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Abstract: It has been shown beyond reasonable doubt that the majority (about 95%) of the total energy
budget of the universe is given by dark components, namely Dark Matter and Dark Energy. What
constitutes these components remains to be satisfactorily understood however, despite a number of
promising candidates. An associated conundrum is that of the coincidence, i.e., the question as to why
the Dark Matter and Dark Energy densities are of the same order of magnitude at the present epoch,
after evolving over the entire expansion history of the universe. In an attempt to address these, we
consider a quantum potential resulting from a quantum corrected Raychaudhuri-Friedmann equation
in presence of a cosmic fluid, which is presumed to be a Bose-Einstein condensate (BEC) of ultralight
bosons. For a suitable and physically motivated macroscopic ground state wave function of the BEC,
we show that a unified picture of the cosmic dark sector can indeed emerge, thus resolving the issue
of the coincidence. The effective Dark energy component turns out to be a cosmological constant, by
virtue of a residual homogeneous term in the quantum potential. Furthermore, comparison with the
observational data gives an estimate of the mass of the constituent bosons in the BEC, which is well
within the bounds predicted from other considerations.

Keywords: Bose-Einstein condensate; dark energy; cold dark matter; cosmology of theories beyond
the SM; quantum Raychaudhuri equation

1. Introduction

A unified picture of the cosmic Dark Matter (DM) and Dark Energy (DE) has been one
of the key aspirations of modern researches within the standard paradigm of spatially flat
Friedmann—-Robertson-Walker (FRW) cosmology [1-5]. While there have been innumerable
attempts to emulate the nature and properties of DM and DE, a general consensus on the
specific structure of the evolving dark sector remains elusive to date. Although candidates
abound, e.g., WIMPs and axions for the DM [6-10], and a plethora of others for the DE
(such as scalar fields, aerodynamic fluids and modified gravitational artefacts) [11-30], the
emergent models have had their own pros and cons. One conundrum, of course, is the
‘coincidence’, i.e., the vast amount of fine-tuning required to set up the initial conditions for
the same order-of-magnitude contributions of DM and DE at the present epoch, if they
purportedly stem out of different fundamental sources. This is indeed perplexing, given
the strong observational support for the DE density to be closely akin to a cosmological
constant A, whereas almost the entire bulk of the DM to be “‘cold” and non-relativistic, with
energy density o(¢) (t) ~ a=3(t) (where a(t) is the cosmological scale factor, and t denotes
the cosmic time coordinate).

One way to resolve the problem of coincidence (or, at least ameliorate it to a certain de-
gree) is to make allowance for interaction(s) between the DE and DM components [31-38].
However, these components being so different in character, the physical realization of such
interactions is often very difficult, unless they appear naturally, for, e.g., via conformal
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transformations in the scalar-tensor formulations of gravitational theories [39-46]. A more
robust approach therefore is to bring a unified dark sector in the reckoning, i.e., to consider
a scenario in which the DE, the DM, and possibly certain interaction(s) thereof, all having
the same fundamental origin [47-51]. Of course, in that way the DE and the DM would
lose their individuality, and would merely be the structural artefacts of the source, which
thereby would become the all-important entity that shapes up the evolution profile of the
cosmological dark sector.

In this paper, we resort to such a unified dark universe picture, by adopting an earlier
proposal [52-55], albeit in a much broader sense. Specifically, we endeavor to deal with
the plausible perception of the dark sector being described in entirety by a Bose—Einstein
condensate (BEC) of light bosons extending across cosmological length scales. The density of
the BEC, together with its quantum potential, manifest as the effective DE and DM densities.
It is worth noting that in principle, every wavefunction comes associated with it a quantum
potential, which effectively gets added to any starting classical potential, in determining
the dynamics of the system—a fact that is often overlooked. In the scenario we focus on,
the macroscopic BEC provides the requisite wavefunction.

2. BEC Cosmological Formulation in the Standard Setup

Let us begin with the general form of the cosmological equations in the standard
spatially flat FRW framework:

_[an)]?_
H2(t) = L(t)} = ?p(t) , 1
) 5, i) K2
B+ B = D5 = = [e ) + 3 ()], @

where k2 = 871G is the gravitational coupling constant, and a(t) is the FRW scale factor,
normalized to unity at the present epoch, t = to, i.e.,, a(t,) = 1. The overhead dot {-}
denotes d/0t, and p (t) and p (t) are, respectively, the conserved total energy density and
pressure of the system. The latter is presumably a collection of fluids and(or) fields, the
individual energy densities and pressures of which may not necessarily be conserved.

Equations (1) and (2) are of course classical equations. However, if a constituent entity
is inherently quantum mechanical, and described by a wave-function of the form

Y1) = R(E 1) SF),  with R,SeR, ©)

then as shown in [52-54], an additional term arises due to the quantum correction of
the field equations, even at the background cosmological level. Specifically, the geodesic
flow equation, or the Raychaudhuri equation, (2) gets modified by a quantum potential
given by [52]
" OR
U, = s N,y (R) p 4)

with m being the total mass parameter of the quantum constituent, and /,,,, denoting the
(induced) metric of the three-dimensional spatial hypersurfaces of constant cosmic time.
One can, as usual, express hyy = gy + uyty , where uy = (h/m) BHS is the world velocity
of the evolving (quantum) cosmic ‘fluid’, which can appropriately be taken to be a BEC of
rest mass m and described by a macroscopic wave-function of the form (3), provided the
value of m remains within certain limit [53,54].

Indeed, for a suitable choice of the amplitude R, the BEC probability density p(B) ~
|R|? is shown to mimic the energy density of a classical dust-like matter, presumably
the cold dark matter (CDM), whereas the potential U, is positive (repulsive) and even a
constant, that acts as a cosmological constant dark energy (DE) component A, albeit of a
quantum origin [54,55]. However, from a rather general perspective, such a CDM mimicry
of p(B) may only be partial, since the potential U, may evolve dynamically and contribute
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to the CDM as well. That is to say, p(B) or U, may not individually be responsible, in
general, for shaping up the course of evolution of only the CDM or only the DE. Instead,
their combined effect may be looked upon as what leads to some specific evolution profile of
the entire cosmological dark sector. Strikingly however, one may still reckon the constancy
of the effective DE component, and that the CDM effectively results from a close interplay
of not only the evolving p(? ) and Uy, but also the density of the visible (baryonic) matter
content of the universe. While demonstrating all these in this paper, we shall endeavor to
make it clear that the formalism developed herein differs substantially from the plethora of
proposals encompassing the ways to treat the BEC as a plausible CDM candidate in the
literature [56-83]. In particular, it is worth noting here that, to the best of our knowledge,
neither the quantum effects of the BEC on the background level cosmic evolution, nor the
possibility of a BEC accounting for the whole dark sector, has been explored with rigour.

Let us first recollect an important result derived in [53,54]: for a copious supply of bosons
of mass < 6 €V, the corresponding critical temperature T, exceeds the ambient temperature of the
universe at all epochs. To be more precise, the critical temperature of an ideal gas of ultralight
bosons of mass m, below which they will drop to their lowest energy state and form a BEC
is found in [53], following the procedure outlined in [84-86],

T.(t) ~ 49m~Y3a71(t) [inK, for mineV], (5)

under the assumption that the BEC density p(F) accounts for the DM density in entirety.
Consequently, for m < 6eV, one has T(a) < T¢(a) Va,where T(a) =2.7a! is the ambient
temperature of the universe. This therefore points to the formation of a BEC of the bosons
in the early phase of evolution of the universe, once the BEC density is taken to be of
the order of the critical density of the universe at the present epoch. Note however the
difference between the expression (5) and that derived in [87]. This is because the former is
obtained upon considering the BEC of neutral bosons, which are their own anti-particles,
with no charge or other hidden quantum numbers and a vanishing chemical potential (e.g.,
gravitons or axions). In contrast, the authors in [87] have considered charged bosons with
a non-vanishing chemical potential, i.e. distinct particles and anti-particles resulting in a
net BEC charge.

Now, the observed isotropy of the universe (at large scales) makes the stringent
demand that the wave-function of this embedded BEC has to be spherically symmetric after
all. Henceforth, from an analogy commensurable with a limiting Newtonian cosmological
approximation (see refs. [54,55]), we shall assume such a wave-function to be of the form:

Y¥(r,t) = R(t) e (1) 0? p~iEot/ ©

where ¢ and Ej are real and positive-valued constants, and
r(t) = \[hij(t) x'xl = xa(t), )

with x = ,/(5i]-xixf denoting the comoving radial coordinate. Equation (6) essentially

means taking the quantum amplitude R(r, t) in Equation (3) to be a Gaussian (of spread
o), modulo a time-dependent factor R(t). On the other hand, the phase is considered to
be purely a function of time, viz. S(t) = Egt/h, with the parameter Ey having the usual
interpretation of the ground state energy of the BEC. Of course, in an effective cosmic fluid
description, one requires Ey = m —the rest mass energy of the fluid, in order that the world
velocity u, satisfies the normalization condition u,u = —1.

Note also that the above Equation (7) is just the standard relationship between the
radial coordinate distances in the proper frame and the comoving frame, however with the
induced metric being identified with that of the three-dimensional spatial hypersurfaces of
the FRW bulk space-time, i.e., h;; = az(t)é,-j. This is justified from the point of view that
we are simply following the usual course one takes while studying the cosmic evolution
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driven by an intrinsically inhomogeneous source (in this present context, the BEC). To
be more specific, the local inhomogeneities being usually treated as small perturbations
over a homogeneous FRW background, it is natural for us to make such an identification,
while limiting our attention to the background level BEC cosmology in this paper (note
that a rather rigorous study at the level of the linear perturbations is being carried out
in a subsequent work [88]). The foremost task that remains then is to solve explicitly the
background cosmological equations for the scale factor a(t) (or at least, the expansion
rate H(a)), which would nonetheless require only the homogeneous (or the purely time-
dependent) parts of the BEC density p(P) and the quantum potential U,. Henceforth, we
shall make no allusion to the x-dependence of these quantities, or in other words, denote
by p(B) and U, their homogeneous parts only. The former is of course given simply by

PP (1) = IR, ®
whereas the latter, derived from the above expression (4), turns out to be

3w

Uy (1) = :

W Tnove + Sro+ 3], ©)

with the functions Y (t) and F(t) defined as follows:

3H(t) R(t)
R(t) 7

2H(t) R(t)
R(t)

(10)

ax

~~
—~

)

H(t) + 5H?(t) + (11)

Clearly, the emphasis is therefore on the function R(t) in the BEC wave amplitude, a
suitable form of which leads to a viable cosmological scenario with a unified dark sector,
as demonstrated in what follows.

3. BEC Cosmological Evolution and the Unified Dark Sector

For the BEC to emulate an effective CDM evolution (either totally or partially), the corre-
sponding (homogeneous) density p(P) (t) requires to fall off with time, i.e., with the expansion
of the universe. In particular, with the wave amplitude having the functional dependence

R(t) = R,a=%/2(t), where R, =R(t,): constant, (12)
we have the BEC evolving precisely as a dust-like matter, viz.

Bl (1) = pB)a3(t), with pr) = p(B)(to) : constant, (13)

0

at the background cosmological level. The (homogeneous) quantum potential U, (t) is
then given by Equation (9), albeit with the constituent functions reducing to

2
Y( = -3 [H(t) + ?’Hz(”] , (14)
F(t) = H(t) + 2H(t) . (15)
Consequently, the Friedmann equations (1) and (2) yield
o(t) = é[zy(t) +3E(t)], (16)
P = 5 Y(E), (7)
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so that we can re-write Equation (9) as

K20 3x2g2

U = 20 [0+ S [+ 2w 0low -0} a9

where the prime {’} denotes derivative with respect to the scale factor a(t). Equation (18) is
a convenient form of the quantum potential, which explicitly shows how it depends on the
physical variables, viz. the total (or the ‘critical’) energy density p (¢) and the total pressure
pt).
Now, since we are primarily interested in the late-time expansion history of the uni-
verse, it suffices to consider the visible matter to be baryonic dust, having an energy density
o0 (t) = péb) a 3(t), with pgb) =p® (t,) : constant. (19)
More specifically, it is reasonable to resort to the following decomposition of the total
energy density:

p(t)=p 1)+ 01 + o (1), (20)
where we denote the total effective CDM density by

P (1) = pgc) a 3(t), with p(@ = p(c)(to) : constant, (21)

and the total effective (and possibly dynamical) DE density by p, (t). Note that p(°)(t) may
not necessarily be equal to p(5)(t), i.e., the BEC density may not be the total CDM density,
as some contribution may come from the the quantum potential U, as well. Nevertheless,

our main interest is in the evolution of the total dark sector density, () (t) + p, (t), while
the corresponding pressure is that due to the DE component only. In fact, this pressure is
the lone contribution to the total pressure p (), as the visible matter is dust-like.

On the other hand, the quantum corrected Raychaudhuri equation for the system
constituted by only the (visible) baryonic dust and the BEC (which also emulates a dust-like
fluid) is given by

i ( t) N K2 (b) (B) 1
a0 = e PO+ 0]+ U0 22)
Comparing this with the Friedmann Equation (2), and using Equations (13) and (19),
we find ) -
Po "+ Po 2
H="Hr " Zu (t)-3pt). 2
pl1) = sl — S () - 3p (1) 3)

Hence, the above Equation (18) can be reduced to that of the quantum potential

expressed (for convenience) as a function of the scale factor a(t):

20? [ [0 + oiV]f(a) 3
12 ad

6 a2

S La—
14 a202 f(a) *

Uy (a)

1 +f(a)]p(a)H . (24

where we have used the following notation and definition:

2,2 /
a = 2 f(a)::1+73kagp(a).

Again, from Equation (23) and the Friedmann Equations (1) and (2) (or more specifi-

cally, the conservation relation p’(a) = —(3/a)[p (a) + p (a)]) it follows that the quantum
potential can also be expressed in an integral form as

Uy (a) = 2%23 {péB) - 3(/da.a{a2p(a)}/} . (26)
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So, for a given form of p (a) we can in principle determine U, (a), and hence the
the total density p (2), or equivalently the Hubble rate H(a) that describes the cosmic
expansion history (and its future extrapolations).

Let us now consider a rather simplified BEC cosmological setup with the total pressure

p = — A = constant. (27)

That this is indeed tenable and the corresponding system of equations, given explicitly by
the above set (23)—(26), do admit an exact solution describing an effective ACDM evolution
had already been demonstrated in a few earlier works involving one of us (SD) [53-55].
However, certain inherently intriguing aspects of such a solution remain to be explored,
particularly from the point of view of asserting stringent parametric limits pertaining to
the physical realization of a unified cosmological dark sector. We endeavor to do so in this
paper, by first noting that Equation (27) immediately implies Equation (26) reducing to

U, (a) = ©°A <1+ f3> (28)
where B is a (dimensionless) integration constant.
Comparing Equations (24) and (28) we identify
b B
e )+ )
- K2(1— 2a202) 7 b= 2(1+ a262)A 7

(29)

since, by Equation (25), we have f = 1 for constant p. It then follows from Equation (23)
that the total energy density of the universe is given by
(m)

o(a) = pz3 T A, (30)

i.e., apart from a cosmological constant A, the universe only has a dust-like matter content

of energy density o™ (a) = p(()m)a’3 , whose value at the present epoch (t = £, or, a = 1)

can easily be identified as

o™ = (1= e)(p + p(®), (31)
where the dimensionless quantity

2,2 7 2,2
I __wo 32)
3(2+ x202A) 1 + a?0?

is positive definite and of particular importance in the context of our entire analysis in
this paper.

Specifically, the above solution (30) is the same as the one that describes the standard
ACDM evolution of the universe composed of a dust-like baryonic matter plus the CDM,
and dark energy in the form of the constant A. However, the key point to note here is that
the effective CDM density at the present epoch, viz.
pl&) = plm — p(b) — (1 — e)péB) —eplt), (33)

0 0 0 0

is not entirely given by the present-day value péB) of the BEC density, but is actually smaller

than the latter. Interestingly, the reduction is not only given by an amount epéB), but also
by an amount (—:pgb), where péb) is the present-day value of the baryonic energy density.
Now, recalling that the baryons have primarily been supposed to constitute only the

visible matter content of the universe, their role in inflicting a reduction in the effective CDM
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density (from that of the BEC) is nonetheless quite striking. Such a reduction can in fact be
looked upon as the consequence of the baryons backreacting on the geometrical structure
of the space-time, because of the quantum correction to the Raychaudhuri equation which
leads to the quantum potential U,. Therefore, notwithstanding the classical dust-like
characterization of the baryonic matter, one can infer that the effect of the baryons on
the CDM is inherently quantum mechanical. The extent of such an effect is crucially
determined by the parameter €, given by Equation (32), which we shall henceforth refer to
as the quantum backreaction (QB) parameter.
Let us express this parameter in a rather convenient form as

2 22 O
o _Hap (34)
2 4+ 3H252 O
where O denotes the value of the A-density parameter QW (t) = A/p (t) at the present
epoch (t = t,), and H, = H(t,) is the Hubble’s constant. It is then straightforward to
obtain the following stringent bounds being imposed on the extent of the QB from entirely
physical considerations:

e  Firstof all, the total matter density of the universe has to be positive definite. Therefore,
apart from being positive-valued by definition, the parameter ¢ < 1, so that by

Equation (31), pgm) > 0 (of course, under the presumption that pgh) > 0 and péB) >0,

which in turn imply pgc) > 0 as well as pgb) < pé’")).
*  Now, from Equation (34), the second equality in Equation (32) and the definition of
the constant « given by the first equation in (25), we have the BEC mass parameter

expressed as

h

~

H, V2(1— e)(1-3e)Q, (35)

€

whose real-valuedness (i.e., m> > 0) makes evident the more restrictive condition
e< ba.
e Moreover, the overall credibility of a BEC cosmological formulation demands that the

energy density due to the BEC should not exceed the total matter density. Referring

therefore to the present epoch, we should have p((]B) < p(()m)

and (31),

, so that by Equations (30)

oY)

< —, (36)
1— oW+ oY

where Qgh) is the present-day value of the baryon density parameter Q) (t) =

p®)(t)/p(t). Statistical estimations using recent observational data from various
probes fairly conform to the best fit parametric values for ACDM to be QSA) ~ 0.7
and Q(()b) =~ (0.05, whence by Equation (36), € < L%, For instance, the widely accepted
Planck 2018 results for the Cosmic Microwave Background (CMB) anisotropy obser-
vations (power spectrum TT,TE,EE+lowE), in combination with Lensing and Baryon
Accoustic Oscillations (BAO), show the estimates (upto the 68% confidence limits):

O = 0.6889 4+ 0.0056,  and
OPr? = 0.02242 £ 000014, OQlK? = 011933 + 0.00091 , (37)

with 100h = H, [Kms~! Mpc~!] = 67.66 & 0.42. Therefore, plugging in the best fits

of QSA) and Q(()b) in Equation (36) we get € < 0.136, which is an even tighter constraint

(compared to € < 14 found earlier).

The most interesting outcome of this smallness of € is of course the enhancement of the
BEC mass m from its ‘Hubble value’ m,, = 21/2H, ~ 10732 eV (obtained by taking all the
BEC constituents to be gravitons and ¢ ~ H~ 1 where H, ~ 10~%2 GeV in the unitsc = 1 =
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11 [54]). This is evident from Equation (35), which shows that m varies approximately as e 1.

That is, the smaller the value of ¢, the greater is the ratio m/m,,;, which is in fact desirable
from the point of view of preventing small-scale structure formation of the CDM because
of the uncertainty principle [57]. Such a relative mass enhancement with decreasing e,
from the latter’s limiting value of about 0.1 (found above) is shown in Figure 1, alongwith
the e-variation of the BEC density parameter at the present epoch, () = [p(B) /0] | =t

obtained from Equation (33). Of course, in all the requisite calculations for these plots, we
have used the best fit values of the Planck 2018 TT, TE,EE+lowE+Lensing+BAQO parametric
estimations for ACDM quoted in Equation (37) above.

0.3

0.2

0.1
I (m/my)+1073

0.0 : —
0.001 0.005  0.010

<--€

n 1 n Fi—
0.050 0.100

Figure 1. Enhancement of the BEC mass parameter m, relative to its Hubble value m1,, (scaled by a
factor of 10%), and the variation of the BEC density parameter at the present epoch, O, with the
decrease of the QB parameter € from about 0.1 to 0.001. The e-axes ticks are in the log scale.

4. Conclusions and Outlook

To summarize, in this paper we have studied a macroscopic BEC stretching across
cosmological length scales as a potential CDM candidate. While there have been a number
of attempts in this direction earlier, what is new in our work is the observation that the
quantum potential of this BEC gives rise to the effect of an observed DE in the form of
a cosmological constant A. In fact, more intriguingly, we not only perceive a coveted
unification of the CDM and the DE, as they stem out of the same source, but also that
the visible baryonic matter content of the universe crucially backreacts on the metric to
determine ultimately the evolutionary profile of the cosmic dark sector. Note that the
positivity and the smallness of A here can be attributed to the fact that the quantum
potential for the given wavefunction being treated as a classical potential (or part thereof)
in a gravitational formulation is itself positive. On the other hand, although simple physical
considerations, such as the positive-definiteness of the total energy density of the universe
and the squared BEC mass (m?), can assert the extent of the quantum backreaction (QB),
the most stringent bound on the corresponding parameter € comes from the legitimate
demand that the BEC density should not exceed the total density of the universe at the
present epoch. As a by-product, albeit of considerable importance, the upper bound on
€ enables us to determine the lower bound on m. In particular, it is well-known that the
preferred boson mass in the BEC, that can prevent the formation of small-scale structures
in CDM via the uncertainty principle [57], is m ~ 10722 eV. While the above stringent
bound is found to be € < O(107!), it is ensured thereby that the lower bound on m is well
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within the allowed mass range for the BEC (i.e., between 10~22 eV and 1032 eV, the Hubble
value). Of course, on the whole, it must be pointed out here that it is the macroscopic
wavefunction of the BEC, and the specific form of that wavefunction considered here, which
have made it essential for all the above to work. Nevertheless, we have not contemplated
on any deviation from the spatial flatness assumption, and have accepted the latter as an
observational fact, while determining the bound on the QB parameter €, or that on the BEC
mass m. Moreover, we have not looked into the detailed aspects of the BEC, specifically,
what its constituent bosons would be. Such an exploration is certainly worthy, from the
point of view of deriving the density profiles of the CDM and comparing the same with the
galaxy rotation data. Although there have already been some works in this direction [89],
assuming the CDM to be solely due to the BEC, ample scope remains for garnering more
evidence, once the effect of the quantum potential in emulating the DE, alongwith the
backreaction of other constituents (such as baryons), are brought into consideration.
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