[gy, ¢a]. If |IT'| is MT-convex function on [g1,¢2| and
[T (x)| < M, x € [g1,G2], then for L > 0and x € [g1, ¢o] we have:

’((X51)5+ (62 fx)g)n(x) (C+1)

S oo in <g1>+1§+n<gz>}’
B (YL € e o
- 2I(C+1) 62— 61 '

Theorem 51 ([32]). Let IT be as in Theorem 50. If |IT'|7 is MT-convex function on [G1,G2]
q>1, » + i land [IT'(x)| < M, x € [g1,62|, then for { > 0and x € [g1, G2 we have:

x—cq)8 —x)¢
|<( GngJ_réiz ) )H(x) g(ZCJrl) {]Xi (c 1)+]§+H(G2)}|
. M (n)%<x—g1>€“+<gz—x>€“.

Theorem 52 ([32]). Let I1 be as in Theorem 50. If |IT'|1,q > 1 is MT-convex function on (g1, 62|
and [T (x)| < M, x € [g1, 6], then for { > 0and x € (g1, 2] we have:

X — ¢ —x)¢
|<( ngzjéiz x) )H(x) (€+1) []r (gl)+]§+H(g2)}|

< M (T ) N

i AT

==

(x —61)* ™ + (g2 — x)¢H!
G2 — 61 '
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Theorem 53 ([33]). Let the assumptions of this theorem be stated in Theorem 50. Then for { > 0
and x € [G1, 2] we have:

|<(x—€1)§+(92_x)€>1'1(x) <€+1) []xf (¢ 1)+L€+H(92)}|

G2 —G1 G2 —
11y (x =)+ (6o — x)“l
< - - )
2MB(Z+5.5) —

Theorem 54 ([33]). Let I1 be as in Theorem 50. If |IT'|7 is MT-convex function on [g1,62),

qg>1, ; + 111 =1land |IT(x)| < M, x € [g1, 2], then for { > 0 and x € [g1, ¢2] we have:

(x = 61)f + (2 = 0)* <§+1>
’( L G ecat <1>+1§+n<gz>}’

< M (E)%(x—(;l)gHﬂL(Qz—x)gH.
Tt G2

Theorem 55 ([34]). Let the assumptions of this theorem be stated in Theorem 50. Then for
{>0,A€0,1] and x € [¢1,¢2] we have:

(1-4) ( Eoa)f+ (o= x)g)H(x) + /\( (x = 1) (1) + (62 = x)én(gz))

276 62— 61
S ne) + e ‘
= Mz(gzl—gl) [(x =) 4 (2 = 1) AL, ),
where
A(GA) = 2A<B()‘%/%ré)+B(A%;%,§)+B(g+; ;) T
A 2 e 1)

and B(a,;x,y) = [{ 711 — )Y~ 1dt, 0 <a <1, x,y > 0 the incomplete Beta function.

Theorem 56 ([34]). Let IT be as in Theorem 50. If |IT'|7 is MT-convex function on [g1,62),
1 1
qg>1, p + 7 =1land |IT'(x)| <M, x € [¢1, 2], then for { > 0and x € [¢1, ¢2] we have:

(1-27) ( (x—1)° + (62— x)é)l—[(x) n /\( (x —61)°T1(61) + (62 — x)€H(€2)>

G2—61 62 —61
LU i) + 5 11 )| ‘
1 % 1
< Mm [(x - 61)ngl + (62— )g+1} ( ) B(¢, A7,

where

B(Z,A) = 2/0)\()\—5)’75%lds—é/ol()L—s)’”sf ds.
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Theorem 57 ([34]). Let I1 be as in Theorem 50. If |IT'|1,q > 1 is MT-convex function on (g1, 2]
and |IT (x)| < M, x € [g1,62], then for { > 0 and x € [g1, 62| we have:

(1-2)( o) + (e x)g)n(x) +A( (x = 61)°T(e1) + (62 = X)gﬂ(gz))

G2 — 061 —
D e+ e
M [t e+ (] (AR Ty

where A({, A) is given in Theorem 55.

2.11. Ostrowski-Type Fractional Integral Inequalities for P-Convex, m-Convex and (s, m)-Convex
Functions

In this subsection, we show results on Ostrowski-type fractional integral inequalities
for twice differentiable functions and different kinds of convexity.

Definition 16 ([35]). The function IT: I C R — R is said to be P-convex, if is nonnegative and
MI(tx + (1 £)y) < TI(x) + T(y),
Vx,ye€landt € [0,1].
Definition 17 ([36]). A real-valued function I1 is m-convex, if
I(tx +m(1 —t)y) < I(x) +m(1 — £)I1(y),
Vx,ye€ (0,b]tel0,1]andm e (0,1].
Definition 18 ([15]). A real-valued function I1is (s, m)-convex, if
I(tx +m(1—t)y) < £T1(x) +m(1 —t°)I1(y),
Vx,y € (0,b]te[0,1]and (s,m) € (0,1)2.

Theorem 58 ([37]). Let IT : I — R be a twice differentiable function on I° such that |I1"| €
Llg1,¢2], where ¢1,¢2 € I, with g1 < ¢ If |11"| is a convex function on [g1,¢o], and T1" is
bounded, i.e., |[11"||co = sup ¢, ¢, 11" (x)| < oo, for any x € [c1, ¢2], then

€+ 1)(62 = 1) (x = 61)% (52 = 6)TI(x¥)
I +2)[(e2 = 0P L T(er) + (v — e)F S, (62|

o =)o -0 (2 —61) 1y
< — I

Theorem 59 ([37]). Let I1 be as in Theorem 58. If |I1"| is a P-convex function on (g1, ¢2], and
11" is bounded, i.e., |[T11"||ec = sup,c i, o, T1"(x)| < 00, for any x € [c1, c2], then

€+ 1) (2 = ) (x = 61)f (62 — 61)TI(x)
—I(g+2) (62— )T _TH(61) + (x — )T L T1(c2)

2(3{ — gl)g+1(g2 — x)é-l-l ('52 - gl) ||I—I//||
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Theorem 60 ([37]). Let I be as in Theorem 58. If |I1"| is s-convex on [g1, 2], and I1" is bounded,

i.e., 11" |leo = sup, i, o, T17(x)| < 00, for any x € [c1, c2l, then

€+ 1) (62 = ) (x = c1)f 62 — 61)TI(x)
I +2) (62 — P Ter) + (x — )P ()|

< (Gz—Ql)(x—gl)gﬂ(f;z—x)gﬂ[ !

Theorem 61 ([37]). Let I be as in Theorem 58. If |I1"| is h-convex on [g1, G2], and T1" is bounded,

i.e., 11" [leo = sUp i, o, M1 (x)| < 00, for any x € [g1, co], then

€+ 1)(62 = 0)(x = 61)% (52 — 61)TI(x)
“T(Z+2) [(e2 = )FETI(Gr) + (x — 1)L, T (ea)

< (2 — 1)~ 60) g2~ 07 [ (7 4 (1= (o).

Theorem 62 ([37]). Let I1be as in Theorem 58. If |T1" | is m-convex on (g1, 2], and 11" is bounded,

ie., [|TT"||e = SUP e e, 0] ITT"(x)| < oo, for any x € [g1, 2], then

€+ 1) (62 = 1) (x = 61)F 62— 61)TI()
TG +2)[(62 = )L I(61) + (v — e)F L T1(c2)|

< It = m)(e2 = 1) (x ) (2 =0 {(r — o) [ ()

+g41rz<(glc:;n1)gil + 1Tm>] ng*x)[* §—1&—3<gi2—_r:x>+§j—2<l—1m>}}'

Theorem 63 ([37]). Let I1 be as in Theorem 58. If |T1”| is (s, m)-convex on [g1,62], (s,m) €
(0,1)2 and 11" is bounded, i.e., |[11"||co = SUP e[, cp) TT" (X)| < 00, for any x € [g1, 6o, then

(€ +1)(62 = x)F(x = 61)% (52 = 61)TI(x)

—T(E+2) (62 = )T T(g1) + (x = 61) 1, T(s2)|
T [0 (1 — m) {ﬂ_nj)nw(gz —x) N (x = 1) (g2 — 61)
(g2 — 1) (x = mg1) (1= m)g1) T T2B(C +2,—s —{ —2)
+(x = 1)" (o — m) 2B 42,5+ 1))

IN

2.12. Ostrowski-Type Fractional Integral Inequalities for n-Polynomial Exponentially
s-Convex Functions

Now, we present some Ostrowski-type inequalities for differentiable exponentially
s-convex functions.

Definition 19 ([38]). Let s € [In2.4,1]. Then the real-valued function I1 is an exponentially
s-convex function if

H(tx+ (1= t)y) < (¢ = DI(x) + (07 —1)I(y),

Vxyelandt e [0,1]
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Theorem 64 ([38]). Let IT : I C R — R be a differentiable mapping on I°, 1,62 € I with

¢1 < Go. If |IT'| is an exponentially s-convex function on [gq,¢2] for some s € [In2.4,1],
IT" € Ligy, ¢2] and |TT' (x)| < M, for all x € [g1,62], then

|H(x) - /” T1(2)dz

G2 —G1 Jgy
< (QZA/Igl)[(x_gl)z{(2+2(s —2512)65_52)) N (zes _52;25_2)}
e (AR ¢ ()

forall x € [g1,62].

Theorem 65 ([38]). Let I : I C R — IR be a differentiable function on 1°, 1,62 € I with
61 < Go. If |TT'|7 is an exponentially s-convex function on [g1, G| for somes € [In2.4,1],q > 1,
1

E + 6 =1,1TI' € L[gy, o] and |IT' (x)| < M, for all x € [g1,G2], then

‘H(x) _ 1 /gz I1(z)dz

G2 — 61 Jgy

() e P { ()Y - { (D),
forall x € [¢1,62]-

Theorem 66 ([38]). Let I : I C R — R be a differentiable function on I°, 1,62 € I with

61 < Go. If [TT'|7,q > 1 is an exponentially s-convex function on [g1, G2) for some s € [In2.4,1],
IT" € Ligy, g2] and |TT (x)| < M, for all x € [g1,¢2], then

‘H(x) ! /€2 I1(z)dz

_Qz—gl

61
s () (e

e R

2s2 252
forall x € [g1,62].

Some enhancements of the Ostrowski-type inequality for differentiable n-polynomial
exponentially s-convex functions are presented in the next theorems.

Definition 20 ([39]). Let n € Nand s € [In2.4,1]. Then IT: I C R — R is an n-polynomial
exponentially s-convex function if

I(tx + (1 - t)y) < 1 i(es'f —1)'TI(x) + 1 (-
n n=

-

—1)TI(y),
i=1 i

forall x,y € Iand t € [0,1].



Foundations 2023, 3 682

Theorem 67 ([39]). Let IT : I C R — R be a differentiable mapping on I°, [g1,62] € I
with g1 < ¢p. If [IT'| is an n-polynomial exponentially s-convex function on [g1, G2 for some
s € [In2.4,1], 11" € L[gy, g2 and |IT (x)| < M, forall x € [g1,¢2], then

()~ —— [“ ()
X)— zZ)az
G2 =61 Jg

) s—1)e =)\ - S —s2 25 —2\i
= (QZNI’Sl)n[(x_gl)z{g(z—i_Z( 2512) )> +l§<2 2522 2)}

e ) {i(2+2(s—1)e ) )+i( 522;25—2>i}]/

i=1

forall x € [¢1,62]-

Theorem 68 ([39]). Let I1 be as in Theorem 67. If |IT'|1 is an n-polynomial exponentially s-
1 1

convex function on [G1, 6] for some s € [In2.4,1], q > 1, and » + 7 =1,11 € L[gy1,62] and

ITT (x)| < M, forall x € [g1, 6], then:

forall x € [¢1,62]-

Theorem 69 ([39]). Let IT be as in Theorem 67. If |1T'|1,q > 1 is an n-polynomial exponentially
s-convex function on [gq,62] for some s € [In2.4,1], I € L[gy, 2] and |IT'(x)| < M, for all
€ [¢1,62), then

‘H(x) N /:2 I1(z)dz

62—¢C1
" _ 2\ n 2 e t
< (gz—gj\)/lff_; [(x—§1)2{i§ (2+2(s Zslz)es s ))Z+i§ (265 5252 2s 2)1}q

o £ (PR R ()Y

i=1

forall x € [g1,62].
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Theorem 70 ([40]). Let the assumptions of this theorem be stated in Theorem 67. Then

> TG + 2 T(e2)

((x — 1)t + (62— x)é)n(x) F(C+ 1)
62 =61 62—

= n(gNIg)[(x_Ql)gﬂ{ i (B(€+1’(_S))E rgc+1 g-lm)i
2ol i-1 —s)¢s
_izzl (<B(€+1ISZ€:_1F(€+1))ES n gi:l)z}
+(c2 —x)gﬂ{lﬁ% (B(§+1,(—_sg)gsf(§+1) N §_1H>i
_i; ((B(€+1,szg—+1r(é+1))es N 511)}}

forall x € (¢1,62).

Theorem 71 ([40]). Let I1 be as in Theorem 67. If |IT'|7 is an n-polynomial exponentially s-convex
function on [g1, ¢2] for some s € (0,1),q > 1, and ; + ; =1,1T € L[gy,¢2] and [IT'(x)| < M,
forall x € [¢1,62], then:

‘(@c —e) =9y TEAD L[ 1))+, Ti(ea)

G2 —C1 G2—¢C

W(Z;Af o) (gp1+ 1>? [(x =0t ; (E’S_Ts_l)l}q
Ha-o {1 ()Y

i=1
forall x € (¢1,62)-

Theorem 72 ([40]). Let I1 be as in Theorem 67. If |IT'|7,q > 1 is an n-polynomial exponentially
s-convex function on [gq,¢2] for some s € (0,1), Il € L[gy,62] and |[IT'(x)| < M, for all
€ [¢1,62], then:

‘ ((x — )¢+ (62— x)é)n(x) _Te+1) 5 T1(e1) + I, T1(c2)

27 G261
= \‘4/71(9];/I 61) (CL)”] V"‘Gﬁ“l{g <B(€+1/(__Ss))zsr(g+l) B Cil)i
_21( (C+1, szw C+1))e gil)i};
+(s2 - X)H{,é (B(C+1,(sz)€sr(c+ 1) gil)i
(R

forall x € (¢1,62)-

3. Ostrowski-Type Inequalities for Katugampola Fractional Integral Operator

Here, we present some Ostrowski-type inequalities via the Katugampola fractional
integral operator.
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Definition 21 ([41]). Let [¢1,62] C R be a finite interval. Then, the left- and right-side Katugam-
pola fractional integral of order { > 0 of 11 € XZ (1, ¢2) are defined by

p' ¢
()

with ¢ < x < ¢ and p > 0, if the integrals exist. Here, X! (¢1,62),c € R, 1 < p < o0
denote the space of those complex-valued Lebesque measurable functions I1 on [g1, ¢2| for which

1/p
Ty < oo, where ||TTp = (fgucn(t)v%) < coforl < p < ooand M|y =
esssup,, <y, [t°[II(E)[], if p = oo.

p'=¢

x o1 z B G2 o1
/;l ( M)t and PI%, TI(x) = r(g)/x CEEEIOL

pré I(x) = )

1+

Theorem 73 ([42]). Let I1: [¢f},ch] C [0,00) — R be a differentiable function on (¢, ¢5) with
¢l < ¢b such that IT' € L[gf}, cb]. IfIT is h-convex on [¢!], ¢5) and |IT' (xF)| < M, x € [g1,62],
then

I1(x°) — (p+p—DIC) {Plg_H(gq) pl§+n(€g) }
pl-¢ 2(x0 — )T 2(ch — xP)C

Mo(cf —c° 1
< M/ EOTP (1) + h(1 — t))dt,
0

with {,p > 0and x € (¢}, ¢H).

Theorem 74 ([42]). Let I1 be as in Theorem 73. If [I'|1,q > 1 is h-convex on [¢},¢h] and
IIT (xP)| < M, x € [g1,G2], then:

ey G0 2= VIE) {PIEH@‘{) I, T1(ch) ]
prt 2(x0 —¢h)E  2(ch —x)*

.

Mp(¢h —¢f)
2(p(Cp+p—-1)+1)¥

1 1
with g,p > 0,x € (¢}, ¢H) andﬁ + p =1

(/01 (h(t) + (1 — 19))at) ",

Theorem 75 ([42]). Let I1 be as in Theorem 73. If [IT'|1,q > 1 is h-convex on [}, ¢5] and
[IT'(x)| < M, x € [61,62], then:

(Zo+p—DI(Q) [ PLE_TI(ch) | PIETI(ch)
‘H(xp) - pl=¢ {Z(xf’ - G§1)"5 2(9§+— xpz)é]

IA
=

Mp(g‘é—g‘i) (p(g1+1)>1_;(/ol 0P [ (#) + h(1 - #9))dt)

with {,p > 0and x € (gq,gg).

Some Ostrowski-type inequalities pertaining to Katugampola fractional integral for
s-Godunova-Levin functions are presented.
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Theorem 76 ([43]). LetIT1: [g’i, gg] C [0,00) — R be a function which is differentiable on (gq, gg)
with ¢1 < ¢p such that 1" € L{gy, ¢o|. If |IT'| is an s-Godunova-Levin function of the second kind
on [gq,gg] and [IT'(xP)| < M, x € [g1,62], then:

|((xP — )%+ (ch — x)g)n(xp) _ptp-VT() P11 + 1 _TI(eh

G2 — 61 Pl’g((;z—gl)
M (xf — )1 4 (gh — x)&H1 1 I(+1)I(1—s)
- [ cr—C1 }[C—i—l—s I({+2—5s) }'

with {,p > 0and x € (gq,gg).

Theorem 77 ([43]). Let I1 be as in Theorem 76. If |IT'|7,q > 1 is an s-Godunova-Levin function
of the second kind on [gf}, cb] and |TT'(xP)| < M, x € [¢1,c2), then:

(xP _gp)§+ (Qp —x)g (§p+p—1)1"(§)
‘ ( 1@2 - ¢ 2 )H(xp) - pl_g(gz — Ql) [plg—n(gq +‘013€_H(g‘1):|

(¥ — ) + (¢h —x)¢H! 1 1 ﬁ
(c2— 1)1+ p(@o+p—1))7 1 —Fs

IN

with {0 > 0,x € (¢, ¢5) and:}—i-; =1

Theorem 78 ([43]). Let I1 be as in Theorem 76. If |IT'|7,q > 1 is an s-Godunova-Levin function
of the second kind on [¢, b and |TT'(xP)| < M, x € [g1, 62|, then

’ (W) e =)y ) G0t 0= DT o pyece s ogg et

G2 —G1 p1=%(c2 — 61)
< Mp [(xp - gq)g+1 + (gg — x)c“} ( 1 T[(C+1)r—s) ) %’
T (gerp)d 62— 61 p(C—s+1)  pI({—s+2)

with {,p > 0and x € (¢, ¢h).

Theorem 79 ([43]). Let the assumptions of this theorem be as stated in Theorem 76. Then:

(Go+p—DIQ) [ PIL TN, | PIETI(Sh
‘n(xp) e {Z(xf’ - gﬁ';C 2(g§+— xpié}
M(GZ—GI)( 1 F(€+1)F(1—S))
2 {—s+1 r(g—s+2) //

<

with {,p > 0and x € (gq,gg).

Theorem 80 ([43]). Let IT be as in Theorem 76. If |IT'|1,q > 1 is an s-Godunova-Levin function
of the second kind on [gf}, ¢b] and |TT'(xP)| < M, x € [¢1,62), then:

Co+p—VT(Q) [ PILTI(ch | I TI(h
‘n(xp)_ pl-t [Z(XP—QQ';C 2ol - xpig}

<

Mp(ch —¢f) ( 1 )%
2(1+p(go+p—1))7 1 7F*

with {0 > 0,x € (¢!, ¢5) and;—i-; =1
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Using (g, m)-convex function with the aid of Katugampola fractional integral, some
Ostrowski-type inequalities are obtained, which are given in the next theorems.

Theorem 81 ([44]). Suppose IT : I — R is a differentiable function on I such that TT" €
L[mgq, mgy), where mgy,mgy € I with g1 < ¢p, m € (0,1]. If |IT'| is (g, m)-convex on
[mg1, mga| and |IT' (xP)| < M, then

‘ ((xp —mPh)E + (mPch — x)%

ama )

2o = NO o nmee)) + 018 n1(mec))]

P14 (c2 —¢1)
M[(xp —mP)eH + (mPgh) — x)“l} [1 + mpq
B 62— 61 1+20 )

with ,p > 0and x € [mgq, mgy].

Theorem 82 ([44]). Let I1 be as in Theorem 81. If |IT'|1,q > 1 is ({, m)-convex on [mgy, mg)
and [TIT' (xP)| < M, then:

)H(xp)

((xp —mPeh)¢ + (mPgh — x)%
62— 61

e G T B O]
(2 — mP)TH! + (mPch — X)g“} [1 + mpép} 3

(2—c)(p@o+p—1)+1)7 = 1+0p

< Mp

1 1
with {,p > 0, v + p = land x € [mgq, mgo].

Theorem 83 ([44]). Let I1 be as in Theorem 81. If |IT'|7,q > 1 is ({, m)-convex on [mgy, mgo|
and |TT' (xP)| < M, then:

‘ <<xp —mPh)E + (mPch — x)%

ama I

%I iy ot

(P 8 1
(62— c1)(p(g+ 1)) p(20+1)1 7

with {,p > 0,and x € [mgy, mg).

< Mp

Theorem 84 ([44]). Let I1 be as in Theorem 81. If |IT'|1,q > 1 is ({, m)-convex on [mgy, mg)
and [T (xP)| < M, then:

TI(x") — (Cp+p—1I() { PILTI(mPh IS, TI(mPch ]
pl-t 2(xf — mPh)T T 2(mPgh — xP)C

MmP[¢h — ¢f] [1 +mPg

<
>~ ) 2§+1 :|/ X e [mglerZ]/

with ¢,p > 0.
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Theorem 85 ([44]). Let I1 be as in Theorem 81. If |IT'|,q > 1 is ({, m)-convex on [mgy, mga|
and |IT'(xP)| < M, then:

@p+p—1ﬁ@>{ﬂérum%€ Pé;nmwé]

TI(xP) —
S ETFOe S TrT= e

<

Mp[mPgh — mPch] [1 +mPlp

%
2p(o+p—1)+1)r - PH1 |, xelmei,me),

1 1
with,p > 0and — + — = 1.
: P 9q

We continue by giving some Ostrowski-type inequalities for p-convex functions per-
taining to the Katugampola fractional integral.

Definition 22 ([45]). A functionI1: 1 — R is p-convex, if

T ([ + (1= Hy?]V7) < H(x) + (1= HI(y), (5)
Vx,yelandtel0,1].
Theorem 86 ([46]). Let IT: [g1,¢2] C (0,00) — R be a function which is differentiable on (g1,62)

with g1 < ¢p such that I € L{gy, ¢2]. Let |IT'| be a p-convex function, |IT' (x)| < M, Vx € [g1,62]
and { > 0.

(i) Ifp € (—o0,0)U(1,00), then

_ Py b xP)e
(xP —¢h) Hl(ggzq);z—k_(zzl) xP)eI(g2) l;(zg+g11) [(F’If_H)(gﬂ + (P1§+H)(g2)]‘

1-p — PYEHL 4 (- xp)eH

M P '

1g1 (P —g1)" " + (gp —xP) , x€(¢1,62)
plte(z+1) (62 —¢1)

(ii) Ifp € (0,1), then we have:

(xP —61)°T1(c1) + (65 — x)T1(ga) _ T(¢+1) [(PL_TT)(g1) + ("I, TT)(ga)] |

pé(c2—¢1) -6
1—
6 M| (P =) () (cc2)
pHe(C+1) (62 —¢1) ’ 52

Theorem 87 ([46]). Let I1 be as in Theorem 86. Let |IT'|1 be a p-convex function, |IT'(x)| <
M,Vx € [¢1,¢2],C > 0and r > 1.
(i) Ifp € (—o0,0) U (1,00), then
(x? = ¢)*TT(g1) + (¢ —*P)°T(62)  T(C+1) [, z
- E_10)(gp) + (PIS, 11
o o (PR + (I 62)]

1_
¢ '™ [(X” — c)EH + (ch — xP)et!

, x€(c1,62).
prHe(1+rg)lr 62 =61 } * € (o)
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(ii) Ifp € (0,1), then

(x? — Qq)gn(ﬁ) + (glz7 — xP)eT1(go) T+ . :
o2 —¢1) c2—¢1 [(pl"*n)(gl) + (p1x+H)(€2)}

1_
¢ 'M [(xp — ) 4 (ch —aP)et!

plHe(1 4 rg)V/r 6261 } x € (a6

Theorem 88 ([46]). Let the assumptions of this theorem be as stated in Theorem 87, and r,q > 1
such that1/r+1/q = 1.
(i) Suppose p € (—00,0) U (1,00), then
(xP = 61)f (1) + (¢h — xP)’Il(2) T(C+1) [z 7
- I T0)(gq) + (PIL, 1T
e r— oo (PTG + (P 6)]
(P =)+ (- T (") ma
p'té(s2 —61) r(lr+1) ¢

], x € (61,62)-

(ii) Suppose p € (0,1), then

— P\ P _xr)¢
B e [(mﬁn)(g1>+(r’1§+n><gz>}’

(=) + (- (g )y M
pi*e(ca —¢1) r(fr+1) g

], x € (61,62)-

Theorem 89 ([46]). Let the assumptions of this theorem be as stated in Theorem 86 and r,q > 0
such thatr 4+ g = 1.
(i) Suppose p € (—o0,0) U (1, 00), then
P p
(xP — €1)§H]§§z§);2—|—_(gg2l)— xP)eTI(cy) _ I;;(fj'gll) [(PIE,H)(gl) + (P[§+H)(g2)] ’
(xF — D) + (g — )¢
piHe(c2 —¢1)

17
764 P
c+1

+ Mq 4 X G ((;1/'52)'

(ii) Ifp € (0,1), then

(xP — ¢N)eTI(g1) + (gh — xP)CT1(¢a) T(Z+1)
1 pgzgz —921) oo ¢ ¢ (P10 (e1) + (”1§+H)(gz)]’

1_
(xP — M) 4 (b — xP)e [ 1, P +Mgq|, x€(¢1,62)
pe(s2 —¢1) ¢+1 / ,

Theorem 90 ([47]). LetI1: 1 C (0,00) — R bea differentiable mapping on 1° and g1, ¢ € I with
1
¢1 < gp such that I1 € L{gy, ¢2]. If |IT'| is p-convex on I and |IT'(x)| < M, forall x € [g1,2° 1]
1
(if 20 ¢1 < G, otherwise x € [¢1,¢2]), then

c+1
B el -] - B R P i) o )
P PYEH 0 xp)ett
< Mo i sl + MO rigy) + 5(ca),

G2 —¢61 G2 —G1
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where
1
R(A) = 2+22F1<§+2pp §+3;1—%),
_ AP p—1 xf
S(A) = m[(@+2)21—](§+1, ; g+21—ﬁ)

p—1 xP
(§+1)2P1(g+2 Los- ol
andp >1,7 >0,A € {¢1,62} and 2Fy (-, -; -; -) is the hypergeometric function.

Theorem 91 ([47]). Let IT be as in Theorem 90. If |IT'|7 is p-convex on I and |IT'(x)| < M, for
all x € I'\ {¢1,62} then

X ¢
(fzn_(;[wp—e?)é +<g§—xﬂ>5]—p+;rfif”[ﬂ§ T1(c1) + 15, T(s2)

< . P _ PYet1ks P P oHlgy ,
< oo () [0 =D @) + (6 - )P ()

where
p(xr(1=p)tp — yr(1=p)+p)

(xf = AP)(r(1—p) +p)’

1 1
andp>0,§>0,)\€{g1,g2}r>1and;+a=1.

K(A) =

Theorem 92 ([47]) Let I1 be as in Theorem 90. If |TT'| is p-convex on I and |IT'(x)| < M, for all
1
x € [61,2°¢1] (ifZP G1 < Go, otherwise x € [g1,¢2]), then

e R R B N LR )

(x® — )L (61) [R(et) + S(61)]

&\r—'

(c? — )L (6) [R(c2) + S(c2)]7,
where Vimp
L(A) C +1

andp >1,>0,A € {¢1,62}-

2F1(§+1,p;1;5+2;1—f\:;),

4. Ostrowski-Type Fractional Integral Inequalities via k-Riemann-Liouville
Fractional Integral

Definition 23 ([48]). Let IT € Lg1,62], 61 > 0, and k > 0. The k-Riemann—Liouville fractional
integrals Ig g Iland Ig ‘1 of order ¢ > 0 for a real-valued function I1 are defined by

1 f -
A = o [ (=9 e, £,

kT (2)
and . ,
Tk _ e
Igz,n(t)_krk(g)/t (s — ) ETI(s)ds, t < o,

) &
respectively, where T'y is the k-Gamma function Ty (t) = / st le T ds.
0
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We present some Ostrowski-type inequalities for s-Godunova-Levin of a second kind
via the Riemann-Liouville k-fractional integral.

Theorem 93 ([49]). Let IT : [¢1,62] — R be a function which is differentiable on (g1, ¢2) with
G1 < g such that TU' € L[gy, ¢o). If |TT'| is an s-Godunova-Levin function of the second kind on
61, 62] and |TT'(x)| < M, x € [61,62], then, forall x € [c1, 2],

¢
k

|((x—€1)i+(€2—x)

62— 61 )H(") - Te+E) [ “T(r) + Iffn(gz)} |

G2 —G1

(x—g1)£+1+(g2—x)§+1H 1 +rk(g+k)rk(k—sk)]_

< M
< M| s Ti1—s | TWC+2k—sk)

Theorem 94 ([49]). Let I1 be as in Theorem 93. If |IT'|7,q > 1 is an s-Godunova-Levin function
of the second kind on [g1,¢2] and |IT'(x)| < M, x € [g1,62], then, forall x € [¢1,62],

¢
k

‘((xgl)h(gzx)

L |

< M (x_gl)£+1+(€2—x)%+1}( 2 )%

(92—91)(1+P%)”
withl—l-1 =1.
p 4

Theorem 95 ([49]). Let I1 be as in Theorem 93. If |IT'|7,q > 1 is an s-Godunova-Levin function
of the second kind on [¢1,¢2] and |IT'(x)| < M, x € [g1,62], then, forall x € [¢1, 2],

(x—¢)f + (o — ) Ti(G+K) 10k Tk
‘( —— )H(x) - ﬁ[ = H(g1) + ]HH(Qz)}
.M {<x—g1>%+l + (Qz—x)iﬂ} L TRk
- (H%)lﬁ 62— 61 Ey1—s  Tx(@+2k—sk)

Theorem 96 ([49]). Let the assumptions of this theorem be stated in Theorem 93. Then, for all
x € [¢1,62],

’H(x) TRlE ) [ ST () 4 JTI(e)] ’
2(x —61)* 2(g2 —x)*

< M(GZ_Ql)[ 1 Fk(é"‘k)rk(k_Sk)}

= T2 oL T T naex-w b

Here, utilizing strongly (B, m)-convex via the k-Riemann-Liouville fractional integral,
some Ostrowski-type inequalities are presented.

Definition 24 ([50]). A real-valued function I1: [0,d] C R — R is strongly (B, m)-convex, if
T(tx + (1 = H)y) < PTI(x) +m(1 = )TI(y) — pt(1 = H)(y - 2)%,

forall x,y € [0,d] and t € [0,1].
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Theorem 97 ([50]). Let IT : [0,c0) — R be a differentiable function on (0,00) such that

IT € Ligy, ¢2] with 0 < g1 < ¢p. If |IT'| is strongly (B, m)-convex with modulus y > 0 for
B €10,1] and m € (0,1], then

4 ¢
e e e
4 I &1 _942
LTI | N Gk ) M
e et (fe1)(Frper) (Fr2)(E+9)
2
dooit e B nEos)
e paprl (fr1)(frper)  (B+2)(5+0)

forall x € [¢1,62] and ¢,k > 0.

Theorem 98 ([50]). Let IT be as in Theorem 97. If |IT'|7,q > 1 is strongly (B, m)-convex with
modulus y > 0 for p € [0,1] and m € (0, 1], then:

4 ¢
(x —¢1)k + (Qz—x)"n(x) I'(+k) {

k 1 k
“MTI(6r) + z f§+n(€2)] ‘
k

62 =61 62—¢61 2(cp —x
et e AT () w(-5)"
= [ﬁ—{—l TR T 6 ]

(62— 91)(%17 + 1)%

. (et 1[|H'<x)|q+ﬁm!“’(if)1q ﬂ(?ﬁX)z]
(c2—1)(fp+1)" p1 p+i °

1 1
forall x € [¢1,62], {, k > 0and ? +§ =1.

Theorem 99 ([50]). Let IT be as in Theorem 97. If |IT'|7,q > 1 is strongly (B, m)-convex with
modulus y > 0 for p € [0,1] and m € (0, 1], then:

4 ¢
(x — Ql)g’; i’ éfz —x)k IT(x) — 1;(54—;1)[ f’fH(gl) + z(glxélﬁﬂ(gz)] ’
) —x)k
it e A w(-g) K
< (g2—€1)<%+1)% Erp+1 (%+1>(%+ﬁ+1) (%+2)(§+3)
R L T pn () w5 )

(i) Erpen () Eee) (9 ()

forall x € [g1,62] and {, k > 0.

Here, we add some Ostrowski-type inequalities for exponentially convex functions
via the k-Riemann-Liouville fractional integral.
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Definition 25 ([51]). A function IT : [g1,¢2] C R — R is said to be an exponential-convex
function, if
(1Y) < ol1(X) 4 (1 — )W),

forallt € [0,1] and all x,y € [¢1, 62

Theorem 100 ([52]). Let IT : [¢1,62] — R be a differentiable mapping on (1,62). If I1is an
exponential-convex function, then

[((@6) = T1e0)F + ((2) —T1(x))F )™
— (Te(@ + RIS e 4 T+ )T e 1)) |
Mp

< SRR - M)+ SR () - 1)

if 9 (x) > 1and [N | < M forall x, A € [¢1,¢a).

Theorem 101 ([52]). Let IT: [¢1, 2] — R be a function which is differentiable on (g1,¢62), and
¥ : [c1,62] — R be a strictly increasing function such that ¥'(x) > 1, |(e""™)| < M and
m < (en()‘))’ < M forall x, A € [g1,62], m < 0,M > 0. IfI1 is an exponential-convex function,
the following inequalities for k-fractional integrals hold:

[((0(6) = () F + (T(g2) — T1(x)) )1
~ (T + )G 4+ T + K I |
M

P (T(e) ~ 1),

A
55
=
o)
|
=
Npl
et
+
5
+

and
[GOR M(e1)F + (T(g2) - H(x))%)en(x)
— (T + BT ) +Ty(g b 00|

ST = (e 4 2 (M) ~ M) E,

IN

forall x € [¢1,62]-

Ostrowski-type fractional integral inequalities via k-fractional integral, which are
obtained for (s, r)-convex in mixed kind, are presented in the next theorems.

Theorem 102 ([53]). Let IT : [¢1,¢2] C (0,00) — R be a function which is absolutely continuous

and IT € L[gy, 2. If |TT| is an (s, r)-convex function on [g1, o] and |IT' (x)| < M, x € [¢1,62],

then for ¢,k > 0 and x € [g1, G2] we have:

; KT(Z+1)
62 =61

|<(x—g1)%+(gz—x)

G2 —61 )H(x) -

{1§*n<gl>+szn<gz>]|

1 1 e RN SS |
M [ t%trsdtnt/()t%(l—tr)sdt”(x a le-db

G2 —G1 G2 —G1
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Theorem 103 ([53]). Let IT: [g1,¢2] C (0,00) — R be an absolutely continuous function and
I € L[gy, 62| If 119, q > 1is an (s, r)-convex function on [g1,62] and |IT'(x)] < M, x €
[61,62], then for T,k > 0and x € [g1, G2| we have:

N

(x — ‘51)% + (62 — x) B M x .
’( 62— 61 )mx) o {Ix—n(gl)+1x+n(g2)]
Kt £( % (x —¢1)k a (Gz—x)%ﬂ
< (f 4] /ttdt+/t at)"| e |
0

Theorem 104 ([53]). Let IT : [g1,62] C (0,00) — R be an absolutely continuous function and
I € Ligy, 6ol If [TT|9, p, g > 1 with :} + ; = 1is an (s,r)-convex function on [g1, o] and
ITT (x)| < M, x € [g1,G2], then for {,k > 0 and x € [g1,¢2] we have:

4
k

’ (x—c1)f +(c2— %) )i - LD

k k
Mjmn+&ﬂmﬂ

G2 —G1 j——
1,8 1
M<g2 ikgtlit) <75}H - 13(1 S+1)>1 [(x_gl)%ﬂ + (62 —x)%#}.

Here, we add some fractional Ostrowski-type inequalities via M T-convex functions.

Theorem 105 ([54]). Let IT: [g1,62] C (0,00) — R be a differentiable mapping on (g1, g2) with

61 < Ga such that I1' € L{gy, ¢o). If [T1'| is an M T-convex function on (g1, ¢2] and |IT'(x)| <

M, x € [61,62], then for { > 0and x € g1, G2| we have:

¢

K T (C+k)
6261

)H(x) -

((xgl)g + (G2 — x)
62— 61

k k
Mrmn+@nmﬂ

B (S )L € T
- 20k (C+ k) 62— 61 '

Theorem 106 ([54]). Let IT be as in Theorem 105. If |I1'|7 is an M T-convex function on [g1,G2),
1 1
q>1, » + i 1,and |IT'(x)| < M, x € [¢1, 2], then for { > 0 and x € (g1, 62| we have:

Cx—mﬁ+w@—xﬁ)nw%_n@+@
62—¢C1 62—61

k Jk
Mjmn+&nmﬂ

4 4
M (ﬂ)%(x—m)k“ﬂgz—x)k“'

(1+p%)% 2 62 —G1

Theorem 107 ([54]). Let IT be as in Theorem 105. If |IT'|1,q > 1 is an M T-convex function on
[61,62), and |TT' (x)| < M, x € [g1,62], then for { > 0 and x € [g1, G2] we have:

4
k

‘((x—gl)h(gz—x)

2761

k Jk
gT@1WJWﬂ+@ﬂ@M

==

¢
(Jf—fsl)’fJrl + (g — x)F
62— 61 )

- M (rk(g+§)rk(§)>

A+t \ 2+
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5. Ostrowski-Type Fractional Integral Inequalities for Preinvex Functions
Definition 26 ([55]). A set K C R" isinvex w.r.t: K x K = R",ifV x,y € K, we have

x+ty(y,x) € K.
Definition 27 ([55]). A functionI1: K — R is preinvex w.r.t.  if
T(x + ty(y, %)) < (1 - HII(x) + H1(y),
Vx,y €K, andall t € [0,1].
Definition 28 ([56]). The nonnegative function 11 on the invex set K is prequasi invex w.r.t. 3, if
(x4t (y, x)) < max{II(x),I1(y)},
forall x,y € Kand t € [0,1].

Condition C. [57] Suppose A C R" be an invex subset w.r.t. nj : K x K — R". We say that the
function n satisfies the condition C if for any x,y € Kand t € [0,1],

N,y +t(xy) =—tnxy), nxy+tn(xy))=1-t)n(xy).

Ostrowski-type inequalities for preinvex and prequasiinvex functions are given in the
next theorems.

Theorem 108 ([58]). Let K C R be an open invex subset with respect to nj(-,+) : K x K — R"
and 1,62 € Kwith g1 < g1+ 17(62,61)- Suppose that I1 : K — R is a differentiable function.
If 1 is integrable on [g1,¢1 + 17(G2, 61)] and |IT'| is a preinvex function on K, then

‘[(X —¢1)% + (1(g2,61) + 61 — )SJTI(x) + T(g + 1)[JE_TT(gq) + ]§+H(€1 + '7((;2,91))]]

(x—c)* (g2, 61) + 61 —x)°2 — (x — 1) 2]y
< S C+2(ec) e
[(x —61)*" — (n(g2,61) + 61— ) | (n(g2,61) + 61 — 21y
+ T +2)n(c2c1) - Ir1 el

forall x € [¢1,61+1(c2,61)]-

Theorem 109 ([58]). Let IT be as in Theorem 108. If I1 is integrable on (61,61 + 7(G2,61)] and
|IT'|7,q > 1is a preinvex function on K, and 1 satisfies condition C, then

12 =€) + (7(s2,61) + 61 = W)I(x) + T+ DJE_Ter) + 5 Ter +n(e2,61))]]

< <p<;1+ 1)% [ = en1( |Hl(gl)|qz+ |Hl(xw)%

+o1+n(s2,61) x)5+1<|H'(€1 + 'I(€21€21))|q + \n/(x)|q);,

1 1
fOT all x € [glr G1 + ﬂ(Qngl)] where % +5 =1.

Theorem 110 ([58]). Let the assumptions of this theorem be as stated in Theorem 108. If IT is
integrable on [g1,¢1 + 11(g2,¢1)] and |IT'|, is a prequasiinvex function on K, then
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16 = 61) + (1(c2,61) + 61— ¥)ITI(x) = T(E + DIE_T(61) + JE,TT{e +1(s2,61))]]

— ¢+1 _ 2\ CH1
< ez e max(IT (o), I (e (S e L 20,

forall x € [¢1,61+1(52,61)]-

Theorem 111 ([58]). Let the assumptions of this theorem be stated in Theorem 108. If IT' is

integrable on [¢1,61 + 17(G2,¢1)] and |IT'|1,q > 1 is a prequasiinvex function on K, 1 satisfies
condition C, then

|16 = 61)F + (1(c2,61) + 61 = ¥)IMI(x) = T(E + DIE_T(61) + JE,TT{en +(s2,61))]]

< max{ |1 (1)], [TT'(62) pgi ) [ =e)F T+ (ra6) + 61— 05,

1 1
forall x € [61,61+ 11(G2,61)] where 5 + 5 =1

Theorem 112 ([59]). Let IT : [¢1,61 + 7(62,61)] — R be a differentiable mapping such that
1(¢2,61) > 0and IT" € L{g1, 61 + 11(g2,61)]. If |IT'] is a prequasiinvex function, then

(i) (= i) e - L [ + i tenen)]|

1(g2,61) [f *x—a1
= 2 [<’7(€2,€1)

C+1
)7 max{I ()l T ()1}

X—gG +1 , .
(1_ 77(92,911)) max{IT'(¢1 +7(c2,¢1)) |, 11 (X)I}],
forall x € [61,61 +17(62,61)]-

Theorem 113 ([59]). Let the assumptions of this theorem be as stated in Theorem 112. If |TIT'|7 is a

. . 1 1
prequasiinvex function, where q > 1, » + p =1, then

(i) (- i) - HEE L o + i tenen)|
n(g2,61) [ X—¢
= (gpi;)% [<7l(€2,911

) )Hl max{|IT'(g1)]%, |1 (x)|7}

X—gG o+l ’ !
(1 aey) madI @+ (e e)) L IT )7,

forall x € [¢1,61+1(g2,61)]-

In the next, we develop some fractional Ostrowski-type inequalities for twice differen-
tiable preinvex mappings.
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Theorem 114 ([60]). Suppose that I1 : [g1,61 + 1(c2,61)] — R is a twice differentiable
mapping with g1 < ¢1 + 1(¢2,61)- If II" € Lig1,61 + 1(g2,61)] and |I1"| is preinvex in
(61,61 +71(62,61)], then for all x € [¢1,61 + 1(62,61)],

7 (x61) =15 g2, %) oy 1E(x61) + 715 (62, %)
C+inleze) T G nleae) )

IC+1) e g

+’7((;2,(;1) {][gﬁﬂ(gz,gl)]—n(gl) + ][Q1+77(€2,€1)]+H(g2)}‘

UC+2(xr gl) " " 1
S TG e U W e )

77§+2 (62,x) " I
+(CH)(QJF?>)77(G2/G1){ln ()l + I (ea)]

1
=3

Theorem 115 ([60]). Suppose that IT : [¢1,61 +11(c2,61)] — R is a twice differentiable map-
ping with g1 < ¢1+1(g2,61). If 11" € Llg1,61 +1(g2,61)] and [I1"|,q > 1 is preinvex in
(61,61 +71(62,61)], then, for all x € [¢1,61 +7(62,61)],

1 (0, 60) =1 (62, ) oy 10 (6 60) + 162, %)
CDneae) T T nleae)

r(¢+1)

+’7((;2,(;1) {][égﬁﬂ(gz,gl)]—n(gl) + ][§Q1+77(€2,€1)]+H(g2)}‘

( 1 )é[ 742 (x,61) (IH”(x)I‘“rIH”(gl)I")%

(C+Dp+1/ L+ Dn(c261) 2

4 P M) (I ()l

(C+1)n(c2,61) 2 ’

wherel—O—}:l.
P 4

Theorem 116 ([60]). Suppose that I1 : [61,61 +1(62,61)] — R is a function which is twice
differentiable with g1 < ¢1+1(¢2,61).- If11"” € L{g1,¢1 +1(¢2,¢1)] and |11"]9,q > 1is preinvex
in [61,61 +1(62,61)], then, forall x € [g1,61 +1(62,61)],

7 (x, 61) — 15 (g2, ) I (x) - 7°(x,61) + 1 (62, %) I1(x)

T(C+1) ¢ :
Tz c) Ul inteaen T T ycagn 1 11(62) }‘

1\ 752(x,1)  (TT'(x)]1 ()7 7
= <€+2) [(§+1)77(€2,€1)( 7+3 +(€+2>(5+3))
152 (g2, %) (IH”(x)I‘f 11" (g2) |1 )%
(C+Dn(ga,61)\ ¢+3  (C+2)(¢+3)/

Definition 29 ([61]). A functionI1: K C (0,00) — R is s-preinvex in the second aspect w.r.t.

for some s € (0,1], if
H(x +ty(y, x)) < (1= £)°T1(x) + £TI(y),

forall x,y € K,and all t € [0,1].

Some Ostrowski-type inequalities for s-preinvex in the second sense, are given in the

next theorems.
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Theorem 117 ([62]). Let IT : [g1,61 + 1(62,61)] — R be a differentiable function such that
7(¢2,61) > 0and IT" € Lig1, 61 + 11(g2,61)]. If |IT'] is s-preinvex, for s € (0,1], then

() (1 ) e = b [ e + e atca)]

1(62,61))¢
1 X —G1 C+s+1 ,
< , B i 1, 1 1-— IT
< nle g])(< V(gz,gcll)(ng ot )+C+S+1< ’7(€2/€1)> >‘ (c1)]

1 X —G1 {+s+1 ,
+(m(77(€2,51)) +B(s+1,{+1)—B +q (s+l,§+l))|H (gz)\>,

1(c2.61)

forall x € [¢1,61+1(52,61)]-

Theorem 118 ([62]). Let I be as in Theorem 117. If |TT'|1 is s-preinvex, for some fixed s € (0,1],
1 1

g > 1with — 4+ — =1, then
poq

((W)(cg;?l) )é (- ’7]((9;?1) )g)n(x) - (rlr((ggzzll)))é -t + oG + )] ’

U X - 4 % x — s+l
: (s+f)(§z§?.)q_ 1)% <(77(§2,f;11)) ' ((U(gzéllﬂ [T (g1)|
(- (1 i) )|

+(1- U?g;,ggll)>é+% (- *ij(cg;ggll)fﬂml(gl)lq +(1- <173((g;€g11))s+1m/(€2)‘q>

ey

).

forall x € [g1,61 +11(52,61)]-

Theorem 119 ([62]). Let I1 be as in Theorem 117. If |T1'|1 is s-preinvex for some fixed s € (0,1],
g > 1, Then

((’73(692211) )€ +(1- UJ((g;ggll) )Z>n(") - % - T1(e1) + /£, (g1, 61 +77(€z,91))]’
< Nlg2,61) (((”xfgl >(C+1)<1f%))

B x— +1,5+ 1)|TT (¢
(C-&-l)l_}’l (62,61) m(@ )T (61)]
1 x—gp \itstl 1
+— I q
rrarilaey) | M)
x—g1 \@Ena-p) 1 X —gp \oHstl
+(1— 1- - ]
( ’7(92,91)> <g+s+1< U(€2,€1)> [T (g1)|

=

q

+<B(s+1,§+1)73#?;1)(5+1,§+1)>\H’(g2)|‘7) )

forall x € [gl,g1 + 77(92/91)]-

Definition 30 ([63]). A non-negative function IT1: K C (0,00) — R is MT-preinvex w.r.t. 1, if

MG+ () < i) + —Y

Vi 5 ﬁl_tﬂ(y),

forall x,y € K,and all t € (0,1).

Here, we add some Ostrowski-type inequalities involving MT-preinvex via Reimann-
Liouville integral operators.

Theorem 120 ([64]). Suppose IT: [c1, 61+ 77(g2,61)] — R be a differentiable mapping such that
1(62,61) > 0and I € Lgy, 61 +11(62,61)]. If [T1'| is MT-preinvex, then
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1(62,61) 1(62,61) (11(62,61))¢

< @((Ew (c+32) 4B, wa (2+2,3)) )l

1(6261) (sz 1)

+(B o (g+% %)+B - (§+f *))|H(€2)|

1(62,61) 17(c2.61)

’(( (= )C)mx)—r(“”[15n<g1>+/§+n<g1,g1+q<gz,g1>>}‘

forall x € [61,61 +11(62,61)]-

Theorem 121 ([64]). Let IT : [g1,61 + 1(62,61)] — R be a differentiable function such that

. ) L, 11
1(62,61) > 0and IT" € L[g1, 61+ 1(g2,61)]. If [T1'|7 is MT-preinvex, q > 1 with ” + i 1,
then

’(( L) (1 2 ) ”“”5[15H(glm,%m(gl,gl+n(gz,g1>>]’

1(g2,61) 1(62,61) (11(g2,61))
X — Tt , :
- 1:7((;;4611)) ((’7(92,211)) + <B Y€2g<11)<2 2>‘H (g])‘q+B'1);zc§11 (2 2)|H (QZ)W)
+(17173(652,211))“5(31 el (2 2>‘H’( VI8, P (2 z)lnl( W)U

forall x € [¢1,61+1(52,61)]-

Theorem 122 ([64]). Let IT : [¢1,61 + 11(c2,61)] — R be a differentiable mapping such that
1(g2,61) > 0and I1" € Lig1, 61 + (g2, 61)]- If [T1'|7 is MT-preinvex, q > 1, then

‘(( (= )g)nm(,f(@“)g[fﬁH(gl)ﬂémgl,glw(gz,gl))]‘

17(62,61) 1(g2,61) 62,61))

n(c2.61) x—g1 \(E+Da-)

= %(Cpill)l‘% <((U(gz,gl1)) q )
1
1

$(B e (€4 53148 sy (245, 5) I (e2)1T)

1(62.61) 1(c2.61

x—gp \@D-7)
+(1—
( ’7(€2r€1))

) (B o (043 )@ +B,_ g (2+3,3) (1)

1(c2.61) 7(c2.61)

<=

)

forall x € [¢1,61+1(g2,61)]-

6. Ostrowski-Type Fractional Integral Inequalities via Riemann-Liouville Fractional
Integrals of a Function with Respect to Another Function

In this section, we add some fractional Ostrowski-type inequalities w.r.t. another function.

Definition 31 ([2,65]). Let (¢1,62) (—c0 < g1 < ¢p < o0) be the interval of R and { > 0.
Suppose (x) is a positive monotone and increasing function on (g1, 62|, having ' (x) on (g1, 62)-
The -Riemann—Liouville fractional integrals of a function (left and right sided) g w.r.t. another
function ¢ on [g1, G| are defined by
J80) =m0 0w — p0) gl
ar () Jex '

80 = 5 VOO - @) s,

respectively.
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We start with Ostrowski-type fractional inequalities involving fractional integrals with
respect to another function and /-convex functions.

Theorem 123 ([66]). Let IT: [g1,62] — R be a function which is differentiable on (¢1,62) with
61 < 62, IT' : [g1, 62| — R is integrable on (g1, 2. Additionally, let |IT'| be h-convex on [g1, 2]
and [IT'(x)| < M, [¢'(x)| < L, x € [¢1,62]. Then, forall x € [g1,62],

_ 1 oy 1 oy
FH” r@+1w%ww—w@n%h““”*2@«Q»—wwﬁ””“”ﬂ|

(x — 91)§+1 (92 - x)é+1 z g’ _
S T A e [ [y e

Theorem 124 ([66]). Let I1 be as in Theorem 123. Additionally, let |IT'|7,q > 1 be h-convex on
(61, 62) and [TV (x)| < M, [¢'(x)| < L, x € [g1, 6a]. Then, forall x € [¢1,62),

1 1
2(p(x) = 9(61)) 2(p((s2) — 9(x))¢

(x — )¢ (g2 — x)5*1 MILS 1
< a0 s * T #0017 G "O4)"

’nu»—r@+1ﬂ T TI(G) + Cwn@gﬂ

where = + 1o 1.

P9
Theorem 125 ([66]). Let I1 be as in Theorem 123. Additionally, let |T1'|9,q > 1 be h-convex on
(61, o] and [IT'(x)| < M, [¢/(x)| < L, x € [g1, Gal. Then, for all x € [¢1, 62,

1 ’
N(x) ~T(E+1)| — )] ’

1 T
200 —glere - e *

2((ca)
(x — 1)t (62— x)¢*! of L Nt B i
< o v@r i serEME (1) () A+ ha - o).

Theorem 126 ([66]). Let I1 be as in Theorem 123. Additionally, let |T1'|1,q > 1 be h-convex on
[61, o] and [IT'(x)| < M, [¢'(x)| < L, x € [61, 62 Then, for all x € [¢1,62],

o) — 1 Ly joy

P“’ T+ s gy = e + <<> p ) “(ﬂ’
(x — 1)t (g2 —x)¢*H g % ! %

< Lpmryer e M () () o

wherel—ﬁ—l:l.
P 4

Now, we add some Ostrowski-type inequalities via fractional integrals with respect
to another function, i.e., {, B, v, -convex functions in mixed kind, according to the follow-
ing definition.

Definition 32 ([67]). Let ({,B,7,6) € (0,1]* The functionT1: I C [0,00) — [0,00) is {, B, 7, 6-
convex function, if )
T(tx + (1 — )y) < £7T1(x) + (1 — t8)°T1(y),

forall x,y € Tand t € [0,1].

Theorem 127 ([67]). Let IT: [g1,62] — R be a function which is differentiable on (¢1,¢2) with
61 < goand 11 : [gq, 2] — Ris integrable on [g1, ¢2|. Additionally, let |IT'| bea {, B, -y, 6-convex
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function on [g1,¢2] and |IT'(x)| < M, |¢'(x)| < L forall x € (g1,62), ¥ is a Lipschizian
function. Then

- J2i (o) (s
‘”(’C) P+ ipteat = o T 2900 -0
Z 1 ( B ’(H_l) (x —g1)t*! (g2 —x)¢*!
< Mt ) mm e T e s

forall x € (¢1,62)-

Theorem 128 ([67]). Let 11 be as in Theorem 127. Additionally, let |I1'|7,q > 1bea ,B, 7, 6-
convex function on [g1,¢2] and [T (x)| < M, |¢'(x)| < L forall x € (¢1,62), ¥ is a Lipschizian
function. Then

o Jof11(go) JE¥ (6
|H< )T e yF T 2T — 7

ML% ( _1 N B(%,(s%»l) >%[ (x_gl)é+1 N (c2 — x)éHl }
(C+1) 7 eFHEr+l B 2(p(x) —9(c1))¢  2(p(e2) — p(x))& )

forall x € (¢1,62)-

Theorem 129 ([67]). Let I1 be as in Theorem 127. Additionally, let |I1'|9 be a {, B, y, 6-convex
1 1

function on [g1,62], ¢ > 1 such that » +6 = land I (x)| < M, |¢/(x)] < L for all
€ (¢1,62), ¥ is a Lipschizian function. Then

159 1(g2) . JRadni(a ]
(P(c2) — (%) 2(p((x) —¢1))¢

ML ( 1 (ﬁ"”l))%[ (x=g) . (e—x)T }
(gp+1)r ST+l p 2(p(x) —w(c1))*  2((62) —p(x)) )’

forall x € (¢1,62)-

|H<x> —T(E+1)[;

Here, we add some fractional Ostrowski-type inequalities for functions with respect
to another function.

Theorem 130 ([68]). Let I1: I — R be a mapping differentiable on I° and ¢1,62 € I°, 61 < G2
and I (x)| < M, for all x € [g1,¢2]. Suppose ¥ € CL(I) is positive monotone and increasing,

and ' (x) > 1 forall x € I. Let ]glﬁ and ]f;f be the left- and right-Riemmansided fractional
integrals. Then

[ ((le2) = 9(x))P + (@(x) = 9(61)F ) 1(x) = (T(B+ DIELTI) + T + 1)L TI(x)) |

< MG wie) -9 5 ) i) ),

where {, B > 0and x € [g1,62).

Theorem 131 ([68]). Assume that 1T and  are as in Theorem 130. If m < IT'(x)| < M, for all
M >0,m <O0andall x € [g1,62], then
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(@) = len) = (ple2) = 9(0))F 1) — (T + DIELT) — DB+ 1L TIR) ) |
M(F5 ) =96 + g 0e) — v ),

IN

and

(Wle2) = ()P = (9(x) = 9(61))* )U(x) + (T + DIELTI) —T(B+ G TI() ) |
< m(Gh e -y + S - ve)™),

where {,p > 0and x € [g1,62).
Theorem 132 ([68]). Assume that I1 and ¢ are as in Theorem 130. Then

|((#(62) = 9()PII(62) + (¥(x) — $l61))T1(e1) ) — (T(B+ VL +T(E+ VLA TI() ) |

< MG wle) 9+ S0 — 9 ),

where , B > 0and x € [g1,62].

7. Mercer-Ostrowski-Type Fractional Integral Inequalities for Riemann-Liouville
Fractional Integral Operator

In this section, we present Mercer-Ostrowski-type fractional integral inequalities for
first order differentiable functions for the Riemann-Liouville integral operator.

Theorem 133 ([69]). Let IT: [g1,62] — R be a differentiable function on (g1, ¢2) with ¢1 < G2
such that TU € L[gy, 2. If IT'| is a convex function on [g1,¢2|, then

‘{(4 — s+ g1 —s1) + (52 = OFTI(C 62— 52) }
—r<§+1>{ /7N § (DR [ 8 (291

(=5 6'{Q.H I (0)] + 17 (61)]) —

IN

1 ’ 1 /
{r(g-‘rZ)‘H (Sl)|+ (§+1)(§+2)|H (6)@}

(T (0)] + [T (ca)]) — !

o - 0 ey Wl

1 !
= e

Theorem 134 ([69]). Let IT be as in Theorem 133. If |IT'|1 is a convex function on [g1,62], g > 1,
then

H( —$1)*TI(L+ 61 —s1) + (52— O)°TI(L + o — 52)}
—TE+ 1){]5 +€1—51)—H(g1) * ](€€+§2—52)+H(g2)}’

< (=55 ) @1 + e - 2o + )]}

ip+
o2 =0 (5 (@ + (e - [Sm o+ o]},

==
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Theorem 135 ([69]). Let IT be as in Theorem 133. If |I1'| is a convex function on [g1,¢62], 9 > 1,
then

H(f — )T+ g1 —s1) + (52— OFTI(+ 62— ) }

_F(C+1){ ?ﬁm —s1) M(gr) + C£+ngSz)+H(g2)H

< s () T g (O + I )

[ I+ g O]}
+<sz—£>€(gil)”{g<|n’< )7+ [T (62) )
e+ e er]}

Throughout this portion, Mercer-Ostrowski-type inequalities for differentiable func-
tions via ip-Riemann-Liouville fractional integral operators are obtained.

Theorem 136 ([70]). Let IT: [g1,62] — R be a function which is differentiable on (g1, ¢2) with
61 < ¢2, IT" : [61,62] — R be integrable on [g1,¢2]. Let P(x) be an increasing and positive
monotone function on (g1, ¢2|, having a continuous derivative ' (x) on (g1, ¢2). If |[IT'| is a convex
function on [g1, G2, then for { > 0and x,a,b,y € [¢1, G2, we have:

% U5t ey o) (7 (x+c1 — 1))

_a) b—y)*
%H(Xﬁ—gl—uﬂ-( Y M(x+¢2—b) - (x+e1—

b— b—a

5 ey OB (x4 62— 9)]

< oo (M + me)) - [T @+ g T}

O (Il + Il - [y )+ e}

Theorem 137 ([70]). Assume that 11 and  are as in Theorem 136. If [I1'|7 is a convex function
on [¢1,¢2], then for > 0 and x,a,b,y € [g1,¢2|, we have:

(b —y)*
b—a

r(¢+1) []w

—a)¢
U g -0+ C g -0 - WD o9 x - w)

b—a

ety oD@ (62— 1))
(y;jjl(gpﬂﬁ{('n/ N7+ I gl)\”) %
1
4

[
+(bbff“ (gplﬂ) [ @l + 1 @)r) — S [T @)e + ]},

IN
(=

a7+ |1 (y)17] }

==

wherep,q>1and1+1:1.
p 9

Theorem 138 ([70]). Assume that I1 and ¢ are as in Theorem 136. If |I1'|7,q > 1 is a convex
function on [g1, o], then for { > 0and x,a,b,y € [¢1, 2], we have:
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—a)¥ b—1y)¢
Yo nih g -+ W s g -y - D[ ey (e )

5 ey OB (x4 62— 9)]
1
q

< Lo ) L (0w i) - [ @+ e ]}

Lo (gil)l_%{éil (I + )l = [ 5 O + g W]}

NI

8. Ostrowski-Type Fractional Integral Inequalities via Hadamard Fractional Integral

Definition 33 ([2]). Hadamard fractional integrals (left and right) of order { € R™ of function I1
are defined by

x -1 d
(WD = 5 [ (m]) 1OT, 0<q<x<a

and

Definition 34 ([71]). The function IT : I C (0,00) — R is called quasi-geometrically convex
on I if
I(x'y'™") < max{I1(x),T(y)},

forall x,y € Tand t € [0,1].

Fractional Ostrowski-type fractional integral inequalities for functions which are
differentiable and quasi-geometrically convex, are given now.

Theorem 139 ([72]). Let IT: [g1,62] C (0,00) — R be a differentiable mapping on (g1, g2) with
61 < ¢a-Let ¢ : [61,62] — (0, 00) be a continuous, positive and geometrically symmetric to \/G162
and 11" € Ligy, ¢o). If |T1'| is quasi-geometrically convex, then, for all x € [¢1,62],

|5 8T1(61) + I, 8T1(62) — [ml5-T1(c1) + nJ5  T1(s2)] |

(m(%)"

= Wmax{m'(@h T (62) 118 5], 00

(n(2)

e s UGB CH T PR

Theorem 140 ([72]). Let IT: [g1,62] C (0,00) — R be a differentiable mapping on (g1, G2) with
61 < ¢a.Let g : [61,62] — (0, 00) be a continuous, positive and geometrically symmetric to \/G162

1 1
and I € Llgy, ¢o. If |T1'|7 is quasi-geometrically convex, q > 1 and » + P =1, then
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forall x € [g1,62].

Theorem 141 ([72]). Let I1: [g1,62] C (0,00) — R be a differentiable mapping on (g1, ¢2) with

61 < ¢a.Let g : [61,62] — (0, 00) be a continuous, positive and geometrically symmetric to \/G162
and I € Ligy, ¢2). If [T1'|,q > 1 is quasi-geometrically convex, then, for all x € [g1, 6],

S gTl(61) + Jf. g11(e2) — [mlE-TU(61) + J$, T1(c2) |

(m(%)"

< Sty (madIT@LIT )} e

(2"

1
rear— (eI @LIT 1)) glie, e
Definition 35 ([73]). A function I1: I C (0,00) — R is said to satisfy the s — e-condition if

(e 00Y) < FTI(e*) 4 (1 — £)°TI(eY),
forall x,y € I,t € [0,1] and for some fixed s € (0,1].

Here, we add some fractional Ostrowski inequalities for s — e-condition.

Theorem 142 ([73]). Let I1 : [g1,62] C (0,00) — R be a function which is differentiable on

(61,62) with 0 < ¢1 < ¢p such that IT" € L[gy, 2. If |IT'| satisfies the s — e-condition on g1, ¢2]
fors € (0,1] and |IT'(x)| < M, x € [g1,G2], then

(Inx —Ingy)¢ + (Ingy — Inx)®

_ TE+ g ¢
Ingy —Ing; H(x) Ingy —Ing; {H]x_n(gl) +H]"+H(gz)}
Mg (1 n T(C+1)T(s+ 1)) (Inx —Ing)é! + (Ingy — Inx)é+!
Ingy —Ingy [(C+s+1) T+s+1 ’

forall x € (¢1,62)-

Theorem 143 ([73]). Let I1 be as in Theorem 142. If |IT'|1, q > 1 satisfies the s — e-condition on
[61,62] for's € (0,1} and |TT'(x)| < M, x € [g1, Ga], then

(Inx —Ing1)é + (Ingy — Inx)¢ T+ z z
Incy —Incy IT(x) g, —Ings [H]x—n(gl) + H]x+H(€2)}

< _ Mg ( 2 )% (Inx —Ingy)**! + (Ingp — Inx)¢+!
> 1 _ 4
(1+p§)F’ s+1 Ingy —Ingy

1 1
forall x € (¢1,62), where E + 6 =1.

Theorem 144 ([73]). Let the assumptions of this theorem be stated in Theorem 143. Then

(Inx —Ing1)® + (Ingy — Inx)® RN 7 4
‘ Inc, —Incy I(x) ey —Incy [H]x—n(€1) + H]x+H(€2)]

< M (4 1 )%(HF<€q+1)r<s+1>)%<1nx—1ng1)€“+(lngz—lnx%“
- Ng+s+1 I(Cg+s+1) Ingy —Ingy '

forall x € (g1, 62), where ; + 111 =1
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9. Ostrowski-Type Fractional Integral Inequalities for Exponential Kernel

Here, in this section, we add some Ostrowski-type inequalities for exponential kernel.

Definition 36 ([74]). Let IT € L(g1,62). The left and right fractional integrals of order { € (0,1)

are defined by
1 /X 1-—
H(x) 7. exp ( 7 g(x - s))H(s)ds, x> 61,
1
and
1 [¢2 1-
Igzﬂ(x) = Z/x exp (— 7 g(s — x))H(s)ds, x < g2,
respectively.

Theorem 145 ([75]). Let I1: [g1,62] — R be a function which is differentiable with 0 < g1 < ¢
and IT € L{gy, ¢2]. If [IT'|9,q > 1, is a convex function on (g1, 2], then, for all x € [g1,62],

1-¢
2—e><p{ TC(x_gl}—exp{ T§92—x}
. g R
Z_QXP{—Q;}—eXp{—()gZ}[( —61)A1(g, )(IH( x)] Jr|H (c1)] )

ez = a(g,p) (LA I G2)ITy ),

‘H(x) - ET(r) +5, T1(co) |

1 1 1-¢ 1-¢
where —+-=1,0., = —2(x—¢q1), 0., = —= — x) and
p q G1 C ( gl) G2 g (92 )

‘cb—‘

mep = ([a-ee{-Eu-amal),
aep) = ([1-ew] - et rat})’.

Theorem 146 ([75]). Let IT: [g1,62] — R be a function which is differentiable with 0 < ¢1 < ¢»
and 11 € L{gy, ¢2]. If |IT'|9,q > 1, is a convex function on [g1, Ga], then

1-¢ 7 7
M(x) = 15 _T(g1) +5, T(go)
‘ 2—exp{—1gg(x—g1)}_exp{_Fg@(gz_x)}{ 1) Fxr 2}
1 -G _
2—exp{—0§1} _exp{_egz}{ 1[ +GG1 exP{_GGl}]l

61

(I @13 ~ g 1~ exp (=00} 0 + 1)

HIT (@) [5 — g 0 + (=0} 1))

62— X 1-1 1 1
T 21_1 [1+0c, —exp{—6c,}" 7 (|H/(x)|q b - 97[1 —exp{—0c,} (6, + 1)]}
992 ! G2

1

+IT'(62)|" E - Hé[egz tep{ =0} —1]])" ],

forall x € [¢1,62], where 6,0, defined in the previous theorem.
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10. Ostrowski-Type Fractional Integral Inequalities via Atangana-Baleanu Fractional
Integrals Operator

In this section, we give Ostrowski-type fractional integral inequalities for Atangana-
Baleanu fractional integral operator for twice differentiable functions.

Definition 37 ([76]). The left and right Atangana-Baleanu fractional integrals operators with
nonlocal kernel of a function T € H'(gq,¢2) = {I1 € L?(¢1,62) : TI' € L%(g1,62)}, are
defined as

IO = 3710 + 3175 L =0y,
1-96 ) 62 -
PRIET) = 30+ gy O -0y,

for 6 € [0,1] and M(6) a normalization function satisfying M(0) = M(1) = 1.

Theorem 147 ([77]). Let IT : [g1,62] — R be a differentiable mapping on (G1,62) such that

IT" € Ligy, ¢2]. If |IT'| is a convex on [g1,62), then ¥ x € [g1,62], 6 € (0,1] the inequality is
given as

(x_91)5+ (QZ _x)él—[<x) + 1-9¢

— —— [M1(g1) +11(c2)]

_ M) {421 T(e) + AP, T1(eo) | ‘

G2—¢61
(x — 1) (1T ()] T (1)
= G2—G1 {5+2 (§+1)(5+2)}

(2= %) (I (x)|  |IT(ca)
e Uoer Taeneen )

Theorem 148 ([77]). Let I1 : [g1,62] — R be a differentiable mapping on (¢1,62) such that

IT € Ligy,62). If [TT'|7 is a convex on [g1,62), then ¥ x € [g1,62], 6 € (0,1] the inequality is
given as:

e s g i)
_W{A%%Hm) + ABxlélH(Gz)}‘

= (xgzilc);jﬂ <5p+1)§( |‘7+\H’(€1)|‘7>5
A () (e

wherel+1:1andq>1.
p 4
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Theorem 149 ([78]). Let I1: I C [0,00) — R be a twice differentiable mapping on (g1, ¢2) with

61,62 € I, 61 < gp such that I1" € Ligy, ¢o|. If |T1"| is a convex function on [¢1, ¢2], then for all
0 € (0,1] the inequality is given as:

(x — 1) + (g2 —x)°™! (x=61)° + (g2 —x)°

(6+1)(c2—¢61) ) - 62— 61 )
M(S)I'() 2(1—6)I(6)
H{ABxIéH(gl) + ABngzl—I(gz)} - gz—gn(x)’

(x —g1)°*? " Y 1

<5+1><5+§><g2—g1>{'“ ()] + 11 (61) 575 }
" (g2 — x)°*2

R e ]
forall x € [¢1,62]-

)

Theorem 150 ([78]). Let IT: I C [0,00) — R be a twice differentiable mapping on (g1, G2) with

61,62 € I, 61 < gasuch that T1" € L[y, go]. If [T1"|1 is a convex function on (g1, 62|, ¢ > 1 then
forall 6 € (0,1] the inequality is given as:

(x _ g1)5+1 + (Qz _ x)(5+1

/ (x—61)° + (g2 —x)°
0+ 1)(s2—61) ()= 62— 61 M)
M(8)L(5) : 2(1 - 6)I(5)
- G2 — 61 {ABXIgl ABXI?Z} G2 —G1 H(x)|

d+1)(62—¢1) 2
(g2 — x)°+2 <|H”(x)|q+|n"(€z)|q)%}
(0 +1)(62—61) 2 ’

1 ¥ — 0+2 "(x " %
((5+11)p+1)p[( (x—¢1) (IH (x)|7+ |11 (m)lq)

for all x € [¢1,G2], where 1 + o 1.

Theorem 151 ([78]). Let IT: I C [0,00) — R be a twice differentiable mapping on (g1, G2) with

61,62 € I, ¢1 < gp such that 11" € Lgy,¢2]. If |T1"|9 is a convex on [g1,62], ¢ > 1 then ¥V
0 € (0,1] the inequality is given as:

(x —61)° "+ (6o —x)° ™!

ooy (x=61)° + (g2 —x)°
(6+1)(c2—61) () 62— 61 M)

_AZ((S)Fg(fS){AB 5 Bxlz} g )H(x)’

2—61 62— ¢1

1V ee)? (@ ()l

= (5+2> [((5+1 912*(;1 ( 5+3 (5+2)(;+3)>

(g2 —x)°*2  (IT"(x)|7 17 (c2)|7 N3

4 Dlea = i )

5+3 " (0+2)(6+3
forall x € [¢1,62]-

Now, we give Ostrowski-type fractional integral inequalities for Atangana-Baleanu
fractional integral operators for twice differentiable s-convex functions
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Theorem 152 ([79]). Let I1: I C [0,00) — R be a twice differentiable mapping on (g1, ¢2) with
61,62 € I, 61 < go such that 1" € L[gy, ¢o|. If |I1"| is s-convex in the second sense on (g1, G2]
fors € (0,1], then, for all x € [g1,62],

(x —61)°™ + (g2 —x)°"! I (x) (x—=61)°+ (62— X)‘SH(

(6+1)(c2—61) 62— 61 %)
M(8)T(5) 2(1— 6)I(5)
*ﬁ{“x%ﬂ(gl) + ABngZH(Qz)} - ﬁﬂ(x)

(x_gl)(SJrZ { |H”(x)|
- (6+1)(g2—¢1) Lo+s+2

(g2 —x)°*2 { 11" (x)|
(6+1)(ga—¢g1) Lé+s+2

Theorem 153 ([79]). Let I be as in Theorem 152. If [T1"|1,q > 1 is s-convex in the second sense
on [¢1,¢2] for s € (0,1], then, for all x € [g1,¢2],

+ |11 (1)|B(@ +2,5+1) |

+ +\H”(g2)|B(5+2,s+1)}.

(e e =™ () -0

(6+1)(c2—¢1) 62— 61
SI(o -0
ML) f8, 1 () + 4,12 () } - z“gz_);”nm’

( 1 )%[ (x—g1)°*2 (IH”(x)I"+|H”(g1)|‘7)%
(6+1)p+1 (6+1)(¢2—¢1) s+1
(62 —x)°*2 (IH”(X)I"+ \H”(Gz)lqﬁ}
(6+1)(c2—61) s+1 ’

wherel—F}:l.
P 9

Theorem 154 ([79]). Let I1 be as in Theorem 152. If [T1"|1,q > 1 is s-convex in the second sense
on [g1,62] for s € (0,1, then, for all x € [g1,62],

(x =)™ + (g2 —x)°*! T (x) (x—61)° + (g2 —%)°

(6+1)(g2—¢1) 6 —¢1 ()

M(O)T'(6 2(1—-6)I'(6
MO £ e ey + 40,8 (e} - 2000 )n<x>|

N

L\ (—q)™? () .
= (5+2) [(5+1)(g12_g1)(5+s+2+3(5+215+1)lﬂ (gl)lq)

(g2 — x)°+2
(0+1)(62—¢1)

‘H//(x)m 1 q %
(5+S+2+B(5+2,s+1)|H (c2)] s+1> }
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Theorem 155 ([80]). Let IT : I C [0,00) — R be a differentiable mapping on (g1,¢2) with
61,62 € I, 61 < ¢a such that 11" € Ligy, ¢o|. If |I1"| is an s-convex function in the second sense
on g1, ¢2) and |IT (x)| < K, for all x € [g1,¢2], for some fixed s € (0,1, then, for all x € [g1,¢62],

(e’ + -0y ;{AB B T1(er) + 45212 TH(c) }

M(8)I(0) (g2 —61) -l e xlcy
1-9
e eomaty 160+
K (x—¢ )‘5+1+(g _x>5+1 1
- M(5)F(5)( 1 gz—g12 )(5+s+1+B(‘5+1'5+2>)'

Theorem 156 ([80]). Let I1 be as in Theorem 155. If [TI1” |1 is an s-convex function in the second
sense on [g1,Go| and |IT'(x)| < K, for all x € [g1,62], for some fixed s € (0,1], then

(x—61)’ + (g2 —x)° 1 (ap B
OO 6 o) 10~ g () + 41 (62 }

T 160 + 1)
v i ((x—g)M _ x)oH1
: M(&I;r(g) <5p1+1)” (Sil)q ((x 61) gztéiz x) )

7

forall x € [¢1,62], where g > 1 and ;1? + ; =1.

Theorem 157 ([80]). Let the assumptions of this theorem be as stated in Theorem 156. Then

(¥ —¢1)° + (2 = x)° L faB AB 1
MO0 o W~ o {5 (o) + %8 Te) §

o [Tl + T2 | |
= M((SI)<1"((5) ((si1>E (5+§+1

1 _ o+1 _ 4)o+1
+B(5+1,s+1))"((x )" +(62 =) ).
62—61
forall x € [¢1,62]-

We will give now results on Ostrowski-type fractional integral inequalities containing
second order derivatives for s-convex functions in the second sense.
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Theorem 158 ([80]). Let IT : I C [0,00) — R be a differentiable mapping on (g1,¢2) with
61,62 € I, 61 < go such that 1" € L[gy, ¢o|. If |I1"| is s-convex in the second sense on (g1, G2]
fors € (0,1], then, for all x € [g1,62],

o (P ) + AP TI(6) } — = i (M) + TH(eo)
C(x—c1)’+ (g2 —x)° (x—¢)’ ™ + (g2 — )t
MO (2 —e1) T MO (E)e —enG 1 )
|1—[//(x>| [(x o g1)15+2 4 (QZ _ x)(5+2}
S+s+1LM(OT(6)(g2—¢1)(6+1)

B(6+3,5+1) [(x — 1) I (61)| + (62 — x)”zlfl”(r;z)l}
M(3)I(6)(0+1) 62— 61 '

Theorem 159 ([80]). Let IT be as in Theorem 158. If |TI1"|7 is s-convex in the second sense on
[61,62] for s € (0,1], then

1 5 1-6

oo Vo) + AP TIG) | — s [Te) + ()
_(x_g1)5+(g2_x)6 (x) (x_gl)(s—H +(g2_x)6+1 H/(X)
M(3)I'(6)(g2 —61) M(6)T(9)(g2 —61)(6+1)

(x — )72 1 @)+ ()l

< METOE —merDeroprn) s )
+ (62— x)°*2 ( 1 )%(IH”(X)Iq + IH”(gz)Iq>%
M(6)T(6)(g2—¢c1)(6+1)\(d+1)p+1 s+1 !

1 1
forall x € [¢1,62], where g > 1 and ot = 1.

11. Ostrowski-Type Fractional Integral Inequalities via Generalized
Fractional Integrals

We define the left and right sided generalized fractional integrals as:

Definition 38 ([81]). The left and right-sided generalized fractional integrals given as follows

(o160 = [P D iiioyao, >, ©)
61
G2 (0‘— %)

o ITI(5) = /%H(o)dm %< ca @

V1

1
where the function ¢ : [0,00) — [0, 00) satisfies / @dﬁ < 0.
0

Some inequalities connected with the Ostrowski-type inequality using of generalized
fractional integral operators are presented now.
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Theorem 160 ([82]). Let IT: [¢1,¢2] € (0,00) — R be a differentiable mapping on (g1, ¢2) and
IIT'(x)| < M forall x € [1,¢2]. Then, for all x € [g1,62],

‘Q)(QZ_X)H(JC) — a+1p(Pr(x,62)11(g2)) — - ai+IpTl(c2)

c2—X G2—¢G1
M /" P(ea—t) 2 ¢(g2 — 1)
t— dt+/ 522 (g — t)dt],
Q2_€1[g1 Co—t ‘( G1) /. - ‘(Qz ) }
foer o <rex,
where Py (x,t) = Qtz_ 51 is the Peano kernel function.
2, x<t<g
62—G1

Theorem 161 ([82]). Suppose I1 : [¢1,62] C (0,00) — R be a function which is differentiable on
(¢1,62) and |IT (x)|7 < M forall x € [g1,62] and p,q > 1, ;17 + ; = 1. Then

1,11
Go— X Co—g OT° (c2)

< ([

forall x € [g1,62], where Py(x,t) is the Peano kernel function defined in previous theorem.

|4’(92_x)n(x) — a+1p(Pr(x, 62)T1(g2)) —

1
q)g’:__:)‘p|P1(x,t)|pdt> " Big),

In the following, we present some Ostrowski-type inequalities for differentiable har-
monically convex functions via the generalized fractional integrals.

Theorem 162 ([83]). Let IT : [g1,¢2] € (0,00) — R be a differentiable mapping on (¢1,62)
such that T1" € L{gy, ¢2|. If |IT'|7 is harmonically convex on (g1, G2] for some q > 1, then for all

x € [61,62],
o) (2|

(®5|H/(%)|q + ®6’H,(€2)‘q) %,

(A1) + A))() = {%’“mg)(gll) !

[= N =

1-1
< =)0 (@11 ()" + O5[1T (1))

1-1
+co(co — 2#)0, 1

where the mappings A and A are defined as:

%*le - Qz*%s
Alo) = /()“Mds<+oo, A(U):/O Mds<+w,
and
o A0) , 1 A () .
o - /o<ag1+<1_a>%>2d’ o /o<m_;1+<1—a>%>2d’
Y (1-0)A®) o A(o)
° = | ot A=) o=, ot Ao
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Theorem 163 ([83]). Let IT : [g1,62] € (0,00) — R be a differentiable mapping on (g1,62)
such that TI' € L[y, go|. If |IT'|7 is harmonically convex on [g1, G2 for some g > 1, then, for all
x € [c1,62],

‘(A(1)+A(1))H(%) - [%#so(nog)(g%) + .%*I“"(Hog)(giz)”

L 1
LT )| T + T (1) |7\ 7 LT (5e) |9+ [T (c0) |9\ @
ng(%glw(\ Gl + <g1>|) HQ%(W%)@SV(\ Gl + I g2) )

wherel—i-l:land
p 4

oo A(0) § N A(0) ’
7 /0 ((ag1+(1—0)%)2> o ®8_/0 <(U€2+(1—‘7>%)2> “

12. Ostrowski-Type Fractional Integral Inequalities via Quantum Calculus
Definition 39 ([84]). Let function I1: [g1,¢2] — R be continuous. Then

_ II(t) —II(qt + (1 — g)c1) — T
D) = =gy e aDitllen) = fim 6 DyTI(e),

is called q¢,-derivative of ITat t € [G1,¢2].

Definition 40 ([84]). Let function I1: [g1,¢2] — R be continuous. Then

/ M(x) dgx = (1-)(t — 1) io PII" + (1 - 4")e),

is called q¢,-integral of I1 for x € [c1,¢a].
Definition 41 ([85]). Let function I1: [g1,¢2] — R be continuous. Then

) _ (gt + (1 —q)g2) — I1(¢)
D) = = e =D

is called q°2-derivative of I1at t € [g1,Go].

A F# G, 2DyII(gr) = tlgglz ©2D,T1(t),

Definition 42 ([85]). Let function I1: [g1,62] — R be continuous. Then

[T = 0 )6 ) LT (- 7)),
is called g%2-integral of 1 for x € [g1, 2]
We give now some Ostrowski-type inequalities for g-differentiable convex functions.
Theorem 164 ([86]). Let IT: I = [g1,62] C R — R be a g-differentiable function on 1° with

¢; Dy continuous and integrable on I where 0 < q < 1.1If |, D,I1|" is a convex function and
lc; DyTI(x)| < M, then, for all x € [1,62],

T dol < M = 61)% + (62 — )]
|H<x> Qz*(;l/gl TT(u) g dqu| < (c2—61)(1+9q)
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Theorem 165 ([86]). Let IT : I = [g1,62] C R — R be a g-differentiable function on I° with
¢: Dy continuous and integrable on I where 0 < q < 1. If |¢, DgIl| is a convex function and

1 1
lc; DII(x)| < M, then for p,r > 1, v +o= 1, we have for all x € [g1,62],

() - —— [711)
X)— u u
c2—c¢1Je c1q

qM[(x —c1)®+ (2 —x)?] / 1—q \7
= (62 —61) (1—61”“)

For g-differentiable bounded functions, we present some Ostrowski-type inequalities.

Theorem 166 ([87]). Let IT : [¢1,62] — R be a continuous and g-differentiable function on
[61,62)- I | ¢, DTI(t) |, |2DgI1(t)| < M, then, for all x € [g1,62),

7

‘(Gz - Ql)hw + (62 —¢1)(1 — B)IT(x)

"X 62
[t = e adet+ [+ (- ) S|
Jg1 x
< M(P(61,62,h,%;:9) + Q(61,62, 1, %;9)),
for h € [0, 1] where

X
P(Ql/QZ/hIX;q) = /
61

€1d‘7t

(1= (aen25)
(1= (a-n252))

Theorem 167 ([87]). Let IT : [g1,¢2] — R be a continuous and g-differentiable function on
61,62 Ifforp > 1, |, DqH(t)|p, |92DqH(t)|p < M, then, forall x € [¢1,62],

‘(Gz - Ql)hw + (62 —¢1)(1 — W)II(x)

and
G2

Q(c1,ca b, x;q) = /

X

_ U:H(qt (U= g)e) gyt + [ TI(gt + (1- )c2) gqut} ‘

< M((x—g1)A1(61,62, 1, %q) + (62 — x) Aa(g1, 62,1, X, 9))

where
x _ s %
A1(¢1,62.h,x9) = </ (t— (€1+hgz 2g1>) gldqt> ,
1
1
G2 — § s
Ar(61,62,h,x,9) = (/ (t— ((;2 Sy 5 g1>> gldqt)
X
and l + 1 =1.
p s

In the next, we give Ostrowski-type inequalities for s-convex functions in the second sense.
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Theorem 168 ([88]). Let IT: I = [g1,¢2] C RY — R be a g-differentiable function on I° with
¢ Dg integrable on 1. If ¢, Dy is s-convex in the second sense on [G1, 2] for unique s € (0,1] and
lc; DgII(x)| < M for all x € [G1,62], then, for all x € [1,62],

< IM[(x - 1)* + (g2 — x)?]
- (62—¢1)

()~ —— [ 11(w) o
X)— u u
c2—¢1Je G174

q e q(l_qfl)erl q 1
X[_[s+1]((l_ql)qﬂ+ [s+2]q _[s+2]>+[s+2ﬂ'

Theorem 169 ([88]). Let IT be as in Theorem 168. If |, Dy|™ is s-convex in the second sense on
(61,62 for unique s € (0,1], m > 1,m™' +n~1 = 1and |, DyI1(x)| < M forall x € [g1,¢2),
then, for all x € [¢1,62],

‘H(x) L /” (1) ¢, dgu

_92—91

61
gM  [(x —¢1)? + (g2 — x)?] [14‘11(1—(1—1171)”1}1/’”
[n+1]1/n (2 —c1) 5] .

Theorem 170 ([88]). Let IT be as in Theorem 168. If |, Dg|™ is s-convex in the second sense on
[61,62] for unique s € (0,1], m > 1, and |, DgI1(x)| < M for all x € [g1,62], then, for all
x € [¢1,62],

1 e [(x = 61)* + (62 — x)°]
‘H(x) o —C1 /gl H(”) gldq” < qM (g2 _ gl)

1\1-5 q I (e B Y B S
+(m) [_[s+1]((1"7 Dt [s+z}q _[s+2])} '

We present Ostrowski-type inequalities for twice quantum differentiable functions
involving the quantum integrals.

Theorem 171 ([89]). Let IT: [¢1,62] C R — R be a twice g-differentiable function on (¢1,62),
such that ©1 DgH and nggﬂ are continuous and integrable on [g1,¢2|. Then, we have for all

x € [61,62],

(x —¢1)(g2 —x)
(1-q)¢®
2

0 = D62 — ) — S [(r— e [ 110

[(x = ¢1)qTT(qx + (1 — x)62) + (62 — x)qT1(qx + (1 — x)61)

Hea = x)? [ 1) ]

3

(x = 61?62 =02 [(r = €0) (g e DTN + T e DATIC))
1

3
o2 =) (g DI + g g 12D )|

IN
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Theorem 172 ([89]). Let IT: [g1,62] C R — R be a twice g-differentiable function on (g1,62),
such that |"DZI1|Pt and |, DIT1|P1, py > 1 are convex on [g1,Ga). Then, we have for all

x € [61,62],

% [(x = )qTI(gx + (1 = ¥)c2) + (G2 — )T (gx + (1~ x)61)
2l

—(+q-1)(c2— ¢1)I(x) — ra {(X —-61)? /xgz II(t) “2d,t

Hea =0 [ 1100) ]

1

_1 3
< -afle- () (oo (Grla DO+ il D)

3 1
o2 =) (g DRI + Do) .

Theorem 173 ([89]). Let IT: [¢1,62] C R — R be a twice g-differentiable function on (¢1,62),

such that |“1 DFT1|P and |¢, DZT1|P1, for some py > 1 and —+ P 1, are convex on [g1, o).
1 1
Then, we have for all x € [g1,62],

(x —¢1)(c2 —x)
(1-9)¢°
2

7+ 0= Dl — ) - S [(r— e [ 110

[(x = 61)qTT(gx + (1 = x)62) + (62 — x)gIL(gx + (1 = x)61)

Hea =) [ 1) ]

< (x—91)2(gz—x)2([ 1 }q)%{( _g)<g1D§,H(x)|P1+qG1D§H(g1)pl);l

2r +1 [2]q
DITI(x) [Pt + q ¢, DITI(62) "1\ 7
c1-g c1-q P1
+(62 —x) -
( 2, )"]
Definition 43 ([90]). Let IT € L[cy, ¢2]. The Riemann—Liouville g-integrals of order { > 0 are
defined by
p I (B-1)
T Hx—i/ X —qu IM(u)du, ¢ <x,
4,61+ ( ) rq(ﬂ) Gl( q ) ( ) q 1
]’g _TI(x) = 1 /gz(u - qx)(ﬁ_l)H(u)dqu, Go > .
el Tg(B) Jox

In this section, g-fractional integral operators are used to construct a quantum analogue
of Ostrowski-type fractional integral inequalities for the class of s-convex functions.
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Theorem 174 ([91]). Let IT : [g1,62] C (0,00) — R be a g-differentiable mapping in such a
way DgIT € L[gy, 2. If |D4I1| is s-convex in the second sense on [g1,62] for s,q € (0,1] and
|DII(x)| < M, for all x € [61,62], then for B > 0 and for all x € [g1,62],

‘((XGI)ﬁ + (62 fX)ﬁ) (qﬁ +[Bl(1 *q))n(x)

62— 61 qP
—;;q(gjirgll)) {]f,x_H(Gl) + LIZHH(Q)}
M ( Fq(5+1)rq(5+1)){(X—G1)’5+1+(€2—x)ﬁ+1}
62— 61 La(B+s+1) [B+s+1] '

Theorem 175 ([91]). Let I1 be as in Theorem 174. If |D,I1|™ is s-convex in the second sense on

[¢1,62] fors,q € (0,1], n,m > 1, %4_% = Land |DyIl(x)| < M, for all x € [¢1,62], then we
have for B > 0 and for all x € [g1,62],

’((x—m)ﬁ + (62 —x)’3> (q’“r [B1(1 —q))n(x)

G2 — 61 q/3
)+ )]
< M [1 +q{1-(1- q—l)s+1})% {(x )BT (- x)ﬁ—i—l}
T (1+np)n [s +1] oo :

Theorem 176 ([91]). Let I1 be as in Theorem 174. If |DgI1|™ is s-convex in the second sense on
[61,62] fors,q € (0,1], m > 1and |D,I1(x)| < M, for all x € [g1,G2], then, we have for B > 0
and for all x € [¢1,62],

(x —c1)P + (62 —x)Fy 4P +[B](1 —q)

(Bl ety (Pt

RYICER))

9P(62 —¢1)

1 \1-1 1 1 L,(B+1)T,(s+ 1)\

([5+1]) ([ﬁ+s+1]) (1+ TBrsT) )
y {(x — )P+ (6o - X)ﬁ“}
62— ¢1 '

e Tl(e1) + /5 11(c2)] ’

In the following theorems, we present some post-quantum estimates of the Ostrowski-
type inequality for n-polynomial convex functions.

Definition 44 ([92]). Let n € N. A nonnegative function IT: I — R is said to be an n-polynomial
convex function if for every x,y € I and t € [0,1], we have

n n

Z (1 —t)5]TI(x )+%Z[1—ts]ﬂ(y).

s=1 s=1

I(tx + (1 —t)y

SM—*
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Definition 45 ([93]). If function I1 : [g1, 2] — R is continuous, then the left (p, q)-derivative of
IT at x is stated by

Dy li(x) = Bpx+ A= ple) “Mlax+ A =q)er) -, ®)

(P—a)(x—¢c1)
¢1Dpqll(a) = lim ¢, DpgL1(x).

If ¢, Dpq11(x) exists for all x € [g1,G2], then the function I1 is called (p,q)-differentiable on

[gll Qz}
The left ¢, (p, q)-integral fgxl TI(t) ¢,dp,qt is defined by

X 00 qu qn qn
/ T1(t) aldpqt = (p—a)(x—¢1) Z n+1H< X T <1—n+1>€1>-
1 p p p

Definition 46 ([94]). If function I1 : [¢1,G2] — R is continuous, then the right (p, q)-derivative
of Il at x is stated by

TI(px + (1 - p)ga) —TI(gx + (1 —
&2, T1(x) = LPF (Z)Ezq))(Q Eq;c) U=a)ea) 4., 9
2Dpg(c2) = lim €2DpT1(x).

If ©2D,, 411(x) exists for all x € [g1,G2), then the function 1 is called (p,q)-differentiable on

[61,62].
The right ¢, (p, q)-integral [$2T1(t) c,dpqt is defined by

G2 o qn qu
/XH(t)gdeqt—(p q)(g2 — x) Z TR (anx—i-(l—an)gz).

Theorem 177 ([94]). Let IT : [g1,62] — R be continuous and (p, q)- differentiable function on
(61,62) with g1 < ¢p and ¢, Dp 411,52 D,y 41 be (p, q)-integrable. If |, Dp 11|, |92Dy 411| are
n-polynomial convex functions and |¢, Dy qT1(x)|, 2D, 4I1(x)| < M, for all x € [¢1,62], then

1 px+(1-p)6y 1 62
foi/ IT(x d,xfi/ II(x) ¢,—dpgx
‘ ®) p(c2 —¢1) () el p(2 = 61) Jpr+(1-p)c () g

GM(x—¢1)* & 2 p—9q 7" 0" \*
n(ca —c1) 21 <p+q N P2 —gst2 —(p-9) Z p2n+2 (17 pn+1) )
o -

qM(g2 — x)*
+
n(g2 —¢1) !

n(s+2)

2(p+gq-1) S q e
1( p+q _(p_q)’;pn-%—l( n+1) P q 7;);;"4’1 €+2>

gk

forall x € [¢1,62]-

Theorem 178 ([94]). Let IT be as in Theorem 177. If |c, Dy 4I1|,|°2D) 41| are n-polynomial

1 1
convex functions, r,s > 1, . + 5= 1,and |¢, Dp gI1(x)|, |%2Dp gI1(x)| < M, for all x € [g1,62],
then:

1 pr+(1-pler 1 o
II(x) — 7/ TI(x dyax — 7/ TI(x) c,—dyax
‘ ) ple2—61) Jo () cr1pa p(62 = 61) Jpx+(1-p)ca () c2-dpa
aM(c2 — x)* + (x — c1)?] S 4" \\T 2 E S g's+1
< — 1-— - — 12 ),
< S (v q)ngopn“( pw)) (%) ;((p q)ﬂ;p<s+l)(ﬂ“))

forall x € [¢1,62]-

Theorem 179 ([94]). Let IT be as in Theorem 177. If |¢, Dy 4I1|,|92Dp 41| are n-polynomial
convex functions, s > 1, and |¢, Dy 4T1(x)|, |*2D, 4I1(x)| < M, for all x € [61, G2], then:
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1 px+(1-p)s1 1 193
II(x) — 7/ II(x dpax — 7/ TI(x) ¢,—dyqx
’ ® e e ) e = s —e) s O €2

—_ -1, _ 00 1
e 5 (2 o £ - )

s=1

gM(ga2 — x)? (P+q—1>1*%
n(c2 —61) p+q

=]

— 0 oo ) %
(L g 5 (Y -0 5]

s=1

forall x € [g1,62].

Now, we give some estimates of post quantum Ostrowski-type inequalities for twice (p, 9)-
differentiable functions involving (p, q)¢,- and (p, g)¢2-integrals. Let [; = [¢2 — p(62 — ), 62]
and J> = [¢1,61 + p(x — 1))

Theorem 180 ([95]). If IT : [g1,62] — R is a twice (p,q)-differentiable function such that
62 Df,,qH and ¢, Df,,qH are continuous and integrable functions on |1 and [, respectively. Then

(x—¢1)(g2 —x)
pa®(p —q)

[(x )paTl(gx + (1— q)g2) + (2 — )paTl(ax + (1 — g)e1)
(e — )@+ pa— P)TI(px+ (1 — p)ea) — (2 — x)(d + pg — p)I(px + (1 — p)gn]

2 = prat(1-p?)e1
[p]gq {(x c1)? /,,z. I1(t) gzdp,thr(QZ*x)z/ I1(t) gldp,qt}

x+(1-p2)ca 1

) [4lpq — Blpg
61 Dpgl(x )‘+ Blpqg4lpq

2D}, () )

Theorem 181 ([95]). Let IT be as in Theorem 180. If |2 D;%,qHV and |g1D;2,,qH|r are convex
functions for v > 1, then

< (x—g)%g—x)ﬂ(x—a)(@

GlD%q (QI)D

1 4] Blpq
ez =) (| #DR0| + T

(x=61)(e2—%)
pa*(p—4)

(= cmatlgr-+ (1= )e2) + (62 = x)parlgr-+ (1= )

—(x—c1)(@® +pg — pP)T(px + (1 — p)ca) — (62 — %) (4> + pg — p*)1T (pH(l*P)gl)}
2 2x+(1-p?)a

—fi% [(x —a? [ () Syt + (2= [ ) gldwt}

x+(1-p2)ga !
1-1/r

< (x—€1)2(€2—x)2<@> (x—g1)<@

©2p2 TI( )‘rJrM

1
“QZ”‘)< Blyallps

) ", Bog — Bloa
61 Dpgll(x )‘ * [Blp.ql4]pq

2p2 11 (QZ)DM}

Theorem 182 ([95]). Let I1 be as in Theorem 180. If |©2D5 T1|" and |¢, D3 ,T1|" are convex
functions for r > land 1/s+1/r =1, then

G1 szqn(gl)

r)l/r

[4lp4
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(x—61)(g2 — x)

P (p—1) {(X —61)pqll(gx + (1 —q)62) + (62 — *)pqll(gx + (1 — 9)¢1)

(= 60) (@ + pa — PTL(px + (1 - p)ga) — (G2 — x)(¢ + pg — pA)IT (px+<1—p)g1>]

2 6 pPxt(1-p?)e1
—[l—”'g {(x — gl)z/p TI(t) 2dp gt + (62 — x)2 /C I1(t) gldmt}

P°q 2x+(1-p2)ca 61

r\ 1/r
- e \DIT(x)| + (p+4q—1)| ¢, D3T1(g1)
s G-ale x)z([Zs +11]M) (x€1)(’ - ‘ p[Z]Zq ’g o ‘ )

r r /r
@ D211+ (p-+q- 1| D211 )
+(ngx) [z]pq .

13. Ostrowski-Type Tensorial Inequalities in Hilbert Space

In this section we present Ostrowski-type inequalities for twice differentiable functions
in the Hilbert space of tensorial type. Some preliminary concepts are necessary [96]. Let
Ii,..., Iy be intervals from R and let f : [; X ... X [y — R be an essentially bounded real
function defined on the product of the intervals. Let A = (Ay,..., Ax) be a k-tuple of
bounded selfadjoint operators on Hilbert spaces Hj, . .., Hy such that the spectrum of A; is
contained in I; fori = 1,..., k. We say that such a k-tuple is in the domain of f. If

A= [ AidE(A)
is the spectral resolution of A; fori =1,...,k we define
F(Ar. . A /1 [ FO M) B () @ - @ dE ()
1

as bounded selfadjoint operator on the tensorial product H; ® ... ® Hy.

Now, we present Ostrowski-type inequalities for twice differentiable functions in the
Hilbert space of tensorial type for fractional differential equations of order ¢ > 0, for convex
and quasi-convex functions.

Theorem 183 ([96]). Suppose that f is continuously differentiable on I and |f"| is convex and
A, B are self-adjoint operators with Sp(A), Sp(B) C I, then

H%(f(A)®1+4f(w)+l®f(B)>
—fg /f A®1+(1J2rk)1®B>k5 Lk
+/Of 1—§>A®1+§1®B)(1—k)5*1)u

(" A+ 1LF"(B)11) (38> + 85 +7)
< | 1®@B-A®1)? T+ 2) (24 + 20) .
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Theorem 184 ([96]). Suppose that f is continuously differentiable on I and |f"| is quasi-convex
and A, B are self-adjoint operators with Sp(A), Sp(B) C I, then

’%<HA)®1+4fcﬂ§£;l§§)+1®fw0
_7€ / (( AQ§1+(1;k)1®B)ﬂ Lk
+/‘f A®1+§1®B)U—kﬁ4)u

< HugB—A®1W@3i;£é:2®

<" (Ale1+1a| "B+ (A)e1-1|f"(B)).

14. Conclusions

In this survey, we have presented a variety of results on Ostrowski-type inequalities
involving fractional integral operators and convex functions. This comprehensive review
will inspire the researchers to acquire useful information about Ostrowski-type integral
inequalities before pursuing their new research on the topic to develop it further. Moreover,
it is expected that the present work will provide a guideline for developing numerous
new results for Ostrowski-type inequalities involving the new fractional integral operators
combined with different types of convex functions.
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